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PREPACK 



The following summary view of the first principles of al- 
gebra is intended to be accommodated to the method of in- 
struction generally adopted in the American colleges. 

The books which have been published in Great Britain on 
mathematical subjects, are principally of two classes. — One 
consists of extended treatises, which enter into a thorough in- 
vestigation of the particular departments which are the ob- 
jects of their inquiry. Many of these are excellent in their 
kind ; but they are too voluminous for the use of the body 
of students in a college. 

' The other class are expressly intended for beginners ; but 
many of them are written in so concise a manner, that im- 
portant proofs and illustrations are excluded. They are 
mere text-bookSf containing only the outlines ot subjects 
which are to be explained and enlarged upon, by the pro- 
fessor in his lecture room, or by the private tutor in his 
chamber. 

In the colleges in this country, there is generally put into 
the hands of a class, a book from which they are expected oj 
themselves to acquire the principles of the science to which 
they are attending : receiving, however, from their instructor, 
any additional assistance which may be found necessary. An 
elementary work for such a purpose, ought evidently to con- 
tain the explanations which are requisite, to bring the sub- 
jects treated of within the comprehension of the body of 
the class. 

If the desigif of studying the mathematics were merely to 
obtain such a knowledge of Che practical parts, as is required 
for transacting business ; it might be sufficient to commit to 
memory some of the principal rules, and to make the opera- 
tions familiar, by attending to the examples. In this me- 
chanical way, the accountant, the navigator, and the land 
surveyor, may be qualified for their respective employments, 
with very little knowledge of the principles that lie at the 
foundation of the calculations which they are to make. 

But a higher object is proposed, in the case of those who 
are acquiring a liberal education. The mnin H<>flifin]i should 
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be to call into exercise, to discipline, and to invigorate the 
poweid of the mind. It is the logic of the mathematics which 
constitutes tiieir prmcipai value, as a part Of a course of col- 
legiate instruction. The time and attention devoted to them, 
is for the purpose of fonning sound reasoners^ rather than ex- 
pert mathematicians. To accomplish this object it is neces- 
sary that the principles be clearly explained and demonstra- 
ted, and that the several parts be arranged in such a manner, 
as to show the dependence of one upon another. The whole 
should be so conducted, as to keep the reasoning pawers in 
continual exercise, without greatly fatiguing them. No 
other subject affords a better opportunity for exemplifying the 
rules of correct thinking. A more finished specimen of clear 
and exact logic has, perhaps, never been produced, than the 
Elements of (leometry by Euclid. 

It may be thought, by some, to be unwise to form our gen- 
eral habits of arguing, on th& model of a science in which 
the inquiries are accompanied with absolute certainiy ; while 
the common business of life must be conducted upon probable 
evidence, and not upon principles which admit of complete 
demonstration. There would be weight in this objection, if 
the attention were confined to the pure mathematics. But 
when these are connected with the physical sciences, astro- 
nomy, chemistry, and natural philosophy, the mind has op- 
portunity to exercise its judgment upon all the various de- 
grees of probability which occur in the concerns of life. 

So far as it is desirable to form a taste for mathematical 
studies, it is important that the books by which the student is 
first introduced to an acquaintance with these subjects, should 
npt be rendered obscure and forbidding by their conciseness. 
Here is no opportunity to awaken interest, by rhetorical ele- 
gance, by exciting the passions, or by presenting images to 
the imagination. The beauty of the mathematics depends 
on the distinctness of the objects of inquiry, |be symmetry of 
their relations, the luminous nature of the arguments, and the 
certainty of the conclusions. But how is this beauty to be 
perceived, in a work which is so much abridged, that the 1 

chain of reasoning is often interrupted, important demonstra- 
tions omitted, and the transitions from one subject to another 
so abrupt, as to keep their connections and dependencies out 
of view ? 

It may not be necessary to state every proposition and its 

troof, with all the formality which is so strictly adhered to 
y Euclid ; as it is not essential to a logical argument, that 
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it be expresaed in re^ilar and entire syllogisms. A step of 
a demonstration may be safely omitted, when it is so simple 
and obvious, thafno one possessing a moderate acquaintance 
with the subject, could fail to supply it for himself. But thifi 
liberty of omission ougliC not to be extended to cases in 
which it will occasion obscurity and embarrassment. If it 
be desirable to give opportunity for the mind to display and 
enlarge its powers, by surmounting obstacles; full scope 
may be found for this kind of exercise, especially in the 
higher branches of the Mathematics, from difficulties which 
will unavoidably occur, without creating new ones for the 
sake of perplexing. 

Algebra requires to be treated in a more plain and diffuse 
manner, than some other parts of the mathematics; because 
it is to be attended to, early in the course, while the mind of 
the learner has hot been habituated to a mode of thinking so 
abstract, as that which will now become necessary. He has 
also a new lar^uage to learn, at the same time he is settling 
the principles upon which his future inquiries are to be con- 
ducted. These principles ought to be established, in the 
most clear and satisfactory manner which the nature of the 
case will admit of. Algebra and geometry may be consider- 
ed as lying at the foundation of the succeeding branches of 
the mathematics, both pure and mixed. Euclid and others 
have given to the geometrical part a degree of clearness and 
precision which would be very desirable, but is hardly to be 
expected, in algebra. 

For the reasons which have been mentioned, the manner 
in which the following pages are written, is not the most 
concise. But the work is necessarily limited in extent of 
subject. It is far from being a complete treatise of algebra. 
It IS merely an introduction. It is intended to contain as 
much matter, as the student at college can attend to, with 
advantage, during the short time allotted to this particular 
study. There is ^netcally but a small portion of a class, 
who have either leisure or inclination, to pursue mathemati- 
cal inquiries much farther than is necessary to maintain an 
honorable standing in the institution of which they are 
members. Those few who have an unusual taste for this 
science, and aim to become adepts in it, ought to be refer- 
red to separate and complete treatises, on the different 
branches. No one who wishes to be thoroughly versed in 
mathematics, should look to compendiums and elementary 

books for any thing more than the first principles. As soon 

1 
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ag these are acquired, he should be fruided in bis inquiries by 

the genius and spirit of original aulhors. 

In the selection of materials, those articles have been 
taken which have a practical application, and which are pre- 
paratory to succeeding parts of the mathematics, philosophy, 
and astronomy. The object has not been to introduce oru- 
gifud mcUler. In the mathematics, wliich have been cultiva- 
ted with success from the days of Pythagoras, and in which 
the principles already established are sufficient to occupy the 
most active mind for years, the parts to which the student 
ought first to attend, are not those recently discovered. Free 
use has been made of the works of Newton, Maclaurin, 
Saunderson, Simpson, Euler, Emerson, Lacroix, and others, 
but in a way that rendered it inconvpnient to refer to theni^ 
in particular instances. The proper field for the display of 
mathematical genius^ is in the region of invention. But 
what is requisite for an elementary work, is to colle<n, ar- 
range and illustrate, materials alreaidy provided. However 
humble this employment, he ought patiently to submit to it, 
whose object is to instruct, not those who have made consid- 
erable progress in the mathematics, but those who are just 
commencing the study. Original discoveries are not for the 
benefit of beginners^ though they may be of great importance 
to the advancement of science. 

The arrangement of the parts is such, that the explanation 
of one is not made to depend on another which is to follow. 
The addition, multiplication, and division of powers^ for in- 
stance, is placed after involution. In the statement of gen- 
eral rules, if they are reduced to a small number, their ap- 
plications to particular cases may not, always, be readily un- 
derstxKxl. On the other hand, if (hey are very numerous, 
they become tedious and burdensome to the memory. The 
rules given in this introduction, are most of them compre- 
hensive ; but they are explained and applied, in subordinate 
articles. , 

A parficvlaT demonstration is sometimes substituted for a 
genera/ one, when the application of the principle to other 
cases is obvious. The examples are not often taken from 
philosophical subjects, as (he learner is supposed to be fa- 
miliar with none of the sciences except arithmetic. In treat- 
ing of negative quantities, frequent references are made to 
mercantile concerns, to debt, and credit, &c. These are 
merely for the purpose of illustration. The whole doctrine 
of negatives is made to depend on the single principle, thai 
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they are quantities to be subtracted. But the student, at 
this early period, is not accustomed to abstraction. He re- 
quires particular examples, to catch his attention, and aid his 
conceptions. 

The section on proportion^ will, perhaps, be thought use- 
less to those who read the fifth Book of Euclid. That is suf- 
ficient for the purposes of pure ssometrUal demonstration. But 
it is important that the propositions should also be presented 
under the algebraic forms. In addition to this, great assis- 
tance may be derived from the algebraic iiotolton, in demon- 
Htratinof, and reducing ip system, the laws of proportion. The 
subject instead of being broken up into a multitude of dis- 
tinct propoditioiiB, may be comprehended in a few general 
principles. 
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MATHEMATICS IN GENERAL. 



Art. 1. Mathematics U the science of quantitt. 

Any thing which can be muUipliedj dmdedy or meastaredy h 
cidled quantity. Thus, a line is a quantity, because it can 
be doubled, trebled, or halved ; and can be measured, by 
applying to it another line, as a foot, a yard, or an ell. 
fre^ht is a quantity, which can be measured, in pounds, 
ounces, and grains. Time is a species of quantity, whose 
measure can be expressed, in hours, minutes, and seconds. 
But color is not a quantity. It camiot be said, with propri- 
ety, that one color is twice as great, or half as great, as 
another. The operations of the mindj such as thought^ 
choice, desire, hatred, &c. are not quantities. They are in- 
capable of mensuration.* 

2. Those parts of the Mathematics, on which all the 
others are founded, are MthmetiCf Algebra^ and Geomeffy. 

S. Arithmetic is the science of numbera. Its aid is 
required to complete and apply the calculations, in almost 
every other department of the mathematics. 

4. Algebra is a method of computing by ktters and other 
symbols. Fluxions, or the Diflerential and Integral Cal 
cuius, may be considered as belonging tO the higher branches 
of algebra.t 

5. Geombtrt is that part of the mathematics, which treats 
of magnitude. By magnitude, in the appropriate sense ol 
the term, is meant that species of quantity, which is extend- 
ed ; that is, which has one or more of the three dimension?;, 
lengthj. breadthy and thkkness. Thus a line is a magnitude, 
because it is extended, in length. A surface is a magnitude, 
ha\ang length and breadth. A solid is a magnitude, havin<v 

• See Note A. f See Note B. 
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2 MATHEMATICS. 

length, breadth, and thickness. But motion, though a quan* 
. tity, is not, strictly speaking, a magnitude. It has neither 
length, breadth, nor thickness.* 

6. Trigonometry and Conic Sections are branches of 
the mathematics, in which the principles . of geometry are 
applied to tri^mgUs, and the sections of a cone. 

7. Mathematics are either pure or mixed. In pure mathe- 
matics, quantities are considered, independently of any sub- 
istances actually existing. But, in mixed mathematics, the 
relations of quantities are investigated, in connection with 
some of the properties of matter, or with reference to the 
common transactions of business. Thus, in Surveying, 
mathematical principles are applied to the measuring of 
land ; in Optics, to the properties of light ; and in Astrono- 
rifiy, to the motions of the heavenly bodies. 

8. The science of the pure mathematics has long been 
distinguished, for the clearness and distinctness of its princi- 
ples ; and the irresistible conviction, which they carry to the 
inind of every one who is once made acquainted with them. 
This is to be ascribed, partly to the nature of the subjects, 
and partly to the exactness of the definitions, the axioms, 
and the demonstrations. 

9. The foundation of all mathematical knowledge must 
il0 laid in definitions. A definition is an explanation of what 
is meant, by any w^ord or phrase. Thus, an equilateral tri- 
angle is defined, by saying, that it is a figure bounded by 
three equal sides. "^ 

It is essential to a complete definition, that it perfectly dis- 
tinguish the thing defined, fi-om every thing else. On many 
subjects it is difficult to give such precision to language, that 
it shall convey, to every hearer or reader, exactly the same 
ideas. But, in the mathematics, the principal terms may be 
so defined, as not to leave room for the least difierence of 
apprehension, respecting their meaning. All must be agreed, 
as to the nature of a circle, a square, and a triangle, when 
they have once learned the definitions of these figures. 

Under the head of definitions, may be included explana- 
tions of the characters which are used to denote the relations 
t)t quantities. Thus the character V ^^ explained or defined, 
by saying that it signifies the same as the words square root. 

10. The next step, after becoming acquainted with the 
meaning of mathematical teims, is to bring them together, in 

^ • m. aim I II * ■ I ■ 11 I 

* Some writers, hovreveri use magnitude as synonymous with quantity 
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the form of propositions. Some of the relations of quantities 
require no process of reasoning, to render them evident. To 
be understood, they need only to be proposed. That a 
square is a different figure from a circle; that the whole of a 
thing is greater than one of its parts ; and that two straight 
lines cannot enclose a space, are propositions so manifestly 
true, that no reasoning upon them could make them more 
certain. They are, therefore, called self-evident truths, or 
axioms. 

11. There are, however, comparatively few mathematical 
truths which are self-evident. Most require to be proved by 
a chain of reasoning. Propositions of this nature are denom- 
inated theoretm; and the process, by which they are shown 
to be true, is called demonstration. This is a mode of argu- 
ing, in which, 'every inference is immediately derived, either 
from definitions, or from principles which have been previ- 
ously demonstrated. In this way, complete certainty is made 
to accompany every step, in a long course of reasoning. 

12. Demonstration is either direct or indirect. Tlie for- 
mer is the common, obvious mode of conducting a demon- 
strative argument. But in some instances, it is necessary to 
resort to indirect demonstration ; which is a method of es- 
tablishing a proposition, by proving that to suppose it not 
true, would lead to an absurdity. This is frequently tailed 
reductio ad absurdwn. Thus, in certain cases in geometry, 
two lines may be proved to be equal, by showing that to sup- 
pose them unequd, would involve an absurdity. 

13. Besides the principal theorems in the mathematics, 
there are also Lemmas and CoroUaries. A Lemma is a pro- 
position which is demonstrated, for the purpose of using it, in 
the demonstration of some other proposition. This prepare^ 
tory step is taken to prevent the proof of tlie principal thes0- 
rem from becoming complicated and tedious. 

14. A Corollary is an inference from a preceding proposi- 
tion. A Scholium is a remark of any kmd, suggested by 
something which has gone before, though not, like a corolla- 
ry, immediately depending on it. 

15. The immediate object of inquiry, in the mathematics, 
IS, frequently, not the demonstration of a general truth, but 
a metliod of performing some operation, silch as reducing a 
▼ulgar fraction to a decimal, extracting the cube root, or 
inscribing a circle in a square. This is called solving a prob* 
lem. A theorem is something to be proved. A ]^9hlem is 
something to be done. 
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16 When that which is required to be done, is so ea«y, bm 
to be obvious to every one, without an explanation, it is call- 
ed a postulate. Of this nature is the diawing of a straight 
line, from one point to another. 

17. A quantity is said to be given^ when it is either sup- 
posed to be already fcnotrfi, or is made a condUumj in the 
statement of any theorem or problem. In the rule of pro- 
portion in arithmetic, for instance, three terms must be given 
to enable us to find a fourth. These three terms are the 
dattty upon whicli the calculation is founded. If we are re- 
quired to find the number of acres, in a circular island ten 
miles in circumference, the circular figure, and the length of 
the circumference are the data. They are said to be given 
by suppositiany that is, by the conditions of the problem. A 
quantity is alio said to be given, when it may be directly and 
easily inferred from something else which is given. Thus, if 
two numbers are given, their sum is given; because it is ob- 
tained, by merely adding the numbers together. 

In Geometry, a quantity may be given, either in posi'lon^ 
or magnitude^ or both. A line is given in position, when iu 
rituation and directum are known. It is given in magnitude, 
when 7t^ length is known. A circle is given in positiony when 
che piaf:e of its centre is known. . It is given in magnitude^ 
when the length of its diameter is known. 

18. One proposition is contrary y or contradictory to another, 
when, what is affiiined, in the one, is denied, in the other. 
A proposition and its coiitrary, can never both be true. It 
cannot be tme, that two given lines are equal, and that they 
are not equal, at the same time. 

19. One proposition is the converse of another, when the 
order is inverted ; so that, what is given or supposed in the 
%st, becomes the concluMon in the last ; and what is given 
tn the last, is the inclusion, in the first. Thus, it can be 
proved, first, that if the sides of a triangle are equal, the an-^ 
gles are equal ; and secondly, that if the angles are equal, 
the sides are equal. Here, in the first proposition, the equal- 
ity of the sides is given; and the equality of the angles tfi- 

, ferred: in the second, the equality of the angles is given, and 
the equality of the sides inferred. In many instances, a pro- 
ooflition and its converse are both true ; as in the preceding 
example. But this is not always the case. A circle is a 
figure bounded by a curve ; but a figure bounded l^ a ctinre 
.6 not of coi'rse a circle.* 
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20. The practical applications of the mathemalics, in the 
common concerns of business, in the useful arts, and in the 
various branches of physical science are almost innumerable. 
Mathematical principles are necessary in Mercantile transaC' 
tUmSf for keeping, arranging, and settling accoimts, adjusting 
the prices of commodities, and calculating the profits of tmde : 
in JSTavigationf for directing the course of a ship on the ocean, 
adapting the position of her sails to the direction of the wind, 
finding her latitude and longitude, and determining the bear- 
ings and distances of objects on shore : in Surveyings for 
measuring, dividing, and laying out grounds, taking the eleva- 
tion of hUls, and fixing the boundaries of fields, estates, and 
public territories : in CivU Engineerings for constructing 
bridges, aqueducts^ iocks, &c. : in Mechanics^ for understand- 
ing the laws of motion,, the composition of forces, the equili- 
brium of the mechanical powers, and the structure of ma- 
chines : in Architecture^ tor calculating the comparative 
strength of tfmbers, the pressure which each will be required 
to sustain, ihe forms of arches, the proportions of columns, &c. : 
in FortijictUicmi for adjusting the position, lines, and an- 
gles, of the several parts of the works : in Gunnery ^ for regu- 
lating the elevation of the cannon, the force of the powder, 
and the velocity a<id range of the shot : in Optics^ for tracing 
the direction of the rays of light, understanding the forma- 
tion o( images, the laws of vision, the separation of colors, the 
nature of the rainbow, and the construction of microscopes 
and telescopes : in Astronomy^ for computing the distances, 
magnitudes, and revolutions of the heavenly bodies ; and the 
influence of the law of gravitation, in raising the tides, dis- 
turbing the motions of the moon, causing the return of the 
comets, and retaining the planets in their orbits : in OeogrO" 
p%, for determining the figure and dimensions of the earth, 
the extent of oceans, islands, continents, and countries ; the 
latitude and longitude of places, the courses of rivers, the 
height of mountains, and the boimdaries of kingdoms: in //m- 
tory, for fixing the chronology of remarkable events, and 
estimating the strength of armies, the wealth of nations, the 
value of their revenues, and the amount of their population : 
and, in the concerns of Government^ for apportioning taxes, 
arranging schemes of finance, and regulating national ex- 
penses. The mathematics have also important applications 
to Chemistry, Mineralogy, Music, Painting, Sculpture, and 
indeed to a great proportion of the whole circle of arts and 
sciences. ^ <2 
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tl« It is true, that, in many of the branches which have 
been mentioned, the ordinary business is frequently trans- 
acted, and the mechanical operations perfonned, by persons 
who have not been regularly mstnicted in a course of mathe- 
matics. Machines are framed, lands are surveyed, and ships 
are steered, by men who have never thoroughly investigated 
the principles, which lie at the foundation of their respective 
arts. The reason of this is, that the methods of proceeding, 
in their several occupations, have been pointed out to them, 
by the genius and labor of others. ,The mechanic often 
works by rules, which men of science have provided for his 
uae, and of which he knows nothing more, than the practical 
application. The mariner calculates his longitude by tables, 
for which he is indebted to mathematicians and astronomers 
«f no ordinary attainments. In this manner, even the ab- 
viruse parts of the mathematics are made to contribute their 
lid to the common arts of life. 

22. But an additional and more important advantage, to 
persons of liberal education, is to be found, in the enlarge- 
ment and improvement of the reasoning powers. The mind, 
like, the body, acquires strength by exertion. The art of 
reasoning, like other arts, is learned by practice. It is per- 
fected, only by long continued exercise. Mathematical stu- 
dies are peculiarly fitted for this discipline of the mind. 
They are calculated to form it to habits of fixed attention ; 
of sagacity, in detecting sophistry ; of caution, in the admis- 
lion of proof ; of dexterity, m the arrangement of arguments ; 
and of skill, in making all the parts of a long continued pro- 
cess tend to a residt, in which the truth is clear(jr and firmly 
established. When a habit of close and accurate thinking 
is thus acquired, it may be applied to any subject, on which 
a man of letters or of business may be called to employ his 
talents. " The youth,*' says Plato, " wlio are fiirnished with 
mathematical knowledge, are prompt and quick, at all other 
sciences.'' 

It is not pretended, that an attention to other objects of 
mquiry is rendered unnecessary, by the study of the mathe- 
matics. It is not their ofBce, to lay before us historical facts ; 
to teach the principles of morals ; to store the fancy with 
brilliant images;^ or to enable us to speak and write with 
rhetorical vigor and elegance. The beneficial effects which 
they prdduce on the mind,^ are to be seen, principally, in the 
regulation and increased energy of the reasoning povers 
These thev are calculated to call into frequent and vigorous 
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exercise. At the same time^ mathematical studies may be 
so conducted, as not often to require excessive exertion and 
fatigue. Beginning with the more simple subjects, and as- 
cending' gradually to those which are more complicated, the 
mind axmires strength as it advances; and by a succession 
of steps, ising regularly one above another, is enabled to 
surmount *Se obstacles which lie in its way. In a course of 
mathematics, the parts succeed- each other in such a con- 
nected series, that tlie preceding propositions are preparatory 
to those which follow. The student who has made himself 
master of the foimer, is qualified for a successful investiga- 
tion of the latter. But he who has passed over any of the 
ground superficially, will find that the obstructions to Us 
future progress are yet to be removed. In mathematics as in 
war, it should be made a principle, not to advance, while any 
thing is left unconquered behind. It is important that the 
student should be deeply impressed with a conviction of the 
necessity of this. Neither is it sufficient that he understands 
the nature of one proposition or method of operation, before 
proceeding to anothen He ought also to make himself /o- 
tniliar with every step, by careful attention to the examples. 
He must not expect to become thoroughly versed in the sci- 
ence, by merely rsading the main principles, rules, and obser- 
vations. It is practice only, which can put these completely 
m his possession. The method of studying here recom- 
mended, IS not only that which promises success, but that 
which will be found, in the ena, to be the most expeditious, 
and by far most pleasant. While a superficial attention oc- 
casions perplexity and consequent aversion; a thorough 
investigation is rewarded with a high degree of gratification. 
The peculiar entertainment which mathematical studies are 
calculated to furnish to the mind, is reserved for those who 
make themselves masters of the subjects to which their 
attention is called. 



Note.— The principal definitions, theorems, rules, &c which it is necessary 
Ui wmmU to mtmrff^ are distinguished by being put in Italics or Capitala, 
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SECTION L 

NOTATION, NEGATIVE atlANTITIES, AXIOMS, &c 

Art. S3. ALGEBRA may be defined, a general method 

OF INVESTIGATING THE RELATIONS OF QUANTITIES, BY LET- 
TERS, AND OTHER SYMBOLS. This, it must be acknowledged, 
is an imperfect account of the subject; as every account 
must necessarily be, which is comprised in the compass of a 
definition. Its real nature is to be learned, rather by an 
attentive examination of its parts, than from any summary 
description. 

The solutions in Algebra, are of a more general nature 
than those in common Arithmetic. The latter relate to par- 
ticular numbers ; the former to whole clasees of quantities. 
On this account, Algebra has been lenned a kind of universal 
JSlrUhmeiic. The generality of its solutions is principally 
owing to the use of lettersy instead of numeraF figures, to 
express the several quantities which are subjected to calcula- 
•i tion. In Arithmetic, when a problem is solved, the answer 
is limited to the particular numbers which are specified, in 
the statement of the question. But an Algebraic solution 
may be equally applicable to all other quantities'which have 
the same relations. This important advantage is owing to 
the difierence between the customary use of figures, and the 
manner in which letters are employed in Algebra. One of 
the nine digits, invariably expresses the same number: but a 
letter may be put for any number whatever. The figure 8 
always signifies eight ; the figure 5, five, &c. And, though 
i^^ne of the digits, in connection with others, may Iiave a locot 
\^ value, different from its simple value when alone; yet the 
same cambmaHan always expresses the same number. Thus 
263 has one uniform signification. And this is the case with 
every other combination of figures. But in Algebra, a letter 
may stand for any quantity which we ^nsh it to represent. 
Thus b may be put for 2, or 10, or 60, or 1000. It must no* 
be imderstood from this, however, that the letter has no de 
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terminate value. Its value is fixed for the occasion. Foi 
the present purpose, it remains unaltered. But on a different , 
occasion, the same letter may be put for any other number^ 
A calculation may be greatly abridged by the use of let- 
ters; especially when very large numbers are concerned. 
And when several such numbers are to be combii)ed, as in 
multiplication, the process becomes extremely tedious. ' J^iut 
a single letter may be put for a large nimiber, as weH iidb 
for a small one. The numbers 26347297, 68347823, and 
27462498, for instance, may be expressed by the letters, 6, c, 
and d. The multiplying them together, as will be seen 
hereafter, will be nothing more than writing them, one after 
another, in the fomi of a word, and the product will be sim- 
ply bed. Thus in Algebra, much of the labor of calcula- 
tion may be saved, by the rapidity of the operations. Solu- 
tions are sometimes effected, in the compass of a few lines, 
which, in common Arithmetic, must be extended through 
many pages. 

24. Another advantage obtained from the notation by let- 
ters instead of figures, is, that the several quantities which 
are brought into calculation, may be preserved distincl from 
each other; though carried through a number of complicated 
processes; whereas, in arithmetic, they are so blended to- 
gether, that no trace is left of what they were, before the 
operation began. 

25. AlgetH'a differs farther from arithmetic, in inaking use 
of unknown quantities, in carrying on its operations. In 
arithmetic, all the quantities which enter into a calculation 
must be known. For they are expresscill m mimbirf. And 
every number must necessarily be a determinate quantity. 
But in Algebra, a letter may be put for a quantity, before 
its value has been ascertained. And yet it may have such 
relations to other quantities, with which it is coniaected, as 
to answer an miportant purpose in the calculaiioa* 

NOTATION. f 

26. To facilitate the investigations in algebra, the seveial 
steps of the reasoning, instead of being expressed in toorcb, 
are translated into the language of signs and symbols, wliich 
may be considered as a species of short-hand. This seiTes 
to place the quantities and their relations distinctly before 
the eye, and to bring them all into view at once. They are 
thus more readily compared and understood, than when r<v 

2* 
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* moved at a distance from each other^ as in the common 
Vmcxle of writing. But before any one can avail himself cf 
^^Pliis advantage, he must become perfectly familiar with the 
new-, language. 

871 The quanliHes in algebra, as has been already ob- 
served, are generally expressed by letters. The first letters of 
the Alphabet are used to represent knoum quantities ; and 
the* last letters, those which are unkrmm. Sometimes the 
quantities, instead of being expressed b)^ letters, are set down 
in figures, as in common arithmetic. 

28. Besides the letters and figures, there are certain char- 
acters used, to indicate the relations of the quantities, or the 
operations which are perfonned with them. Among these 
are the signs -f- <^ud — , which are read plus and mintiSf or 
more and less. The former is prefixed to quantities which 
are to be added; the latter, to those which are to be sub^ 
tracted. Thus a-^b signifies thsit b is to be added to a. It 

, is read a plus 6, or a added to 6, or a and 6. If the expres- 
sion be a-&, i. e. a minus b; it indicates that b is to be bub- 
tracted fiom a. 

29. The sign -^ is prefixed to quantities which are con- 
sidered as t^rmative or positive; and the sign — ^ to those 
which are supposed to be negative. For the nature of this 
distinction, see art. 54. 

*^ AU the quantities which enter into an algebraic process, 
. t are considered, for the purposes of calculation, as either posi- 
tive or negative. Before the first one, unless it be negative, 
the sign is generalljf omitted. But it is always to be under- 
stood. Thus a-|-6, is the same as -j-a-f-i. 

SO. Sometimes b<^h -f- aud — are prefixed to the same 
letter. The sign is then said to he ambiguous. Thus a+b 
signifies that in certain cases, compiehended in a general so- 
lution, 6 is to be added to a, and in other cases subtracted 
•from it. 
31. When it is intended to express the differenre between 
two quantities without deciding which is the one to be sub- 
tracl^ the character tf> or -v is used. Thus a^by or a<fib 
denotes the difference between a and 6, without determining 
whether a is to be subtracted from 6, or b from a. 

f 32. The equality between two quantities or sets of quanti- 
ties is expressed by parallel lines =. Thus 04-6= d sig- 
nifies that a and b together are equal to d. And a^d-=.c 
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s=b^-|f=: A signifies that a and d equal c, which is equal tc • 
b and g, which are equal to h. So 84-4=16 -4=10+2= 

7+2+3=12. 

S3. "Wheii the first of the two quantities compared, is 
greater tlian the other^ the character^ is placed between 
thetn. Thus a'^b signifies that a is greater than 6. 

If the first is Icbb than the other, the character <[ is used ; 
as a<^& ; i. e. a is less than 6. In both cases, the quantity 
towards which the character opensy is greater than the other. 

34. A numeral figure is often prefixed to a letter. This 
is called a co-efficient. It shows how often the quantity ex- 
pressed by the letter is to be taken. Thus 26 signifies twice 
; and 96, 9 times 6, or 9 multiplied into b. 

The co-eflicient may be either a whole niunber or a flec- 
tion. Thus 16 is two-thirds of 6. When the co-efficient is 
not expressed, 1 is always to be understood. Thus a is the 
same as la; i. e. once a. 

35. The co-efilicient may be a Uttery as well as a figure. 
In the quantity 9716, m may be considered the co-efficient of 
6 ; because 6 is to be taken as many times as there are units 
in m. If m stands for 6, then mb is 6 times 6. In 3a6c, 3 
may be considered as the co-efficient of cAc; Sa the co-effi- 
cient of 6c; or 3a6, the co-efficient of c. See art. 42. 

36. A Hmple quantity is either a single letter or number, 
or several letters connected together without the signs + 
and-. Thus a, 06, (d)d and 86 aie each of them simple 
quantities. A compound quantity consists of a number of 
simple quantities connected by the sign + or - . Thus a+ . 
6,' d - y, 6 - df+3A, are each compound quantities. The mem- 
bers of which it is composed are called terms. 

37. If there are two terms in a compound quantity, it is 
called a binomial. Thus a+6 and a - 6 are binomials. The 
latter is also called a residual quantity, because it expresses 
the difference of two quantities, or the remainder, after one is 
taken from the other. A compound quantity consisting of{ 
three tenns, is sometimes called a trinomial; one of four terms, 
a quadrinomaly &c. 

38. When the several members of a compound quantity 
are to be subjected to the same operation, they are frequent- 
ly connected by a line called a mncuium. Thus a -6+1: 
shows that the sum of 6 and c is to be subtracted from a. Bui 
a-6+c signifies that 6 only is to be subtracted from a 
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while e is to be added, The sum of e and d^ subtracted 

from the sum of a and 6, is 04-6 - c-\-d. The marks used 
for parentheses, ( ), are often substituted instead of a line, for 

a vinculum. Thus x - {a-\-c) is the same as jc - o-f-c. The 
equality of two sets of quantities is expressed, without usinff 
a vinculum. Thus a^b=zc-^d signipes, not that b is equu 
to e ; but that the sum of a and b is equal to the sum of e 
and d. 

39. A single letter, or a number of letters, representing any 
quantities with their relations, is called an algebraic exfteS' 
sian; and sometimes a formvla. Thus o-j-b-fScI is an 
algebraic expression. 

40. The character x denotes multiplication. Thus ax^ 
is a multiplied into b: and 6x3 is 6 times 3, or 6 into S. 
Sometimes a poinJk is used to indicate multiplication. Thus 
a. 6 is the same as ax 6. But the sign of multiplication is 
more commonly omitted, between simple quantities; and 
the letters are connected together, in the form of a word or 
syllable. Thus a& is the same as a. 6 or ax 6* And bcde 
is the same as ftx^X^Xc When a compound quantity is 
to be multiplied, a vvnculum is used, as in the case of sub- 
traction. Thus the sum of a and b multiplied into the sum 

of c and rf, is o+ft X ^+^^ or (H-*) X (c+rf). And 
/6+2) X 5 is 8 X 5 or 40. But 6 + 2x5 is 6+10 or 16. 
iVhen tlie marks of parentheses are used, the sign of multi- 
plication is frequently omitted. Thus (a:+j/) (a? - y) is (a?+y) 

41. When two or more quantities are multiplied together, 
each of them is called a factor. In the product a6, a is a 
factor, and so is 6. In the product jrXa+m, x is one of the 
factors, and a-^m^ the other. Hence every cO'-efficient may be 
considered a factor. (Art. 35.) In the product Sy, 3 is a 
factor as well as y. 

43. A quantity is said to be resolved into factors^ when any 
factors are taken, which, being multiplied together, will pro- 
duce the given quantity. Thus 3ah may be resolved mto 
the two factors 3a and /», because Sax^ is 3a6. And Sawn 
may be resolved m^o the three factors da, and m, and n. 
And 48 may be resolved into the two factors 2 x 24, or 8 X ^*f 
or 4x12, or 6x8 ; or into the three fiictors 2x3x8, or 4x 
6x2, &c. 
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43. The character -^ is used to show that the quantity 
which precedes it, is to be dividedy by that which follows. 



Thus a-z-c is a divided by c : and o-f &-f-e-(~^ ^ ^^^ sum 
of a and 6, divided by the suni of c and d. But in algebra, 
division is more commonly expressed, by writing the divisor 
under the dividend, in the form of a vulgar fraction. Thus 

. is the same as a-f-6: and^rT-r is the difference of e and h 
b d-^h 

divided by the sum of d and h. A character prefixed to the 

dividing line of a fractional expression, is to be understood 

as referring to all the parts taken collectively ; that is to the 

b4-c 
whole value of the quotient. Thus a — signifies that 

the quotient of b-^-c divided by m^n is to be subtracted fi'om a. 

And — ; — k —^ denotes that the first quotient is to be 
a^m x-y ^ 

multiplied into the second. 

44. When four quantities are prapartiofudf the proportion 
is expressed by points, in the same manner, as in the Kule of 
Three in arithmetic. Thus a:b::c:d signifies that a has to 
by the same ratio which c has to d. And abicd:: o-f-tn : 
fr-fn, means, t|;iat ofr is to cd; as the sum of a and m, to the 
sum of b and n. 

45. Algebraic quantities are said to be aUkCy when they 
are expressed by the same letters^ and are of the same power: 
and unlike^ when the letters are difierent, or when the same 
letter is raised to different powers.^ Thus a6, Sa&, -afr» 
and -6a6, are like quantities, because the letters are the 
same in each, although the signs and co-efi9cients are differ- 
ent. But So, 3y, and &bxy are unlike quantities, because 
the letters are unlike, although there is no difference in the 
signs and co-efficients. 

46. One quantity is said to be a mulHple of another, when 
the former carUains the latter a certain number of times with- 
out a remainder. Thus 10a is a multiple of 2a; and 24 is 
a multiple of 6. 

47. One quantity is said to be a measure of another, when 
the fonner is carUained in the latter, any number of times, 
without a remainder. Thus 36 is a measure of 156; and 7 
is a measure of 35. 



* For the notation of pomen and roote, see the sections on those subjects. 
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48. The value of an expression, is the number or quantity, 
for which the expression stands. Thus the value of S-f-4 is 
7; of 3x4 is 12; of V is 2. 

49. Tlie RECIPROCAL of a quantityy is the quotient uristng 
from dividing a uni| by tluU quantity. Thus the reciprocd 

of a is - ; the reciprocal of o-f-i is t-TjL ; the reciprocal of 4 
. 1 

is -r. 
4 

50. The relations of quantities, which in ordinary language, 
are signilied by toor(b, are represented in the algebraic nota- 
tion, by signs. The latter mode of expressing these rela- 
tions, ought to be made ^o fainiliar to tiie mathematical 
student, thtit he can, at any time, substitute the one for the 
other. A few examples are here added, in which, words 
are to \>e converted into signs. 

1. What is the algebraic expression for the following 
statement, in which the letters a, 6, c, &c. may be supposed 
to represent any given quantities 1 

The product of a, 6, and c, divided by the difference of e 
and d, is equal to the sum of b and c added to 15 times &. 

Aus. — j=6-[-c+15A. 

2. The product of the difference of a and h into the sum 
of 6, c, and «(, is equal to 37 times m, added to the quotient 
of b divided by the sum of A and b, Ans. 

3. The sum of a and 6, is to the quotient of b divided by 
c; as the product of a into c, to 12 times h. Ans. 

4. The sum of a, 6, and c, divided by six times their pro- 
duct, is equal to four times their sum diminished by d, Ans. 

5. The quotient of 6 divided by the sum of a and 6, is 
equal to 7 times (/, diminished by the quotient of 6, divided 
by 36. Ans. 

51. It is necessary also, to be able to reverse what is done 
in the preceding examples, that is, to translate the algebraic 
signs into common language. 

What will the following expressions become, when words 
are substituted for the signs 1 

1. — r~=«6c-6m — r— . 
h a+c 

Ans. The sum of a and b divided by A, is equal to the 

profluct of a, 6, and c diminished by 6 times m, and increased 

by the quotient of a divided by the sum of a and c. 
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52. At the close of an algebraic process, it is frequently 
necessary to restore the numbers^ for which letters had been 
substituted, at the beginning. In doing tliis, the sign of mul- 
tiplication must not be omitted, as it generally is, between 
factors, expressed by letters. Thus, if a stands for Sj and b 
for 4 ; the product ab is not 34, but 3x4, i. e. 12. 

In the following examples, 

Let a=S And d=6. 

bz=4 m=8. 

c=2 n=slO. 

TK*« 1 a+m,6c-n_8+8,4x8-10. 
Then, 1. __+_^-^_+_^^^ 

2.y:^.6cmn+l^= ^ 

c-am oao 

SL-.jr<*^~S^ Sin— 6c, b 
. om 0-4 = ^— , I — = 

cam 4 a4-3 c a a 

53. An algebraic expression, in which numbers have beea 
substituted for letters, ;nay often be rendered much more 
simple, by reducing several terms to one. This cannot 
generally be done, while the letters remain. If a-f-6 is used 
for the sum of two quantities, a cannot be united in the same 
term with b. But if a stands for 3, and b for 4, then a+b 
=3-(-4=:7. The value of an expression, consisting of many 
terms may thus be found, by actually performing, with the 
numbers, the operations of addition, subtraction, multiplica- 
tion, &c. indicated by the algebraic characters. 

Find the value of the following^ expressions, in which the 
letters are supposed to stand for the same numbers, as in the 
preceding article. 

L f^+a+mn=^+S+8xlO=9+8+80=9S. 
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POSITIVE AND NEGATIVE QUANTITIES * 

54. To one who has just entered on the study of algebra, 
\here is generally nothing more perplexing, than tho use of 
v^hat are called negative quantities. He supposes he is about 
to be introduced to a class of quantities which are entirely 
new ; a sort of mathematical notldngSj of which he can form 
no distinct conception. As positive quantities are real, he 
concludes that those which are negative must be imaginary. 
But this is owing to a misapprehension of the term negative, 
as used in the mathematics. 

55. A NEGATIVE quantity is one which is required 
TO BE SUBTRACTED. When several quantities enter inic 
a calculation, it is frequently necessary that soine of then: 
should be added together, while others are subtracted. The 
former are called affirmative or positive, and are marked with 
the sign -f- 1 tl^e latter are termed negative, and distinguished 
by the sign -. If, for instance, the profits of trade are the 
subject of calculation, and the gain is considered positive ; 
the Zo^^will be negative; because theJatter must be subtracted 
from the former, to determine the clear profit. If the sums 
of a book account are brought into an algebraic process, the 
debt and the credit are distinguished by opposite signs. If a 
man on a journey is, by any accident, necessitated to return 
several miles, this backward motion is to be considered nega^ 
live, because that, in detennining liis real progress, it must 
be subtracted from the distance which he has travelled in 
the opposite direction. If the ascevii. of a body from the earth 
be called positive, its descent will be negative. These are 
only different examples of the same general principle. In 

* On the subject of negative Quantities, see Newton's Universal Arithmetie, 
Maserefi on the Negative Sign, Mansfield's Mathematical Elssays, and Mao- 
taurin'a, Simpson's, Euler's, Saunderson's, and Ludlam's Algebra. 
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each of the iiistances, one of the quantities is to be mbbracted 
from the other. 

56. The terms positive and negative, as used in the mathe- 
matics, are merely relaiive. They imply that there is, either 
in the nature of the quantities, or in their circumstances, or 
in the purp<>ses which they are to answer in calculation, 
some such opposUUm as requires that one should be mbtraeted 
from the other. But this opposition is not that of existence and 
non-existence, nor of one thing greater than nothing, and 
another less than nothing. For, in many cases, either ot 
the signs may be, indifferently and at pleasure, applied to 
the very same quantity; that is, the two characters may 
change places. ~ In determining the progress bf a ship, for 
instance, her easting may be marked -f- > and her westing - ; 
or the westing may be + , and the easting - . All that is 
necessary is, that the two signs be prefixed to the quantities, 
in such a manner as to show, which are to be added, 
and which subtracted. In diflerent pi-ocesses, they may 
be differently applied. On one occasion, a downward mo- 
tion may be called positive, and on another occasion negative. 

57. In every algebraic calculation, some one of the quan- 
tities must be fixed upon, to be considered positive. All 
other quantities which will increase this, must be positive alsa 
But those which will tend to dimimsh it, must be negative. 
In a mercantile concern, if the stock is supposed to be positive, 
the profits will be positive ; for they increase the stoct ; they 
are to oe added to it. But the losses will be negative ; for 
they diminish the stock ; they are to be sxAtracted from it. 
When a boat, in attempting to ascend a river, is occasionally 
driven back by the current ; if the progress up the stream, to 
any particular point, is considered positive, every succeeding 
instance of forward motion will be positive, while the back' 
ward motion will be negative. 

58. A negative quantity is frequently greater, than the 
positive one with which it is connected. But how, it may 
be asked, can the former be subtracted from the latter? The 
greater is certainly not contained in the less : how tlien can 
it be taken out ^f iti The answer to this is, that the greater 
may be supposed first to exhaust the less, and then to 'leave 
a remainder equal to the difference between the two. If a 
man has in his possession 1000 dollars, and has contracted a 
debt of 1500; the latter subtracted from the former, not 
only exhaustR the whole of it, but leaves a balance of 500 

3 
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a^inst him. In common language, he is 500 dollars worse 
than nothing. 

69. In this way, it frequently happens, in the course of an 
algebraic piocess, that a negative quantity is brought to stand 
alone. It has the sign of subtraction, without being con- 
nected with any other qftantity, from which it is to 1^ sub- 
tracted. This denotes that a previous subtraction has left a 
remainder, which e» a part of the quantity subtracted. If 
the latitude of a ship which is 20 degrees north of the equator, 
is considered positive, and if she sails south 25 degrees ; her 
motion first diminishes her latitude, then reduces it to noth- 
ings and finally gives her 5 degrees of south latitude. The 
sign - prefixed to the 25 degrees, is retained before the 5, 
to show that this is what remains of the southward motion, 
after balancing the 20 degrees of north latitude. If the mo- 
tion southward is only 15 degrees, the remainder must be 
-4-5, instead of - 5, to show that it is a part of the ship's 
northern latitude, which has been thus far diminished, but not 
reduced to nothing. The balance of a book account will be 
positive or negative, according as the debt or the credit is the 
gieater of the two. To determine to which side the remain- 
der belongs, the sign must be retained, though there is no 
other quantity, from which this is again to be subtracted, or to 
which it is to be added. 

60. When a quantity continually decreasing is reduced to 
nothing, it is sometimes said to become afterwards kss than 
nothmg. But this is an exceptlbnable manner of speaking.* 
No quantity can be really less than nothing. It may be di- 
mlnithed, till it vanishes, and gives place to an opposite quan- 
tity. The latitude of a ship crossing the equator, is first 
made less than nothing, and afterwards contrary to what it 
was iiefore. The north and south latitudes may therefore 
oe properly distinguished, by the signs -f- and - ; all the 
positive degrees being on one side of 0, and all the negative, 
m the other ; thus, *l 

+6, +5, +4, +3, +2, +1, 0, - 1, - 2, - 3, - 4, ^ 5, &c..^ 

The numbers belonging to any other series of opposite 
quantities, may be arranged in a similar moaner. So that 
) may be conceived to be a kind of dwiding point between 

* The expression " less than nothtng,^^ may not be wholly improper ; if it is 
intended ro be understood, not literally, but merely as a convenient phrase 
adopted for the sake of avoiding a tedious circumlocntion ; as we say " tne sun 
rises,*' instead of saying "the earth rolls round, and brings the sun into view," 
The use of it in this manner, is warranted by Newton, Euler and othonk 
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positive and negative numbers. On a thermometer, the de- 
grees above may be considered positive, and those below 0, 
negative. 

61. A quantity is sometimes said to be subtracted from 0. 
By this is meant, that it belongs on the negative side of 0. 
But a quantity is said to be added to 0, when it belongs an 
the positive side. Thus, in speaking of the degrees of a 
thermometer, 0-4-6 means 6 degrees cAove 0; and 0-6, 6 
degrees below 0. 

AXIOMS. 

62. The object of mathematical inquiry is, generally, to 
investigate some unloiown quantity, and discover how great 
it is. This is eflfected, by comparing it with some other 
quantity or quantities already known. The dimensions of 
a stick of timber, are found, by applying to it a measuring 
nde of known length. The weight of a body is ascertained 
by placing it in one scale of a balance, and observing how 
many pounds in the opposite scale, will equal it. And any 
quantity is determineci, when it b found to be equal to some 
known quantity or quantities. 

Let a and 6 be known quantities, and y, one which is un- 
known. Then y will become known, if it be discovered* to 
be equal to the sum of a and b : that is if 

y=a-|-6. 

An expression like this, representing the equality between 
one quantity or set of quantities, and another, is called an 
equation. It will be seen hereafter, that much of the business 
of algebra consists in finding equations, in which some un- 
known quantity is shovrn to be equal to others which are 
known. But it is not often the fact, that tlie first compari- 
son of the quantities, furnishes the equation required. It 
will generally be necessary to make a number of additions^ 
subtractions, multiplications, &c. before the unknown quanti- 
ty is discovered. But in all these changts, a constant equality 
must be preserved, between the two sets of quantities com- 
pared. This will be done, if, in making the alterations, we 
are guided by the following axioms. These are not inserted 
here, for the purpose of being proved; for they are self- 
evident (Art. 10.) But as they must be continually intro- 
duced or implied, in demonstrations and the solutions of 
problems, thev are placed together, for the convenience o) 
reference 
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63. Axiom 1. If tne same quantity or equal quantities be 
added to equal quantities, their simis will be equal. 

2. If tlie same quantity or equal quantities be 8ubtr<icted 
from equal quantities, the remainders will be equal. 

3. If equal quantities be multiplied into the same, or equal 
quantities, the products will be equal. 

4. If equal quantities be divided by the same or equal 
quantities, the quotients will be equal. 

5. If the same quantity be both added to and subtractta 
frofn another, the value of the latter will hot be altered. 

6. If a quantity be both multiplied and divided by another, 
the value of the former will not be altered. 

7. If to unequal quantities, equals be added, the greater 
will give the greater sum. 

8. If from unequal quantities, equals be subtracted, the 
greater will give the greater remainder. 

9. If unequal quantities be multiplied by equals, the 
greater will give the greater product. 

10. If unequal quantities be divided by equals, the greater 
will give the greater quotient. 

11. Quantities which are respectively equal to an}^ other 
quantity are equal to each other. 

12. The whole of a quantity is greater than a part. 

This is, by no means, a complete list of the self-evident 
propositions, which are furnished by the mathematics. It is 
not necessary to enumerate them all. Those have been 
selected, to which we shall have the most frequent occasion 
to refer. 

64. The investigations in algebra are carried on, princi- 
pally, by means of a series of equations and proportions. But 
instead of entering directly upon these, it will be necessary 
to attend in the first place, to a number of processes, on 
which the management of equations and proportions de- 
pends. These preparatory operations are similar to the cal- 
culations under the common rules of arithmetic. We have 
addition, multiplication, division, involution, &c. in algebra, 
as well as in arithmetic. But this application of a common 
name, to operations in these two branches of the mathemat- 
ics, is often the occasion of perplexity and mistiike. The 
learner naturally expects to find addition in algebra the same 
as addition in arithmetic. They are in fact the same, in 
many respects : in all respects perhaps, in which the steps of 
the one will admit of a direct comparison, with those of the 
other But addition in algebra is more extensive^ than in 
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arithmetic. The same observation may be made concerning 
several other operations in algebra. They are, in many 
points of view, the same as those which bear the same names 
in arithmetic. But they are frequently extended farther, and 
comprehend processes which are unknown to arithmetic. 
This is commonly owing to the introduction of negative 
quantities. The management of these requires steps which 
are unnecessary, where quanfities of one class only are con- 
cerned. It will be hnportant, therefore, as we pass along, to 
mark the difference as well as the resemblance^ between arith* 
metic and algebra ; and, in some instances, to give a new 
defijiition, accommodated to the latter. 
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Art. 65. In entering on an algebraic calculation, the first 
thing to be done, is evidently to colled the malerials. Seve- 
ral distinct quantities are to be concerned in the process. 
These must be brought together. They must be connected 
in some form of expression, which will present them at once 
to our view, and show the relations which they have to each 
other. This collecting of quantities is what, in algebra, is 
called ADDITION. It may be defined, the connecting of 

SEVERAL quantities, WITH THEIR SIGNS, IN ONE ALGEBRAIC 
EXPRESSION. 

66. It is common to include in the definition, "uniting in 
one term, such quantities, as will admit of being united.'* 
But this is not so much a part of the addition itself, as a 
reduction^ which accompanies or follows it. The addition 
may, in all cases be performed, by merely connecting the 
quantities by their proper signs. Thus a added to 6, is evi- 
dently a and b : that is, according to the algebraic notation, 
a-[-6. And a added to the sum of b and c, is a-f 6-f c. And 
a-f-i, added to c-^d^ is a+fr+c+d. In the same manner, i1 
the sum of any quantities whatever, be added to the sum ol 

3* 
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anj othtni, the expression for the whole, will contain all 
these quantities connected by the sign -f-* 

67. Again, if tiie difference of a and h be added to c; the 
sum will be a- 6 added to c, that is a-6-fc. And if a- 6 
be added to c-cf, the sura will be a-fc-f-c-d. In one of 
the compound quantities added here, a is to be diminished 
by 6, and in the otfier, c is to be diminished by d; the sum 
of a and c must therefore be diminished, both by fc, and by 
d^ that is, the expression for the sum totals must corHain - b 
and -d. On the same principle, ail the quantities which, in 
the parts to be added, have the negative sign, must reiam this 
sign in the amount. Thus a-f26-c, added to d-Zi m, is 

a-|-26 - c+d - A - w. 

68. The sign must be retained also, when a positive quan- 
tity is to be added, to a single negative quantity. If a be 
added to - 6, the sum will be -fc-f^" Here it may be object- 
ed, that the negative sign prefixed to 6, shows that it is to be 
st^tracted. What propriety then can there be in adding it ? 
In reply to this, it may be observed, that the sign prefixed 
to 6 while standing alone, signifies that b is to be subtracted, 
not from a, 'but from some other quantity, which is not here 
expressed. Thus -6 may represent tlie loss, which is to be 
subtracted from the stock in trade. (Art. 55,) The object 
of the calculation, however, may not require that the value 
of this stock should be specified. But the loss is to be con- 
nected with a profit on some other article. Suppose the 
profit is 2000 dollars, and the loss 400. The inquiry then, is 
what is the value of 2000 dollars profit, when connected with 
400 dollars loss? 

The answer is evidently 2000-400, which shows that 
2000 dollars are to be added to the stock, and 400 subtracted 
from it ; or which will amount to the same, that the difference 
between 2000 and 400 is to be added to the stock. 

69. Quantities are added, then, sy writing them one 

AFTER ANOTHER, WITHOUT ALTERING THEIR SIGNS; observ- 
ing ajways, that a quantity, to which no sign is prefixed, is 
to be considered positive. (Art. 29.) 

The sum of o-f-^' ^^^ 6-8, and 2i-3m-f cl, and A-n 
andr-f-Sm-y, is 

a-l-m-j-t - Sr\'2h - 3m+d+ A - n-j_y-f 3m - y. 

70. It is immaterial in what order the terms are arranged. 
The sum of a and b and c is either a+fc+^s ^^ a-|-e-f-i, or 
c-|-6-j-a. For it evidently makes no difference, which of the 
quantities is added first. The sum of 6 and 3 and 9, is the 
same as 3 and 9 and 6, cnt 9 and 6 and 3. 
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And a^m - n» is the same as a - n^-m. For it is plainly 
of no consequence, whetiier we first add m to a, and after- 
wards subtract n; or first subtract nand then add m. 

71. Though connecting quantities by their signs is all 
which is essential to addition ; yet it is desirable to make the 
expression as simple as may be, by reducing sereral terms to 
one. The amount of 3a, and 6^, and 4a, and 56, is 

3a-|-66+4a+56. 
But this may be abridged. Ttie first and third tenns may 
be brought into one; and so may the second and fouilli. 
For 3 times a, and 4 times a, make 7 times a. And 6 times 
b^ and 5 tjm«>s 6, make 1 1 times b, Tlie sum when reduced 
is therefore 7a-|-116* 

For making the reductions connected with addition, two 
rules are given, adapted to the Iwo cases, in one of which, 
the quantities and signs are alike, and in tlie other, the quan- 
tities are alike, but the signs are unlike. Like quantities 
are the same powers of the same letters. (Art. 45.) But 
as the addition of powers and radical quantities will he con- 
sidered in a future section, the examples given in this place, 
will be all of the first power. 

72. Case I. To reduce several terms to one, when 

THE quantities ARE ALIKE, AND THE SIGNS ALIRE, ADD THE 
CO-EFFICIENTS, ANNEX THE COMMON LETTER OR LETTERS, 
AND PREFIX THE COMMON SIGN. 

Thus to reduce S6-f 76, that is ^Sb-\-lb to one term, add 
the co-efficients 3 and 7 ; to the sum 10, annex the common 
letter 6, and prefix the sign -f-. The expression will then 
be -f 106. Tnat 3 times any quantity, ana 7 times the same 
quantity, make 10 times that quantity, needs no proof. 



Examples, 

be Sxy 76-j- xy ry- 

26e Ixy 86-f 3:ry 3ry- 

d6e xy 26-f 2xy 6ry. 

36c 2xy 6b+5xy 2ry- 



-3a6& cdxy- 

' abh 2cdxy- 

•4abh 5cdxy- 

• abh Icdxy- 



3mg 

•7mg 
'Smg 



156c 236+1 lary . I5cdxy^l9mg 



"? 



The mode of proceeding will be the same, if the signs are 
aiive, ^ 

'hus - 36c - 6c - 56c, becomes, when reduced, - 96c. 
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And -ax- Sax - 2ax= - Gax. Or thus, 

-36c - ax -2ab- my -Sach-6bdy 

- be -Sax - cb-Smy - ach- bdy 

-bbc -2ax -7a6-8my -5ach-lbdy 

-9bc -\0ab-l2my 



73. It may perhaps be asked here, as in art. 68, what pro- 
priety there is, in adding quantities, to which the negative 
sign is prefixed ; a sign which denotes subtraction? Tlie an- 
swer to this is, that when the negative sign is applied to sev- 
eral quantities, it is intended to indicate that th ^se quantities 
are to be subtracted, not from each other, but from some other 
quantity marked with the contrary sign. Suppose that, in 
estimating a man'^s propertj% the sum of money in bis pos- 
session is marked +> t^nd the debts which he owes are mark- 
ed -. If these debts are 200, 300, 500 and 700 dollars, and 
if rt is put for 100; they will together be -2a -3a -5a -7a. 
And the several terms reduced to one, will evidently be 
-17a, that is, 1700 dollars. 

74. Case II. To reduce several terms to one, when 

THE QUANTITIES ARE ALIKE, BUT THE SIGNS UNLIKE, TAKE 
THE LESS CO-EFFICIENT FROM THE GREATER; TO THE DIF- 
FERENCE, ANNEX THE COMMON LETTER OR LETTERS, AND 
PREFIX THE SIGN OF THE GREATER CO-EFFICIENT. 

Thus, instead of 8a -6a, we may write 2a. 

And instead of 76-26, we may put 56. 

For the simple expression, in each of these instcinces, is 
equivalent to the compound one for which* it is substituted. 
To +66 +46 56c 2hm -rfi/+6m 3A- dx 

Add - 46 - 66 - 76c - 9hm 4dy - m 5A+4rfa: 



Sum+26 -26c Sdy+5m 



75. Here again, it may excite surprise, that what appears 
to be subtraction, should be introduced under addition. But 
according to wiiat has been observed, (Art. 66.) this subtrac- 
tion is strictly speaking, no part of the addition. It belongs 
to a consequent rediLction, Suppose 66 is to be added to 
a -46. The sum is a -46+66. (Art. 69.) 

But this expression may be rendered more mmple. As it 

now stands, 46 is to be subtracted from a, and 66 added. 

But the amount will be the same, if, without subtracting any 

. thing, we add 26, making the wiiole a+26. And in .all sim- 
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ilar instances, the balance of two or more quantities^ maj be 
substituted for the quantities themselves. 

77. If two equal quantities have contrary rignSf they de- 
stroy each other, and may be cancelled. Thus -^66-66 

=0 : And 3x6 - 18=0 : And 7bc - 76c=0. 

Let there be any two quantities whatever, of which a is 
the greater, and b the less. 

Their sum will be o-j-fr 

And their difference a - 6 



The sum and difference added, will be 2a-f 0, or simply 
2a. That is, if the sum and difference of any two quantities 
be added together, the whole will be twice the greater quan- 
tity. This is one instance, among multitudes, of the rapidity 
^vith which general truths are discovered and demonstrated 
in algebra. (Art. 23.) 

78. If several positive, and several negative quantities are 
to be reduced to one tcnn ; first reduce those which are posi- 
tive, next those which are negative, and then take the cUffer^ 
ence of the co-efficients, of tlie two terms thus found. 

Ex. 1. Reduce 1 36+6^4 6-46-66-76, to one term. 

By art. 72, 136+66+ 6= 206 > 
And -46-56-76=- 166 J 



By art. 74, 206-166=46, which is the value 

of all the given quantities, ta£en together. 

Ex. 2. Reduce Say - a:y+2a:y -7ay+4ay - 9ay+7a:y - Sxy. 

The positive terms are Sxy The negative terms are - xy 

2xy - 7xy 

Axy - 9xy 

Ixy - Qxy 

And their sum is \%xy --^ixy 

Then 1 %xy - 23ay = - Ixy 

Ex. 3. Sa(l-6(Ml+ad+7ad-2ad+9ad-8ad-4arf=0. 
4. . 2a6m - abm^labm - 3a6m+7a6ni= 
5. aTy''laxy-\-Baxy-axySaxy'\'9axy= 

79. If the ^ters^ in the several terms to be added, are 
different, they can only be placed after eo :h other, with their 
oroper signs. They cannot he united in one simple term 
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If 469 and - Gvt and Sxy and 17A, and - 5(1, and 6, be added , 
their sum will be 

46-6y+3a?+17A-5d+6. (Art. 69.) 

Diflerent letters can no more be united in the same term, 
than dollars and guineas can be added, so as to make a 
single sum. Six guineas and 4 dollars are neither ten guineas 
nor ten dollars. Seven hundred and five dozen, are neither 
12 hundred nor 12 dozen. But, in such cases, the algebraic 
signs serve to show how the different quantities stand related 
to each other; and to indicate future operations,' which are 
to be performed, whenever the letters are converted into 
numbers. In the expression a-4-6, the two terms cannot be 
united in one. But if a stands for 15, and if, m the course 
of a calculation, this number is restored ; then a-\'6 will be- 
come ld-f-6, which i£ equivalent to the single term 21. In 
the same manner, a-6f becomes 15-6, which is equal to 9. 
Tlie signs keep in view the relations of the quantities till an 
opportimity occurs of reducing several terms to one. 

80. When the quantities to be added contain several terms 
which are alike^ and several which are nnZtfce, it will be con- 
venient to arrange them in such a manner, that the similar 
terms may stand one under another. 

To 36c - 6d4-26 -&y) These may be arranged thus : 

Add - Sbc+x - Sd+bg > She - 6d+26 - Sy 

And 2d+y+3x+b ) Sbc-Sd + ^+bg 

2d + y+Sx +b 

The sum will be - 7d + 26 - 2y+4ap+6g+ 6w 

Examples, 

1. Add and reduce a6-[-8 to cd- 3 and 6a6-4m-}-Si 
The sum is Sab+l+cd-im, 

2. Add ar+3y - cf ar, to 7 - a: - 8+Ain. 
Ans. Sy-(iar-l-j-Awi. 

3. Add a6m-3a?-|-6m, to y-a?+7 ahd 5ar-6y+9. 

4. Add 3awi+6-7a^-8, to 10a;y-9+5am. 

5. Add 6ahy+7d- l+mxy, to 3afcy-7d+17-nwy 

6. Add 7ad-h+Sxy-ady to Sad-^-h -7xy.^ 

7. Add 3a6-2ay-f-^j to 06 - oy+^a: - fc. 
8 Add 26y - Saa:+2a. to 36ar - 6y+a. 
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SECTION III. 

SUBTRACTION. 

Art. 81. ADDITION is bringing quantities together, to 
find their amount. On the contrary, SUBTRACTION u 

FINDING THE DIFFERENCE OF TWO QUANTITIES, OR 8BT8 
OF QUANTITIES. 

Particular rules might be given, for the several cases in 
subtraction. But it is more convenient to have one general 
rule, founded on the principle, that taking away a posUhe 
quantity, from an algebraic expression, is the same in effect, 
as annexing an equal negatwe quantity ; and taking away 
a negative quantity is the same, as annexing an equal posi* 
live one. 
Suppose -f 6 is to be subtracted from a^b 

Taking away -f 6, from o-j-fry leaves a 

And annexing - 6, to a-|-^, gives a-^b - b 

But by axiom 5th, a-|-6-6 is equal to a 

That is, taking away a positive term, from an algebraic 
expression, is the same in effect, as annexing an equal ne^a^ 
tits term. 

Agaii), suppose - 6 is to be subtracted from a-b 
Taking away - 6, from a - 6, leaves a 

And annexing -\-bj to a-b, gives a-i-f^ 

But a " b-^-b is equal to a 

That is, taking away a negative term, is equivalent to on- 
nexing a positive one. If an estate is encumbered with a 
debt ; to cancel this debt is to add so much to the value ol 
the estate. Subtracting an item from one side of a book ac- 
count, will produce the same alteration in the balance, 89 
adding an equal sum to the opposite side. 
To place this in another point of view. 
If m is added to 6, the sum is by the notation 6-f m ) 
But if m is subtracted fiom b, the remainder is 6 - m > 
So if m and h are each added to 6, the sum is b-^-m^h ) 
But if m and k are each subtracted froiu 6, the 
remaiodoris 
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The only diflerence then between adding a positive quan* 
tity and subtracting it, is, that the sign is ch|9tnged from -f- 
to-. ' , ' . 

Again, if m-n is subtracted from by the remainder is, 

' 6-m-|-». 
For the less the quantity subtraqt^d, the greater will be the 
remainder. But in the exj^j^ifll m ~ n, m is diminished by 
n; therefore, b-m must b^Kmased by n; so as to become 
b-'m-\-'n: that is, m-n is subtracted fronT 6} by changing 
+m into -m, and -n into -j-n, and then writing them after 
bf as in addition. The explanation will be the same, if there 
are severed quantities which hav^ the negative sign. Hence, 

82. To PERFORM SUBTRACTION IN ALGEBRA, CHANGE THE 
SIGNS OF ALL THE QUANTITIES TO BE SUBTRACTED, OR SUP- 
POSE THEM TO BE CHANGED, FROM 4" TO -, OR FROM - TO -|-, 
AND THEN PROCEED AS IN ADDITION. 

The signs are to be changed, in the subtrahend only. 
Those in the minuend are not to be altered. Although the 
rule here given is adapted to every case of subtraction ; yet 
there may be an advantage in giving some of the examples 
in distinct classes. 

83. In the first place, the signs may be alikcy and the min- 
uend greater than the subtrahend. 

From +28 166 Uda -28 -166 -Uda 

Subtract +16 126 6da -16 -126 -Sda 



Difference +12 46 8da -12 -46 -Sda 

Here, in the first example, the + before 16 is supposed 
to be changed into -, and then, the signs being imlike, the 
tw^o terms are brought into one, by the second case of re- 
duction in addition. (Art. 74.) The two next examples 
are subtracted in the same way. In the three last, the - in 
the subtrahend, is supposed to be changed into +. It may 
be well for the learner, at fiist, to write out the examples ; 
and actually to change the signs, instead of merely con- 
ceiving them to be changed. When he has become familiar 
with the operation, he can save himself the trouble of tran 
scribing. 

This case is the same as subtraction in arithmetic. The 
two next cases do not occur in common arithmetic. 

84. In the second place, the signs may be alike, and the 
minuend kss than the subtrahend. 
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From 
Sub. 

Dif. 



+166 

+286 



126 
166 



6da 
\4da 



-16 -126 - 6da 
.28 -166 -14(/a 



-126 -46 -8da +12 46 8da 

The same quantities are given here, as in the preceding 
article, for the purpose of comparing them together. But the 
minuend and subtrahend aran^de to change places. The 
mode of subtracting is the same. In this class, a greater 
quantity is taken from a less : in the preceding, a less from a 

freaierA By comparing them, it will be seen, that there is no 
ifTerence in the answers, except th^t the signs are opposite. 
Thus 166- 126 is the same as 126- 166, except that one is 
+46, and the other -46; That is, a greater quantity sub- 
tracted from a less, gives the same result, as a less subtracted 
from a greater, except that the one is positive, and the other 
negative. See Art. 58 and 59. 

85. In the third place, the signs may be wiUke, 

Prom +28 +166 +14da -28 -166 -Uda 
Sub. -16 -126 - 6da +16 +126 + 6da 



Dif. 



+44 



286 



20da -44 -286 -20Ai 



From these examples, it will be seen that the difference 
between a positive and a negative quantity, may be greater 
than either of the two quantities. In a thermometer, the dif- 
ference between 28 degrees above cypher, and 16 below, is 
44 degrees. The difference between gaining 1000 dollars in 
trade, and losing 500, is equivalent to 1500 dollars. 

86. Subtraction may be proved, as in arithmetic, by adding 
the remainder to the subtrahend. The sum ought to be equd 
to the minuend, upon the obvious principle, that the difference 
of two quantities added to one of them, is equal to the other 
This serves not only to conect any particular error, but to 
verify the general rule. 



From 
Sub. 

Dif. 



2a:y-l 
-a:y+7 

Sa:y-8 



A+36ar 
Sh-9bx 



nd-76y 
5m{- by 



From Sa6m- xy 
Bub. -7a6ni+6d;y 

Rem. lOabm^lxy 



-17+4ax 
-20- 



ax 



hy- ah 
Shy - 6ah 

- 4%+5a& 

aap+ 76 Sah+axy 
- 4ax+ 1 56 - 7ah-i-axy 

5aar- 86 
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87. When there are several terms aiikey they may be re- 
duced as in addition. 

1. From ab subtract Sam+arn^7am'-\'2am-\'6am, 

Ans. a(-Saiii-am-7am-2am-6am=a6-19am. (Art 72.) 

2. Fromy, subtract-a-a-a-o. 

S. From ax-'be-^SaX'{'7bcy subtract 4be^2aX'\'hC'-\-4ax, 

Ans. aa;-6c-f3a«4-76c-46c4-2aa;-bc-4(Krrr2a«-f^- 
(Art. 78.) 

4. From cMl-fSdc -6:^ subtract 3ad+7fta;-dc-)-a(i. 

88. When the ktters in the minuend are different from 
those in the subtrahend, the latter are subtracted, by first 
changing the signs, and then placing the several terms one 
after another, as in addition. (Art. 79.) 

From Sab-\-8'-fny'\'dhy subtract x^dr'\'4hy''bmx. 

Ans. Sab'\'6''my'{'dh^x-\'dr--4hy-\'hmx. 

88. b. The sign-, placed oefore the marks of par€n*he8iSf 
which include a number of quantities, requires, that when 
these marks are removed, the signs of all the quantities thus 
included, should be changed. 

Thus a-(6^c-f <2) signifies that the quantities 6, -c, and 
-{-d, are to be subtracted from a. The expression will then 
become a - h-\'e - d. 

2. ISad+xy+d- (7ad-a:y+d+Am-ry)=:6ad4-2xy-ftm 

5. 7abc - 8+7ar - {Sabe - 8 - dx+r) = 4abc+7x+dx - r. 
4. Sad+h-2y-{7y+Sh'-mx+4ad-hy'-ad)=z 

6. 6am-rfy+8-(HS4.3rfy-8+am-«4-r) = 

6. 7ay-2x+5-{4+h-'ay+x+Sb)=z* 

88 c. On the other hand, when a number of quantities are 
mtrodiiced within the marks of parenthesis, with- immedi- 
a.ely preceding; the signs must be changed. 

Thus - m+6 - cfcr+SAzr. - (m - b+dx - SA.) 
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MULTIPLICATION.* 

Art. 89. In addition, one quantity is connected with an- 
other. It is frequently the case, that the quantities broughl 
together are eqwdf that is, a quantity is added to Useyi 

As a^a=z2a a-l-a-]-a-{-a=4a 

<i-\-a^a=zSa a^a^a^ci-\-a=5af &c. 

This repeated addition of a quantity to itself, is what wa« 
ill originally called muUiplicatum. But the term, as it is now 

used, has a more extensive signification. We have frequent 
occasion to repeat, not only the V)h9le of a quantity, but a 
certain portion of it. If the stock of an incorporated com- 
pany is divided into shaies, one man may own ten of them, 
another five, and another a part only of a share, say two- 
fifths. When a dividend ia made, of a certain sum on a 
share, the first is entitled to ten times this sum, the second to 
fke times, and the third to only hoo-Jifths of it. As the ap- 
portioning of the dividend, m each of these instances, is 
upon the same principle, it is called multiplication in the 
last, as weU as in the two first. 

Again, suppose a man is obligated to pay an annuity of 100 
dollars a year. As this is to be siibtracted from his estate, it 
may be represented by -a. As it is to be subtracted year 
after year^ it will become, in four years, -a-a-a-a=-4a. 
This repeated subtraction is also called multiplication. Ac- 
cording to the view of the subject; 

90. MULTIFLTINO BT A WHOLE NUMBER IS TAKING THE 
MULTIPLICAND AS MANT TIMES, AS THERE ARE UNITS IN THE 
MULTIPLIER. ^ 

Multiplying by 1, is taking the multiplicand once, as a. 
Multipl3ring by 2, is taking the multiplicand twice^ as a^a. 

* Newtop.'s UDirereal Arithmetic, p. 4. Maseres on the Neffative Sign, 
*3ec 11. Camus' Arithmetic, Book U. Chan. 3. Euler's Algebra, Sec. 1 
JJ. Chap. 3. Simpson's Algebra, Sec 1 V Madaurin, Saunderson, Lacroij^ 
Jbudlam.' 
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Multiplying by S, is taking the multiplicand three timesj af 
Multiplying by a FRACTION is taking a certain 

PORTION OF THE MULTIPLICAND AS MANY TIMES, AS THERE 
^RE LIKE PORTIONS OF A UNIT IN THE MULTIPLIER.* 

Multipljring by ^« is taking J of the muhiplicand, once^ as Ja. 
Multiplying by f, is taking j of tbe multiplicand, twke^ as 

Multiplying by |, is taking | of the multiplicand, three times. 
Hence, if the multiplier is a unity the product is ^qual to 
the multiplicand : If the multiplier is greater than a unit, the 
product is greater than the multiplicand : And if the multipli- 
er is less than a unit, the product is less than the multiplicand. 

Multiplication by a NEGATIVE quantity, has the 

SAME RELATION TO MULTIPLICATION BY A POSITIVE QUANTITY, 

WHICH SUBTRACTION has to addition. In the one, the 
sum of the repetitions of the multiplicand is to be added^ to 
the other quantities wilh which this multiplier is connected. 
In the other, the sum of these repetitions is to be subtracted 
from the other quantities. This subtraction is performed at 
the time of multiplying, by changing the sign of the pro- 
duct. See Art. 107 and 108. 

91. Every multiplier is to be considered a number. We 
sometimes speak of multiplying by a given weight or measure^ 
a sum ofmoiiey, &c. But this is abbreviated language. If 
construed literally, it is absurd. Multiplying is taking either 
the wliole or a part of a quantity, a certain number of tunt^. 
To say that one tjuantity is repeated as many times, as an- 
other is heavy^ is nonsense. But if a part of the weight of a 
body be tixed upon as a unity a quantity may be multiplied 
by a number equal to the number of these parts contained 
in the body. If a diamond is sold by weignt, a particulai 
price may be agreed upon for each gmin* A grain is here 
the unit ; and it is evident that the value of the diamond, is 
equal to the given price repeated as many times, as theie are 
giains in the whole weight. We say concisely, that the price 
is multiplied by the weight ; meaning that it is multiphed by 
a nmiiber equal to the iuinil)er of grains in the weight. In a 
similar manner, any quantity whatever may be supposed to 
be made up of parts, each being considered a tmt/, and any 
nmnber of these may become a multiplier. 
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92. As multiplying is taking the whole or a part of a 
quantity a certain number of times, it is evident that the 
product^ must be of the same nature as the multiplicand. 

If the multiplicand is an abstract number; the product will 
be a number. 

If the multiplicand is weighty the product will be weighle 
|f the multiplicand is a UnCy the product will be a line. R§m 
peaHng a quantity does fiot alter its nature. It is frequently 
said, that the product of two lines is a surface, and that the 
product of three lines^is a solid. But these are abbreviated 
expressions, which if interpreted literally are not correct. 
See Section xxi. 

93. The multiplication of fractions will be the subject of 
a future section. We have first to attend to multiplication 
by positive whole numbers. This, according to the defini- 
tion (Art. 90.) is taking the multiph'cand as many times, as 
there are units in the multiplier. Suppose a is to be multi- 
plied by 6, and that b stands for 3. There are then, three 
units in the multiplier b. The multiplicand must therefore 
be taken three times ; thus, a-|-a-|-a=3a, or ba. 

So that, multiplying two letters together is nothing more, 
than writing them one after tlu other, either with, or without 
the sign of multiplication between them. Thus b multiplied 
into cisbxc, or be. And x into y, is xxyy or x.y, or xy. 

94. If more than two letters are to be multiplied, they 
must be connected in the same manner. Thus a into 6 and 
c, is cba. For by the last article, a into b, is ba. Thitf pro- 
duct is now to be multiplied into c. If c stands for 5, thea 
ba is to be taken five times thus, 

ba-\'ba-\'ba-\-ba^ba^5b(t, or cba* 

The same explanation may be applied to any number of 
letters. Thus, am into xy, is anixy. And bh into mrx, is 
bhmrx. 

95. It is immaterial in what order the letters are arranged 
The product 6a is the same as ab. Three times five is eqral 
to five times three. Let the number 5 be represented by as 
many points, in a horizontal line ; and the number 3, by as 
many points in a perpendicular line. 



' I 



Here it is evident that the whole number of points is equal 
either to the mmiber in the horizontal row three times repeat 

4» 
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cd, or to the number in the perpendicular row five times re« 
peated ; that is, to dxSy or 3 x^- This explanation may be 
extended to a series of factors consisting of any numbers 
whatever. For the product of two of the factors may lie 
considered as one number. This may be placed before or 
after a third factor : the product of three, before or after a 
fourth, &c. 

Thus 24=4x6 or 6x4=4x3x2 or 4x^x3 or 2x3x4 

The product of a, 6, c, and c{, is abcd^ of ocdfb, or dcba^ or bade. 
It will geiYerally be convenient, however, to place the letters 
in alphabetical order. 

96. When the letters have numerical CO-EFFI- 
CIENTS, THESE MUST BE MULTIPLIED TOGETHER, AND 

PREFIXED TO THE PRODUCT OF THE LETTERS. 

Thus, 3a into 26, is 6a6. For if a into b is aby then 3 times 
a into 6, is evidently Sab: and if, instead of multiplying by 
by we multiply by tince 6, the product must be twice as great; 
that is2x3a6or 6ab. 

* 

Mult 9ab 12% Sdh 2ad 7bdh Say 

Into Sa:y 2rx my IShmg x Sfiur 

Prod. 27abxy Sdhmy tbdhx 

97. If either of the factors consists of figures on/jf, these 
must be multiplied into the co-efficients and letters of the 
other factors. 

Thus Sab into 4, is 12ab. And 36 into %Xj is t%x. And 
24 into %, is 24%. 

98. If the multiplicand is a compound quantity, each of its 
terms must be multiplied into the multiplier. Thus b'\^c-^d 
into a is ab-\-aC'\-ad, For the whole of the multiplicand is 
lo be taken as many times, as there are units in the multi- 
plier. If then 0, stands for 3, the repetitions of the multipli- 
cand are, * 

b+e+d 

b+c+d 
b+c+d 

And their sum is 364-3e-f-3(I, that is, a&+^+^ 
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Mult d+ixy 2/^-m 3U+1 2hn^S^-\-dr 

Into Sb 6dy my 4b 

Prod Slid^Sbxy Shimy-^my 



99. The preceding instances must not be confounded 
with those in which several factors are connected by the 
signXy or by a point. In the latter case, the multiplier is 
to be written before the other factors vfithout bting rcpeatetL 
The product of bxd into a^ is abxd^ and not ahx^^' For 
bxd\s bdj and this into a, is abd, (Art. 94.) The expression 
bxd is not to be considered, like o+d, a compound quantin^j 
consisting of two terms. Different terms are always separ-x- 
ted by-for-. (Art. 36.) The product of 6xAxw»Xy i'^- 
to a, is ax^X^X^Xy or abkniy. But b'{'h^m-\-y into a, 
is ab'{-ah-\-am^ay. 

100. If both the factors are compound quantities, each 
term in the multiplier must be multiplied into each in tlu multi* 
plicand. 

Thus a-\-b into c-^-d is aC'\-ad-\-bc-^bd. 

For the units in the multiplier a-|-6 are equal to the units 
in a added to the units in b. Therefore the product produ- 
ced by a, must be added to the product produced by 6. 
The product of c-f-rf into a is aC'\-ad ) k^ ao. 
The product of c+d into b is bc+bd J ^^' ^^' 
The product of c+d into o+ft is therefore ac-\'ad-^bc-\'bd 

Mult. 3x+d 4ay+2b a+l 

Into 2a^hm 3c '\-rx 3ar-|-4 > 



Prod. 6ax+2ad+Skmx+dhm 8(Mr+3a?+4a4-4 

■■ II ... I ■ ' ■ ■ ■ ■■■ i ■ ■ ■ ■■!■■ 

Mult. 2/i+7 into 6d+l. Prod. l2dh+42d+2h+7. 
Mult. di/-j-rx+A into 6»i4-4+7y. Prod. 
Mult. 7+Qb+ad into 3r+4+2fc. Prod. 

101. When several terms in the product are aliktj it will 
be expedient to set one under tlu othevy and then to uijdta 
them, by the rules for the reduction in addition. 
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Muh 

Into 



b+a 



b+e+i 
b+c+S 



Sb+2x- 



1 

7 



bb+ab 
4-a6-{-aa 



bb+bc+2b 

be -^ee^2c 
+36 +3c+6 



Prod. bb+2ab+aa bb+2bc+5b+ec+5c+6 



Mult. Sa+d+4 into 2a+Sd+ 1 . Prod. 
Mult. 6+cd-f-2 into 36+4crf+7. Prod. 
Mult Sb+2x+h into ax^X^x. Prod. 

j 103. It will be easy to see that when the multiplier and 
multiplicand consist of any quantity repeated as a factor^ this 
factor will be repeated in the product, as many times as in 
the multiplier and multiplicana together. 

Mult. aX<iXA Here a is repeated three times as a factor. 
Into aXf^ Here it is repeated twice. 

Prod. ax«XflX«Xrt» Here it is repeated five times. 

The product of 6666 into 666, is 6666666. 
The product of 2a: X 3a; X 4a? into dxx^^e^ is 2xX^^X^X 
5xX^^' 

104. But the numeral co-efficietUs of several fellow-factcm 
may be brought together by multiplication. 

Thus 2ax36 into 4ax56 is 2ax36x4ax56, or 120aa66. 

For the co-efficients nre factors^ (Art. 41.) and it is imma- 
terial in what order these are arranged. (Art. 95.) So that 
2ax36x4ax56=2x3x4x5xoXrtX6x6=120aa66. 

The product of 3ax46A into Smx^y, is 360a6/my. 

The product of 46xW into 2a?+l, is 4Sbdx+24id. 

• 105. The examples in multiplication thus far have been 
confined to positive quantities. It will now be necessary to 
consider in what manner the result will be affected, by mul- 
tiplying positive and negative quantities together. We shall 

fiiut 

That + into + produces -f- 

- into 4- "• 
+ into — — 

- into - -f. 
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All these may be comprised in one general rule, which it 
will be important to have always familiar. If the sionb of 

THE FACTORS ARE ALIKE, THE SIGN OF THE PRODUCT WILL 
BE AFFIRMATIVE ; BUT IF THE SIGNS OF THE FACTORS ARE 
UNLIKE, THE SIGN OF THE PRODUCT WILL BE NEGATIVE. 

106. The first case, that of -f- into -{-, needs no farther 
illustration. The second is - into >|-, that is, the multipli- 
cand is negative, and the multiplier positive. Here -a 
into -f-4 is - 4a. For the repetitions of the multipUcand are, 

-a-a-a-a=-4a. 
Mult. 6-3a 2a-m hSd^i a-2-7({-x 

Into 6y Shr^x 2y Sb+h 



Prod. 6by - 1 Say 2hy - 6dy - By 



107. In the two preceding cases, the affinnative sign pre- 
fixed to the multiplier shows, that the repetitions of the mul- 
tiplicand are to be cMed to the other quantities with which 
the multiplier is connected. But in the two remaining cases, 
the negative sign prefixed to the multiplier, indicates that 
the sum of the repetitions of the multiplicand are to be sub 
tracted from the other quantities. (Art. 90.) And this sub- 
traction is performed, at- the time of multiplying, by making 
the sign of the product opposite to that of the multiplicand. 
Thus -\-a into -4 is -4a. For the repetitions of the multi- 
plicand are. 

But this sum is to be subtracted^ from the other quantities 
with which the mtiltiplier is connected. It will then become 
. -4a. (Art. 82.) 

Thus in the expression b-(4x<h) i^ ^ manifest that4x<i 
is to be subtrtactcd from 6. mw 4xtt is 4a, that is -j-4a. 
But to subtract this from 6, the sign -|- must be changed 
mto-. So that 6-(4x«) is b-ia. And aX-4 is tliere- 
fore - 4a. 

Again, suppose the multiplicand is a, and the muUiplier 
(6-4.) As (6-4) is equal to 2, the product will be equal 
to 2a. This is tess than the product of 6 into a. To obtain 
then the product of the compound multiplier (6 - 4) into a» 
we must subtract the product of the negative part, from that 
of the positive part. 
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Multiplying « ? ig the same as \ Multiplying a 
Into 6-45^^^^ ^^^ ^^ I Into £ 

And the product 6a- 4a, is the same as the poduct fta. 
Therefore a into -49 is - 4a. 

But if the multiplier had been (6-f-4,) the two products 
must have been added. 

Multiplying a > . j^ ( Multiplying a 

Into 6+4 5 *® ^^^ ^™® ^® I Into 10 

And the prod. 6a-|-4a is the same as the product 10a. 

This shows at once the difference between multiplying by 
a positive factor, and multiplying by a negative one. In the 
former case, the sum of the repetitions of the multiplicand is 
to be added tOy in the latter, subtracted froniy the other quan- 
tities, with winch the multiplier is coimected. For every 
negative quantity must be supposed to have a reference to 
some other which is positive; though the two may not 
always stand in connection, when the multiplication is to be 
perfonned. 

Mult, a+b 3dy+hx-\-2 SA +S • 

Into b—x mr-ah ad— 6 



Prod, ab+bb --ax-bx Sadh+Sad - 1 8A - 18 

108. If two negatives be multiplied together, the product 
will be affinnative : - 4 x - a=-|-4a. In this case, as in the 
preceding, the repetitions of the multiplicand are to be ^- 
tracted, because the multiplier has the negative sign. These 
repetitions, if the multiplicand is -a, and the multiplier - 4, 
are -a-a-a-a=-4a. But this is to be subtracted by 
changing the sign. It then becomes 4-4a. 

Suppose -a is multiplied into (6-4.) As 6-4=2, the 
product is, evidently, twice the multiplicand, that is, -2a. 
But if we multiply - a into 6 and 4 separately ; - a into 6 
is - 6a, and - a into 4 is - 4o. (Art. 106.) As in the multi- 
plier, 4 is to be subtracted from 6 ; so, in the product, -4a 
must be subtracted from - 6a. Now - 4a becomes by sub- 
traction -{-4a. The whole product then is - 6a-]-4a which is 
equal to - 2a. Or thus. 

Multiplying - a ) . , C Multiplymg - a 

Into 6 - 4 r i Into 2 

And the prod. - 6a4-4a, is equal to the product - >a. 
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It is often considered a great mystery, tliat the product of 
two negatives should be affirmative. But it amounts to no- 
thing more than this, that the subtraction of a negative quan- 
tity, is equivalent to the addition of an affirmative one ; 
(Art. 81.) and, therefore, that the repeated subtraction of a 
negative quantity, is equivalent to a repeated addition of an 
affirmative one. Taking off from a man's hands a debt of 
ten dollars every mo^th, is adding ten dollars a month to the 
value of his property. 

Mult. a-4 Sd-hy^^x Say-b 

Into .86-6 46 - 7 ' 6a: - 1 



Prod. Sab - 1 26 - 6a-f24 idaxy - 66a? - 3ay+5 

Multiply Sad - aA - 7 into 4 - dy - ftr. 
Multiply 2hy+Sm - 1 into 4d - 2a:4.3. 

1 09. As a negative multiplier changes the sign of the quan- 
tity which it multiplies ; if there are several negative factors 
to be multiplied together. 

The two first will make the product positive; 
The third will make it negative; 
The fi>urih will make it positive^ &c. 

Thus - ax - 6=-f-a6 "1 . fttioo factors. 

'■\'abcdx-^=-obcdej {.fi^^' 

That Is, the product of any even number of negative fac 
tors is positive ; but the product of any odd number of nega- 
tive factors is negative. 

Thus-ax -a=aa And-ax -oX -«X -a=:€uiaa 

-ax-flX '-a=z'-'aaa -ax-^X -aX--«X-«=-«flaaa 

The product of several factors which are all positive, is in- 
variably positive. 

110. Positive and negative terms may frequently balance 
each other, so as to disappear in the product. (Art. 77.) A 
star is sometimes put in the place of a deficient term. 
Mult, a- 6 mm -yy aa-^-ab-^-bb 

Into a~|-6 fnm^yy f^-^b • 

aa^ab aaa-{-adb'\-abb 

-f-a6-66 -aa6-a66-666 

Frod.aa ♦ -66 aaa * * -666 
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111. For maiiy purposes, it is sufficient merely to tadicaU 
tlie multiplication of compound quantities^ without actually 
multiplying the several terms. Thus the product of 

^+*+^ into hr^m-\-yy is (a+6-f-O X (A+^^+yO {^^ ^') 
The product of 
a-{-m into h-^x and rf+y, is (o^-m) X (h-^-x) X («'+y«) 

By this method of representing multiplication, an important 
advantage is ofLen gained, in preservmg the factors distinct 
from each other. 

When the several terms are multiplied in form, the expres 
sion is said to be expanded. Thus, 

(a-f-fc) X (c+^) becomes when expanded aC"\'ad-{-be-^bd 

112. With a given multiplicand, the less the multiplier, 
the less will be the product. If then the multiplier be 
reduced to nothings the product will be nothing. Thus axO 
=:0. And if oe one of any nunAer of fellow-factors, the 
product of the whole will be nothing. 

Thus, a6xcX3dxO=3aAcdxO=?:0. 

And (a+6)x(c+rf)x(A-m)xO=0. 

113. Although, for the sake of illustrating the different 
points in multiplication, the subject has been drawn out into 
a considerable number of particulars; yet it will scarcely be 
necessary for the learner, after he has become familiar with 
the examples, to burden his memory with any thing moie 
than the following general rule. 

Multiply the letters and co-efficients of each term 
IN the multiplicand, into the letters and co-efficients 

of EACH term IN THE multiplier; AND PREFIX TO EACH TERM 
OF THE PRODUCT, THE SIGN REQUIRED BY THE PRINCIPLE, THAT 
LIKE signs PRODUCE-f-j AND DIFFERENT SIGNS - . 

1 . Mult, o-f 36 - 2 into 4a - 66 - 4. 

2. Mult. 4a6xa?x2 into Smy-l+A. 

3 Mult. (7a/i-i/)x4 into4a?x3x5x^. 

4. Mult. (6a6-W+l)x2into(8+^x-l)xrf. 

6. Mult. 3ay+y-4+/iinto (c/+a:)x(/i+y.) 

6. Mult. 6aar-(4A-rf) into (6+l)x(A+l.) 

7. Mult. 7ay-l-|-Ax(<^-a?)into -(r-f3-4«i.) 
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Art. 114. IN multiplication, we have two factors gi^en, 
and are required to find their product. By multiplying the 
factors 4 and 6, we obtain the product 24. But it is fre- 
quently necessary to reverse this process. The number 24, 
and one of the factors may be given, to enable us to find the 
other. The operation by which this is effected, is called 
DimUm, We obtain the number 4, by dividing 24 by 6. 
The quantity to be divided is called the dividend ; the eivei^ 
factor, the divisor ; and that wliich is required^ the quotient. 

115. DIVISION IS FINDING A QUOTIENT, WHICH MULTI 
PLIED INTO THE DIVISOR WILL PRODUCE THE DIVIDEND.* 

In muItipUcation the multiplier is always a number. (Art 
91.) And the product is a quantity of the same kind, as the 
multiplicand. (Art. 92.) The product of 3 rods into 4, is 12 
rods. When we come to division, the product and either of 
the factors may be given, to find the other : that is. 

The divisor may be a number^ and then the ({uotient will 
be a quantity of the same kind as the dividend ; or. 

The divisor may be a quantity of the same kind as the 
dividend ; and then the quotient will be a number. 

Thus 12 ro(?5-f-4=3 rods. But 12 rod5-f-3roA=4. 

And 12 rorf5-f-24=lrod. And 12 rodff-f-24 rod*=J 

In the first case, the divisor being a numbery shows into 
how many parts the dividend is to be separated ; and the quo- 
tient shows what these parts are. 

If 12 rods be divided into 3 parts, each will be 4 rods long. 
And if 12 rods be divided into 24 parts, each will be half a 
jod long. 

In the other case, if the divisor is less than the dividend, 
the former shows into tohat parts the latter is to be divided ; 
and the quotient shows how many of these parts are contained 



* The remainder is here supposed to be included in the quotient, as is oom 
monly the case in alj^bnu 
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in the dividend. In olher words, division in this case con* 
nsts in finding how often one quantity is coniaimsd in another, 

A line of 3 rods, is contained in one of 12 rods, four times. 

But if the divisor is greater than the dividend, and yet a 
quantity of the same kind, the quotient shows what part oi 
the divisor is equal to the dividend. 

Thus one half of 24 rods is equal to 12 rods. 

116. As the product of the divisor and quotient is equal to 
the dividend, the quotient may be found, by resolving tlie 
dividend into two such factors, that one of them shall be the 
divisor. The other will, of course, be the quotient. 

Suppose abd is to be divided by a. The factor a and bd 
will produce the dividend. The first of these, being a divi- 
sor, may be set aside. The other is the quotient. Hence, 

When the divisor is found as a pactoh in the divi- 
dend, THE division IS PERFORMED BY CANCELLING THIS 
FACTOR. 

Divide ex dh drx hmy dhxy abed abxy 
By c d dr km dy b ax 

Quot X X hx .by 



In each of these examples, the letters which are common 
to the divisor and dividend, are set aside, and the other let- 
ters form the quotient. It will be seen at once, that the pro- 
duct of the quotient and divisor is equsX to the dividend. 

117. If a letter is repeated in the dividend, care must be 
taken that the factor rejected be only equal to the divisor. 

Div. aab - bbx aadddx aammyy aaaxxxh yj/^ 
By a b ad amy aaxx yy 

Quct. ab ad4pc ahx 



In such instances, it is obvious that we are not to reject 
every letter in the dividend which is the same with one in the 
divisor. 

118. If the dividend consists ol any factors whatever, ex- 
i^uju^ng one of them is dividing by it. 
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DiT. a (b+d) a {b+d) {b+x) (c+d) (b+y) X (i - h)t 

By a b+d b+x d^h 

Quot. b+d a c+d (*+y) X« 



In all these instances the product of the quotient and divi- 
sor is equal to the dividend by Art. 111. 

119. In performing multiph'cation, if the factors contain 
numeral figures^ these are multiplied into each other. (Art. 
96.) Thus 3a into 76 is 21a6. Now if this process is to be 
retersedy it is evident that dividing the number in the product, 
by the number in one of the factors, will give the number in 
the other factor. The quotient of 2106-7-30 is 76. Hence, 

In division, if there are numeral co-efficients prefixed to the 
letters, the co-efficient of the dividend must be divided^ by the co^ 
efficient of the diaisor. 

Div. 6a6 I6dxy 25dhr Uxy S4drx 20hm 
By 26 4dx dh 6 S4 m 

QuoUSa 25r drx 



120. When a simple factor is multiplied into a compound 
one, the former enters into every term of the latter. (Art. 
98.) Thus a into b+dy is ab+ad. Such a product is eosilj 
resolved again into its original factors. 

Thus ab+ad=ax{b+d). 

a6+ac+afc=ax {b+c+h). 

amh+amx+amy=zamx{h+x+y). 

4(wi+8aA4-12am+4ai/=4ax {d+2h+9m+y). 
Now if the wiiole quantity be divided by one of these factors, 
according to Art. 118, the quotient will be the other factor. 

Thus, {ab+ad) ^a=b+d. And (a6+ad)-j.(6+d)=a. 
Hence, 

If the divisor is contained in every term of a compoimd divi- 
dend, it must be canceUed in each. 

Div. ci>+ac bdh+bdy €Uih+ay drx+dhx+dxy 

By a bd a dx 



Quot. b+e ah+y 



And if there are co^fficietSsy these must be divided, in each 
term also. 
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Div. 6ab+l2ac 
By Sa 

QuoL 2b+4c 



I0dry+I6d 
2d 



nhx+8 
4 

Shx+2 



S5dm^\4dx 
Id 



121. On the other hand, if a compound expression contain^ 
ing may factor in every temiy be diiifded by the other quantities 
connected by their signs, the qw)tienl tcUl be that factor. See the 
first part of the preceding article. 

Div. 064-^+^^ amh-{-amx-\'amy 4ab-\-8ay ahm^diy 
By fr+c-fA /i+a:+y b+2y m-f-y 



Quot a 



4a 



122. In division, as well as in multiplication, tlie caution 
must be observed, not to confound terms with factors. Bee 
Art. 99. 



Th\is(ab+ac) 

But (atxac) 
And {ab-^-ac 
But {abxoc 



I 



.0=6+0. (Art. 120.) 
-a^zoabc^i^az^abc. 
ib+c)=a. (Art. 121.) 
.(6 X c) = aa6c-f-6c= aa. 



123. In division, the same rule is to be observed 
respfxting the signs, as in multiplication ; that is, 
if the divisor and dividend are both positive, or 
both negative, the quotient must be positive : ir 
one is positive and the other negative, the quo- 
TIENT MUST BE NEGATIVE. (Art. 105.) 

This is manifest from the consideration that the product of 
the divisor and quotient must be the same as the dividend. 

If +ax+b=+ab \ r -}-a6-^+i=+a 

-aX+b=:^-abl . 1 -ai-^+6=-a 
tix-*=-aA( i -06-^-6= 



^ax-bz^+ab J 






Div. 

By 



abx 
-a 



8a - lOoy Sax - Say Qamxdh 
- 2a 3a - 2a 



Quot - 6* - 4+6j/ 



"Smxdh^ "Shdm 



-.▼"" '?• 



PIYI810N • 45 

1 34. If ths letters of the divisor are not to be fookp 
IN the dividend, the division is expressed by writing 

THE divisor under THE DIVIDEND, IN THE FORM OF A VUL- 
GAR FRACTION. 

xy d—x 

. Thus irj/-ra=: — ; and (i - jc) ^ - A= -^r 

This is a method of denoting division, rather than an actual 
peifonning of the operation. But tlie purposes of division 
may frequently be answered, by these fractional expressions. 
As they are of the same nature with other vulgar fractions, 
they may be added, subtracted, multiplied, &c. See the 
next section. 

125. When the dividend is a compound quantity, the divi- 
sor may either be placed under the wliole dividend, as in the 
preceding instances, or it may be repeaieil under each termf 
taken separately. There are occasions when it will be con- 
venient to exchange one of these forms of expression for the 
otlier. 

Thus b+c divided by x. is either-^, or -I — . 

« -^ » X ' X* X 

a+b 
And a-\-b divided by 2, is either 'if 9 that is, half the sum 

of a and b; or^-, that is, the sum of half a and half 6. 

For it is evident that hdf the sum of two or more quantities, 
is e(|ual to the sum of titeir halves. Ajid the same principle 
is applicable to a third, fouitli, filth, or any other portion of 
the dividend. 

n — h n h 

So also a- 6 divided by 2, is either % or --. -~. 

^ 2 2 2 

For half the difference of two quantities is equal to the dif' 
ference of their hdves.. 

a - 2fr+A fl 26 A^ 3a-c Sa c^ 

126. If some of the letters in the divisor are in each tenn 
of the dividend, the fractional expression may be rendered 
more simple, by rejectuig egual factors from the numRratoi 
and denominator. .^ 
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Div. ah dhx ahm--3ay ab+lx Sam 

By ac dy ab by Sxy 

ab b hm-Sy am 

Quot — or- — 

ac c b xy 



These reductions are made upon the principle, that a given 
divisor is contained in a given dividend, just as many times, 
as double the divisor in double the dividend ; triple the divi- 
sor in triple the dividend, &c. See the reduction 9f fractions. 

127. If the divisor is in some of the terms of the dividend, 
but not in all ; those which contam the divisor may be divi- 
ded as in Art. 116, and the others set down in the form of a 
fraction. 

Thus (a64-d)-r-a is either "* , or —-I — , or 6-| — . 

Div. dxy'\-rx-'ld Zak^ad^x bm+Sy 2my-fd& 

By a: a -6 2m 

hd Sv 

Quotdy+r-- -^41T- 



128. The quotient of any quantity divided by itself or iU 
equal, is obviously a unit. 

Thus-=1. And3- = 1. Andjp2=»- ^^-^33-^=1. 

Div. ax+x Sbd-Sd 4axy-4a+8ad 3a64-S-6m 
By X Sd 4a S 

Quot 0+1 xy-l+2d 



Cor. If the dividend is greater than the divisor, the quo- 
oent must be greater than a unit : But if the dividend is lese 
than the divisor, the quotient must be less than a unit. 
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PROMISCUOUS EXAMPLES. 

1 Dmde \2aby+6abx - I6bbm+24b, hj 6b. 
. \ S Divide IGtf- 12+8y+4 - 20adx+m, by 4. 

5. Divide (a- 2A) x (Sm+y) Xa?, by (a- 2A) X (Sm+Jf) 
4. Divide oAd - 4ad+Say - o^ by U - 4d-f 3y - 1. 

6. Divide ax - ry+ad - 4my - 6+a» by - a. 

6. Divide (my-\'&my - mxy-j-am - ol, by - ctn^. 

7. Divide ard - 6a-|-2r - W+e, by 2ard. 

8. Divide 6ax - 84-2a;y+4 - 6%, by 4axy. 

129. From the nature of division it is evident, that the 
value of the quotient depends both on tlie divisor and the 
dividend. With a given divisor, t[ie greater the dividend, 
the greater the quotient. And with a given dividend, the 
greater the divisor, the less tlie quotient. In several of the 
succeeding parts of algebra, paiticularly tlie subjects of frac- 
tions, ratios, and proportion, it will be important to be able 
to determine what ciiange will be produced in the quotient, 
by increasing or diiniiLis(iing either the divisor or tlie dividend. 

If the given dividend be 24, and the divisor 6 ; the quotient 
will be 4. But this same dividend may be supposed to be 
multiplied or divided by some other number, before it is 
divided by 6. Or the dimsor may be multiplied or divided 
by some other number, before it is used in dividing 24. In 
' each of these cases, the quotient will be altered. 

130. In the first place, if the given divisor is contained in 
the given dividend a certain number of tunes, it is obvious 
that the same divisor is contained. 

In double that dividend, hdce as many times ; 
In triple the dividend, thrice as many times, &c. 

That is, if the divisor remciins the same, multiplying the 
dwidend by any quantity, is, in effect, multiplying the quotient 
by that quantity. 

Thus, if the constant divisor is 6, then 24-f-G=4 the 
quotient 

Multiplvmg the dividend by 2, 2x24-f-6=2x4 

Multiplying by any number n, n X 94-7-6 = n x 4 



BaifcaaaaMi^fc^t^aigaM^i— ^M#^w<MiiAi« ■ i «— 
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131. Secondly, if the given divisor is contained in the 
given dividend a certain number of times, the same divisor 
is contained, 

In ludf that dividend, half as many times ; 

In one tidrd of the dividend, one third as many times, &c. 

That is, if the divisor remains th^ same, dmdins the divi- 
dend by any other quantity, is, in effect, dividing the qtAoHent 
by that quantity. 

Thus 24^6=4 

Dividing the dividend by 2, i24-^6=i4 

Di vidi ng by n, A24-f-6 = -i4 

132. Thirdly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend, 

Tudce that divisor is contained only half as many times ; 
Three times the divisor is contained one tIdrd as many times. 

That is, if the dividend remains the same, mulliplying the 
divisor by any quantity, is, in effect, dividing the qiu)tient by 
that quantity. 

Thiis 244-6=4 

Multiplying the divisor by 2, 24-r2 x6=| 

Multiplying by n, 244-nx6=i 

133. Lastly, if the given divisor is contained in the given 
dividend a certain number of times, then, in the same divi- 
dend. 

Half thit divisor is contained iieice as many times ; 

One third of the divisor is contained tluice as many times. 

That is, if the dividend remains the same, dividing the diol' 
sor by any other quantity, is, in effect, multiplying the quotieni 
by that quantity. 

Thus 24-^6=4 

Dividing the divisor by 2, 24-7-^6=2 x4 

Dividing by n, 24-s-i6 = n x 4 

For the method of performing division, when the divisor 
and dividend are both compound qmrUitieSf see one of the foU 
.owing sections. 
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SECTION V. 



^JUw» 



FRACTIONS.* 



Art. 134. EXPRESSIONS in the form of fracUons occui 
more frequently in Algebra than in arithmetic. Most in- 
stances in division belong to this class. Indeed the numeia^ 
tor of every fraction may be considered as a diMendy of 
which the denominator is a divisor. 

According to the common definition in arithmetic, the 
denominator shows into what parts an integral unit is sup- 
posed to be divided ; and the numerator shows how many 
of these ptirts belong to the fraction. But it makes no dif- 
ference, whether the iphole of the numerator is divided by 
the denominator ; or only one of the integral units is divided, 
and then tiie quotient taken as many limes as the number of 
units in the numerator. Thus J is the same as j-|-{-|-i. 
A fourth part of three dollars, is equal to three fourths of one 
dollar. 

135. The vcdue of a fraction, is the quotient of the nume- 
rator divided by the denominator. 

Thus the value of - is 3. The value of _ is a. 

From this it is evident, that w^hatever changes are made 
in the terms of a fraction ; if the quotient is not altered, the 
value remains the same. For any fraction, therefore, we 
may substitute any otlur fraction wliich will give the same 
quotient. 

Thusi=l°=l*?=?*I=y:?,&c. For the quoUent in 
• 2 6 26a idrx 3-fl 

each of these instances is 2. 

136. As the value of a fraction is the quotient of the nu 
merator divided by the denominator, it is evident from ArL 
128, that when the numerator is equal to the denominator, the 
value of the fraction is a unit ; when the numerator is less 

* FIorsley'8 Mathematics, Camus' Arithmetic, Emerson, Euler, Saundcrson, 
andLudiiim. 
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than the dencnninator, the vahie is less than a unit; and when 
the numerator is greater than the denominator, the value is 
greater than a unit. 

The calculations in fractions depend on a few general 
principles, which will here he stated in conneodon with each 
other. "^"T 

137. If the denondnatar of a fraction remains the same^ mul' 
tiplying the numerator by any quantity^ is multiplying ilu 
VALUE by thai quantity ; and dividing the numeralory is dividing 
the value. For the numerator and denominator are a divi- 
dend and divisor, of which the value of the fraction is the 
quotient. And by Art. 130 and 131, multiplying the divi- 
dend is in effect multiplying the quotient, and dividing the 
dividend is dividmg the quotient. 

m. • 4U r *• «6 Sat 7abd lab f. 
Thus m the fractions — , , , 5 — , &c. 

a a a a 
The quotients or values are 6, 3&, Ibd^ j^6, &c. 

Here it will be seen that, while the denominator is not 
altered, the value of the fraction is multiplied or divided by 
the same quantity as the numerator. 

Cor. With a given denominator, the greater the nmne- 
rator, the greater will be the valu^ of the fraction ; and, on the 
other hand, the greater the value, the greater the numerator. 

138. If the numerator remains the samey multtplying the de- 
nominator by any quantity, is dividing the value by that quantity ; 
and dividing the denominator, is multiplying the value. Fot 
multiplying the divisor is dividing the quotient ; and dividing 
the divisor is multiplying the quotient. (Art. 132, 133.) 

T ,, r ,. 24a6 24at 24o6 24a6 « 
In the fractions ----, — ->, -—-, -_— , &c. 

^P 126 36 ' b' 

The values are 4a, 2a, 8a, 24a, &c 

Cor. With a given numerator, the greater the denominator, 
the less will be the value of the fraction ; and the less the 
value, the greater the denominator. 

139. From the last two articles it follows, that dividing the 
numerator by any quantity, will have the same effect on the 
value of the fraction, as mult^plyvr^ the denominator by that 
quantity ; and multiplying the numerator will have the same 
eflect, as dividing the denominator , 
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NO. It 16 also evident from the preceding articles, that ip 

THE NUMERATOR AND DENOMINATOR BE BOTH MULTIPLIED, 
OR BOTH DIVIDED, BY THE SAME QUANTITY, THE VALUE OF 
THE FRACTION WILL NOT BE ALTERED. 

__, bx abx Sbx ibx labx „ x^ . , 

Thus "T =-T ="0! =Tr="r~r > &c« For in each o 
(w ^0 ib iab 

these instances tlie quotient is x. 

1 41 . Any integral quantity may, without altering its value, 
be tlirown into the fonn of a fraction, by muhiplying the 
quantity into the proposed denominator, and taking the pro- 
duct for a numerator. 

m, fit ab ad-^-ah 6adh « ^ , 

Thus a=Y=T ~""Jjir ^TdT* ^' quotient 

of each of these is a. 

142. There is nothing, perhaps, in the calculation of alge- 
braic fractions, wliich occasions more perplexity to a learner, 
tlian the positive and negative signs. The changes in these 
are so frequent, that it is necessaiy to become familiar with 
the principles on which they are made. The use of the sign 
which is prefixed to the dividing line, is to show whether the 
value of the whole fraction is to be added to, or subtracted 
from, the other quantities with which it is connected. (Art 
43.) This sign, therefore, has an influence on the several 
tenns taken collectively. But in the numerator and de- 
nominator, eacli sign affects only the single term to which it 
is applied. 

The value of -7 is a. (Art. 135.) But this will become 

negative, if the sign - be prefixed to the fraction. 

Thus y+-j =J/+«- Buty— ^ =y-a. 

So that changing the sign which is before the whole frac- 
tion, has tiie effect of clianging the value from positive to 
negative, or from negative to positive. 

Next^ suppose the sign ^r signs of the numerator to be 

changed. 

ab ^ — at 

By Art. 123,-t =+a. But -^-=-0, 
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^ ,ab be , _ -abA-bc 
And T — z^'^-a-'C. But v-^ — =-a4-c. 

That isy by changing all the signs of the numerator, the 
value of the fraction is changed from positive to negative, or 
the contrary. 

Agaiui suppose the sign of the denominator to be changed. 
. , - at , — db 

As before -r =4-^« ^^^ ZX""^' 

143. We have then, this general proposition; Ip the 

SIGN PREFIXED TO A FRACTION, OR ALL THE SIGNS OF THE 
NUMERATOR, OR ALL THE SIGNS OF THE DENOMINATOR BE 
CHANGED ; THE VALUE OF THE FRACTION WILL BE CHANGED, 
FROM POSITIVE TO NEGATIVE, OR FROM NEGATIVE TO POSI- 
TIVE. 

From this is derived another important principle. As each 
of the changes mentioned here is from positive to negative, 
or the contrary ; if any two of them be made at the same 
time, they wiU balance each other. 

Thus by changing the sign of the numerator, 

—. =+a becomes -^-5-= - «• 
6 b 

But, by changing both the numerator and denominator, it 
becomes— —=-[-0, where the positive value is restored. 

By changing the sign before the fraction, 

y+T =y+o becomes y - _ =y - a. 
b 

But by changing the sign of the numerator also, it becomes 
y-JI — where the quotient -a is to be subtracted from y, 

or which is the same thing, (Art. 81,) -|-^ is to be added. 
making y-^-a as at first. Hence, 

144. If ALL THE SIGNS BOTH OF THE NUMERATOR AND 
DENOMINATOR, OR THE SIGNS OF ONE OF THESE WITH THE 
SIGN PREFIXED TO THE WHOLE FRACTION, BE CHANGED AT 
THE 9AME TIME, THE VALUE OF THE FRACTION WILL NOT BE 
ALTERED. 
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T»^"« 2 =32= - T"= -•::2=+s. 

6-6 6 -6 ^ 



Hence the quotient in division may be set down in diflerent 
ways. Thus (a - c) -f-6, is either -r + -r-f or -r -V. 

The latter method is the most common. Bee the ezoni 
pies in Art 127. 



REDUCTION OF FRACTIONS. 

I 145. From the principles which have been stated, are de 

rived the rules for the reduction of fractions, which are sub- 
stantially the same in algebra, as in arithmetic. 

A FRACTION MAT BC REDUCED TO LOWER TERMS, BT DIVI 
DING BOTH THE NUMERATOR AND DENOMINATOR, BT ANT QUAN 
I TITT WHICH WILL DIVIDE THEM WITHOUT A REMAINDER. 

I According to Art. 140, this will not alter the value of the 

^ fraction. 

_,, ab a ^ 6dm Sm ^ ,7m 1 
TUu8^=-. And-§^=:^ And ^=7 

r 

In the lost example, both parts of the fraction are divided 
by the numerator. 

If a letter is in every term, both of the numerator and de 
nominator, it may be cancelled, for this is divu^ng by tliat 
letter. (Art. 120.) 

Som+gy 9m+y dry+dy _r+i 
^^^* ad+ah^ d+h' %-rfy"AlT 

If the numerator and denominator be divided by the greaU 
est common measure, it is evident that tlie fraction will be 
reduced to the lowest terms. For the method of finding the 
greatest common measure, see Sec. xvi. 

146. Fractions of different denominators M%r be re- 
duced TO a C0M3I0N DENOMINATOR, BY MULTIPLYING EACH 

6 
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KUHERATOR INTO ALL THE DENOMINATORS EXCEPT ITS OWN, 
rOR A NEW NUMERATOR ; AND ALL TH'£ DENOMINATORS TO- 
GETHER, FOR A COMMON DENOMINATOR. 

Ex. 1. Reduce -^ and -, and -. to a common denominator. 

b d y 

axdxy=^ody ) 

cxbxy=cby > the three numerators. 

mxbxd=:nihd ) 

& X ^ X y = bdy the common denomhiator. 

The fractions reduced are f ,'', and -2(, and -—— • 

bay bay bdy 

Here it will be seen, that the reduction consists in multi- 
ing the numerator and denominator of each fraction, into 

all the other denominators. This does not alter the value. 

(Art 140.) 



ar 



«. Reduce *, and 5*, and ?i. 
Sm g y 

S. Reduce ?, and ?., and ^"^ 



8' x' d+h 
4. Reduce — -• and 



After the fractions have been reduced to a common de* 
nominator, th^.y may be brought to lower terms, by the rule in 
the last article, if there is any quantity which will divide the 
denominator^ and aU the numerators without a remaindct. 

An mteg^r and a fraction, are easily reduced to a common 
denoniiiiator. (Art. 141.) 

Thus a and • are equal to- and ■>, or ^ and -. 

I c c c 

Ami a,b,X * are equal to «J!3(, ^, % *? 
my my my my my 

147. To REDUCE AN IMPROPER FRACTION TO A MIXED 
qUANTITV, DIVIDE THE NUMERATOR BY THE DENOMINATOR, 

as in Art. 127. 

b b 



7 



%t 
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-. . am — d^ady — hr 

Reduce • — *■ , to a mixed quantity. 

For the reduction of a mixed quantity to an improper frac- 
tion, see Art. 150. And for the reduction of a eampoimd 
fractum to a simple one, see Art. 160. 

ADDITION OF FRACTIONS. 

148. In adding fractions, we may either write them one 
after the other, with their signs, as in the addition of integers, 
or we may incorporate them into a single fraction, by the fol- 
lowing nile : 

Reduce the fractions to a common denominator, 
make the signs before them all positive, and then add 
their numerators. 

The common denominator shows into what parts the inte- 
gral unit is supposed to be divided ; and the numerators show 
the number of these parts belonging to each of the fractions 
(Art. 134.) Therefore the numerators taken together shov' 
the whole number of parts in ail the fractions. 

Thus, jy- = ;^4.;y. And ;^ = y+y4.y. 

Therefore, |+|=:1 +^+UJ+^=« 
77777777 

The numerators are added, according to the rules for the 
addition of integers. (Art. 69, &c.) It is obvious that the 
sum is to be placed over the common denominator. To 
avoid the perplexity which might be occasioned by the signs, 
it will be expedient to make those prefixed to the fractions 
uniformly positive. But in doing this, care must be taken 
not to alter the value. This will be preserved, if all the signs 
in the numerator are changed at the same time with tliat be- 
fore the fraction. (Art. 144.) 

Ex. 1. Add4= and -i of a pound. Ans. zilorA. 
16 16 ^ 16 16 

It is as evident that i%, and i^ of a pound, are ^V of a 
pound, as that 2 ounces and 4 ounces, are 6 ounces. 

2. Add ^ and 1. First reduce them to a conunon denomi 
d 

nator. They will then be?l- and -i, and their sum . . » 
^ bd bd bd 
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8, Given ~ and - ?^t^ to find their sum. 
a ok 

Anfl.^and - 5liM-.?*^ and g^^+^^^^ ^ S&m -- 2dr - da 
d 3A ^Sdh Sdh ^ Sdh 

y — m — my - my - my my 

6.-iLand-L.= '^-"*+^+^* =gg±^l. (Art.77.) 

7, AddH^to— • 8. Add lito^lil- Ans. -6. 
d m-r 2 7-3 

149. For many purposes, it is sufficient to add fractions in 
thd same manner as integers are added, by writing them one 
after another with theur signs. (Art. 69.) 

/z ^ d. a ^ d 

Thus the sirai of?- and - and - — .,is -+- - " 

b y 2m b y 2m 

ki the same manner, fractions and integers may be added. 

The sum of a and ~ and 3m and - -, is a4-3mH — - -^ 

y r y r 

150. Or the integer may be incorporated with the fraction, 
oy converting the former into a fraction, and tlien adding the 
numerators. See Art. 141. 

fm r j'<*.* am . b am+b 

The sum of a and -, is -r H — = — == — ^. 

m 1 ' m m m m 

The suMof Sdand^I^.U S^'»-«^g+M-^ . 

m-y' m-y 

Incorporatmg an integer with a fraction, is the same as re- 
ducing a mixed quantity to an improper fraction. For a mixed 
quantity is an integer and a fraction. In arithmetic, these 
are generally placed together, without any sign between 
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them. Bat in algebra, they are distinct terms. Thus 2^ is 
2 and if which is the same as S-fi- 

Ex. 1. Reduce o-f J to an improper fraction. Ans. — ^I— 

b 

«. Reduce m+i--':-. Ana, hm-dm+dh-dd-r 

5. Reduce 1+J Ans. ^ii 4. Reduce 1-A 

6. Reduce 1+-JL. 6. Reduce S+?^. 



SUBTRACTION OF FRACTIONS. 

51. The methods of performing subtraction in algebra, 
depend on the principle, that adding a negative quantity is 
equivalent to subtracting a positive one ; and v. v. (Art. 81.) 
For the subtraction of fractions, then, we have the following 
ample rule. Change the fraction to be subtracted, 

FROM POSITIVE TO NEGATIVE, OR THE CONTRARY, AND THEN 

PROCEED AS IN ADDITION, f Art. 148.) In making the re- 
quired change, it will be expeaient to alter, in some instances^ 
the signs of the numerator, and in others, the sign before the 
dividing Une, (Art. 143,) so as to leave the utter always 
aflinnative. 

Ex. 1. From ^ subtract L 

b « 

First change -^ the fraction to be subtracted, to ZHt 

m m ' 

Secondly, reduce the two fractions to a conunon denoini , 

nator, making, f? and —1. 

bm bm 

Thirdly, the sum of the numerators am^^bky placed oTer 

the common denominator, gives the answer, z^LlZHl. 

bm 

8. From ±tS. subtract * Amu '^^-f^. 
r d dr 

8. From " eubtract l^L Am.'V-*^^ 
m y a^ 

6* 
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4. From ?±5i subtract Sjizl^. Ans. H^zl^ 

4^ 3 12 

5. From *Z^ subtract - 1 Ans. ^ " *y+^. 

m y my 

6. From ?il subtract Izi. 7. From * subtract 1 

a m a b 

152. Fractions may also be subtracted, like integers, by 
setting them down, after their signs are changed, without re- 
d vicing them to a common denominator. 

Prom * subtract - *±1 Ajis. i+tti 

In the same manner, an integer may be subtracted from 
a fraction, or a fraction from an integer. 

From a subtract t Ans. a -A 

fii lit 

153. Or the integer may be incorporated with the fractioiii 
as in Art. 150. 

Ex. 1. From - subtract m. Ans. *L - m=:*Zl?y. 

y y y 

2. From 4a+i subtract 3a - *. Ans**!f^*±h*?, 

c d cd 

i. From 1+^ subtract IZ*. An, d+U-2c 
^ d d 5 



4. From a+Sh - izi subtract 3a - h+^K 
■ 2 3 



^ 



MULTIPLICATION OF FRACTIONS. 



154. By the definition of multiplication, multiplying by a 
fraction is talcing apart of the multiplicand, as many times as 
there are like parts of an unit in the multiplier. (Art. 90.) 
Now the denominator of a fraction shows into what parts the 
integral unit is supposed to be divided ; and the numerator 
shows how many of those parts belong to the given fraction. 
In multiplying by a fraction, therefore, the multiplicand is 
to be divided into such parts, as are denoted by the denom« 
inator ; and then one of these parts is to be repeated^ a^ 
many times, as is required by the numerator. 
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) 



3 

Buppoee a is to be multiplied by — 

4 

A fourth part of a is —* 

4 



Sa 



This taken S times id ^ i ?._.?.=:?£. (Art. 148 ) 

4 4 4 4 

Again, suppose r- is to be multiplied by j- 

One fourth of r- is ^. (Art 138.) 

This taken S times is ti +-n;+Ti = 7t> 

40 ' 40 ' 40 4o 

the product required. 

In a similar manner, any fractional multiplicand may be 
divided into parts, by multiplying the denonunaior ; and one 
of the parts may be repeated, by multiplying the numerator. 
We have then the following rule : 

155. To MULTIPLY FRACTIONS, MULTIPLY THE NUMERA* 
TORS TOGETHER, FOR A NEW NUMERATOR, AND THE DEJYOMI- 
NATORS TOGETHER, FOR A NflW DENOMINATOR. 

Ex. 1. Multiply — into-—. Product^ — 

2. Multiply --^— mto — r- Product ^-g — 

S. Multiply ^ ^o ^^^ I \- Product - 7;./ v * 

fc ' '^•^ I 3 (a-n) 3x(a-n) 

- m« 1 fl+fc. 4-4H », m* , 1 S 

4. Mult. s-7-,mto— ; — 5. Mult. — p^ intOQ. 

I 156. The method of multiplying is the same, when there 

are more than two fractions to be multiplied together. 



d c . fi ^ ■■ . OCftl 



6<iy 



Multiply together r» -j» and — - Product 

For ?. X i is, by the last article ^, and this into f* is *?£!? 
h i ' ^ hi y bdy 

8. Multiply 2?,Ai:i,*, and _L. Product ?f*?-Je^ 
m y c r-l emry-'Cmu 



I^^^w 
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S. Mult. ?+* 4 and JL. 
n ' & r+2 



4- MulL ?£, ?d?, and ^ 



157. The multiplication may sometimes be shortened, by 
rejecting equal factors, from tke numerators and denomina- 
tors. 

1. Multiply - into - and -. Product — . 
'^^r ay ry 

Here a, beuig in one of the numerators, and in one of the 
denominators, may be omitted. If it be retained, the product 

will be — . But this reduced to lower terms, by Art 145, 
wry 

will become — as before, 
ry 

«. Multiply ^ into !? and ?*. Product ?*. 
fti Sa 2d 6 

It is necessary that the factors rejected from the numera- 
tors be exactly equal to those which are rejected from the 
denominators. In the last example, a being in two of the 
numerators, and in only one of the denominators, must be re- 
tained in one of the numerators. 

S. MulUply ±t^ into !?3f. Product ^^'^^^ 

y ah ah 

Here, though the same letter a is in one of tlie numerators^ 
and iu one of the denominators, yet as it is not in eviry term 
of the numerator, it must not be cancelled. 

4. MulUply ?±t^ into* and*:. 

h m 5a 

If any difficulty is found, in making these contractions^ it 
^ill be better to perform the multiplication, without omitting 
any of the factors ; and to reduce the product to lower terms 
afterwards. 

158. When a fraction and an integer are muhiplied to- 
eether, the numerator of the fraction is multiplied into the 
mteger. The denominator is not altered ; except in cases 
where division of the denominator is substituted for multipli- 
cation of the numerator, according to Art. 139. 
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ThvBaX-^'^ Fora=*;aiiclix'5=-. 

V y 1 1 y y 

So rx'x^='^^ And «xl=l Hen««. 

159. A FRACTION IS MULTIPLIED INTO A QUANTITY EQUAL 
TO ITS DENOMINATOR, BY CANCELLING THE DENOMINATOR. 

Thus ix6=a. For -x6=— . But the letter i, being 
b b b 

in both the numerator and denominator, may be set aside* * 
(Art 145.) 

So j!!Lx(a-y)=8m- Ani'^t^x{i+m)=h+Sd. 
o — y 3-[-wi 

On the same principle, a fraction is multiplied into any 
factor in its denominator, by cancelling that factor. 

160. From the definition of multiplication by a fmction, it 
follows that what is commonly called a compound fraction^* 

3 a 

is the product of two or more fractions. Thus ^ of j- is 

4 

?Xr* ^^* - of -» is L of - taken three times, that is, 
4 6 4 b 4 6 

yw ^V ^W ^w ftV 

—+- H — . . But this is the same as - multiplied by... 
46 4o 46 b 4 

(Art. 154.) 

Hence, reducing a compound fraction into a simple one^ is the 
8ame as multiplying fractions into each other. 

Ex 1. Reduce _ of , ^ .. Ans. . 

7 irp 76+14 

2. Reduce ^ofiof iiA. Ans. J^?!^. 

3 5 2a-m 30a- 15m 

3. Reduce - of - of -. Ans. 



3 8-ri 168-.21rf 



'^ By a oompnund fraction is nteant a fractioti oft fraction, and not a fraction 
nrhose numerator or denominaior is a compound quantity. 
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161. The expression ia, 16, 4y, &c. are equivalent to 

^ I., i^. For ia is } of Oi wliich is equal to Zxa= • 
3 5 7 S S 

(Art. 168.) Sol6=iX*=^ 



DIVISION OF FRACTIONS. 

163. To DIVIDE ONE FRACTION BT ANOTHER, INVERT THE 
DIVISOR, AND THEN PROCEED AS IN MULTIPLICATION. (Art. 
155.) 

Ex.1. Divide ^byi. Ans. ?X-=?i 

b d b e be 

To understand the reason of the rule, let it be premised, 
that tlie prod I let of any fraction into the same fraction in verted, 
is always a unit. 

Thus f x*.=?J=l. And-?Lx-^=l. 
b a ab /i+y d 

But a quantity is not altered by multiplying it by a unit. 
Therefore, if a dividend be multiplied, first into the divisor 
inverted, and then into the divisor itself, the last product will 
be equal to the dividend. Now, by the definition, (art. 115,) 
^division is finding a quotient, which multiplied into the di- 
visor will produce the dividend." And as tne dividend mul- 
tiplied into the divisor inverted is such a quantity, the quo- 
tie«it is truly found by the rule. 

This explanation will probably be best understood, by at- 
tending to the examples. In several which follow, the proof 
of the division will be given, by nmltiplying the Quotient into 
the divisor. This will present, at one view, the dividend 
multiplied into the inverted divisor, and into the divisor itself 

2. Divide fL by ?*. Ans. 1 X^=^ 
id ^ y U Sh 6dk 

Proof. ^ X— =— the dividend. 
6rfA y 2d 

S. Divide ?±^ by 5^. Ans. f±^xi^=2±& 

r y r bd bar \ 

Proof. 3H;^x^=?±l 
bat V r 
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4. Divide f^ by **!!. Ans. l^X— =~ 
X a X 4hr rx 

Proof. ?^x— = — the dividend 
rx a X 

6. Divide «5i by I!i. Ans. i61xi§=^ 

6. Divide f*±l by 2*zi 7. Divide *Z^ by -1-. 

163. When a fraction is divided by an integer^ the denamU 
nator of the fraction is multiplied into the integer. 

Thus the quotient of f divided by m, is |f.. 

b Ofii 

For in=5; and by the last article, ?^^=?xi=A- 
1 ft 1 6 m Dm 

So J-7^A=-i_xl=— i-. And?^6=l=l. 
a-6 a-6 fc ofc-tfc 4 24 8 

In fractions, multiplication is made to perform the office 
of division ; because aivision in the usual form often leaves a 
troublesome remainder : but there is no remainder in multi- 
plication. In many cases, there are methods of shortening 
the operation. But these will be suggested by practice, 
without the aid of particular rules. 

164. By the definition, (art 49,) *Uhe reciprocal of a 
quantity, is the quotient arising from dividing a unit by that 
quantity." 

Therefore the reciprocal of ?L is l-f-i=l X-—*. Thatis^ 

b b a a 

The redprocal of a fraction U the fraction inserted. 
Thus the reciprocal of — t — is J^^ztS. ; the reciprocal of 

1. is -M or Sv ; the reciprocal of r is 4. Hence the recip- 
8y 1 ^ '^ •'^ 

rocal of a fraction whose numerator is 1, is the denominate 
of the fraction. 

Thus the reciprocal of ~ is a ; of — -, is a-{-&, &c 

a a-]^b 



64 ALGEBRA. 

65. A fraction somelimes occurs in the numerator or de- 
nominator of another fraction, as t^ It is often convenient, 

b 

in the course of a calculation, to transfer such a fraction, 
from the numerator to the denominator of the principal frac- 
tion, or the contrary. That this may be done without aitei- 
ing the value, if the fraction transferred be inverted^ is evi- 
dent from the following principles : 

First, Dividing by a fraction, is the same as mult^lying bv 
the fraction inverted. (Art. 162.) 

Secondly, Dividing the numerator of a fraction has the 
same effect on the value, as multiplying the denominator; and 
multiplying the numerator has tne same effect, as dividing 
the deuominator. (Art. 139.) 

Thus in the expression I? the numerator of if is multiplied 

X X 

into }. But the value will be the same, if, instead of multi- 
plying the numerator, we divide the denominator by |, that is, 
multiply the denominator by |. 

Therefore 1^=^. So 1=5*. 

X ix im m 

And Jl=-_^-_==— 1- Andfrf=il:J^. 
*+y ix{h+y) 4A+Jy ?»» wi 

] 66. Multiplying the numeratory is in effect multiplying the 
' value of the fraction. (Art. 137.) On this principle, a frac- 
tion may be cleared of a fractional co-efficient which occurs 
m its numerator. 

Thus t=tx%=^. And i?=ix-= 1 
5 5b y 5 y by 

And J*±if=Lxy:f=te. And if= *f- 
m 3 m 3m 5a SOa 

On the other hand, |?=* x-=??. 

ix 7 X X 

And «=ix?=i?. And _!£_= J?-. 
oy S y y 5d-\-5x d^aS 

167. But multiplying the denomnaioi'^hj another fractkni, 
ft in effect dividing the value ; (Art. 138.) that is, it is mubU 
plying the value by the fraction inoerted. The principal frac- 
tion may therefore be cleared of a fractional co-efficient, 
which occurs in its denominator. 
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And thA,?±i:9*. And?*=?L\ 

On the other hand, — =^ 

And ?JL-i:3*f=!d:*!. And ?f =iL. 

2m Jm y a» 

67. h. The numerator or the denominator of a fraction, 
may be itself a fraction. The expression may be reduced tJ 
a more simple foim, on the principles wliich have been applied 
in the preceding cases. 
a 

^, b a e ad 
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SECTION VII. 



SIMPLE £aUATIONS. 



Art. 168. Thb subjects of the preceding sections are uv> 
troductory to what may be considered the peculiar province 
of algebra, the investigation of the valuds of unknown quan* 
tides, by means of equations. 

An equation is a proposition, expressing in algebraic 
characters, the equality between one quantity or set 
of quantities and another, or between different ex- 

7 
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PRESSIONS FOR THE SAME QUANTITY.* Thus X^a=b-\'Cf 18 

an equation, in which the sum of x and a, is equal to the sum 
of ( and c. The quantities on the two sides of the sign of 
equality, are sometimes called the members of the equation ; 
the several terms on the left constituting the first member, 
and those on the rights the second member. 

169. The object aimed at, in what is called the resolution 
or reduction of an equation, is lo find the value of the unhiown 
quantity. In the first statement of the conditions of a problem, 
the known and unknown quantities are frequently thrown 
promiscuously together. To find the value of that which is 
required, it is necessary to bring it to stand by itself, while 
all the others are on the opposite side of the equation. But 
in doing this, care must be taken not to destroy the equalioni 
by rendering the two members unequal. Many changes 
may be made in the arrangement of the terms, without af- 
fecting the equality of the sides. 

170. The reduction op an equation consists, then, 
in bringing the unknown quantity by itself^, on one 
bide, and all the known quantities on the other side, 
without destroying the equation. 

To effect this, it is evident that one of the members must 
be as much increased or diminished as the other. If a quan- 
tity be added to one, and not to the other, the equality will 
be destroyed. But the members will remain equal ; 

If the pame or equal quantities be added to each. Ax. 1. 
If the same or equal quantities be subtracted from each. Ax. 2. 
If each be multiplied by the same or equal quantities. Ax. 3. 
If each be divided by the same or equal quantities. Ax. 4. 

171. It may be farther observed that, in general, if the 
unknown quantity is connected with others by addition, mul- 
tiplication, division, ^c. the reduction is made by a contrary 
process. If a known quantity is added to the unknown, the 
equation is reduced by subtraction. If one is multiplied by 
the other, the reduction is effected by division^ &c. The 
reason of this will be seen, by attending to the several cases- 
in the following articles. The knoum quantities may be ex- 
pressed either by letters or figures. The unknoum quantity 
IS represented by one of the last letters of the alphabet, gen- 
erally X, y, or z. (Alt. 27.) The principal reductions to 



* See Note D. 
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oe considered in this section, are those which are effected by 
transposition^ multiplkationy and division. These ought to b# 
made perfectly familiar, as one or more of them will be D6 
cessary, in the resolution of almost every equation. 

TRANSPOSITION. 

172. In the equation 

a:-.7=9, 
(he number 7 being connected with the unknown quantity # 
by the sign ^-^ the one is subtracted from the other. To re- 
duce the equation by a contraiy procesa^^et 7 be added to 
both sides. It then becomes 

a:- 7+7=9+7. 

The equality of the members is preserved, because one id 
as miiich increased as the other. (Axiom 1.) But on one 
side, we have - 7 and + 7. As these are equal, and havie 
contrary signs, they balance each other^ and may be cancel- 
led. (Art. 77.) The equation will then be 

a:=9+7. 
Here the value of x is found. It is shovm to be equal to 
9+7, that is to 16. The equation is therefore reduced. 
The unknown quantity is on one side by itself, and all the 
known quantities on the other side. 

In the same manner, if a?~ 6=a 

Adding b to both sides x- i+b=a+6 

And cancelling (-6+6) x=a+6. 

Here it will be seen that the last equation is the same aa 
the first, except that b is on the opposite side, with a contra- 
ry sign. 

Next suppose y'\'C::^d. 

Here c is ckdded to the unknown quantity y. To reduce the 
equation by a contrary process, let c be subtmcted from both 
sides, that is, let - c, be applied to both sides. We then have 

y-\-c — c-=.d^c. 

The equality of the members is not affected, becf^use one 
is as much diminished as the other. When {^c-c) is can- 
celled, the equation is reduced, and is 

y=rf-c. 

This is the same as y+c=(i, except that c has been trans- 
po«?ed, and has received a contrary sign. We hence obtain 
the following general rule : 
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173. When known quantities are connected with the 

UNKNOWN quantity BT THE BION -|- OR -, THE EQUATION 18 
REDUCED BT TRANSPOSING THE KNOWN QUANTITIES TO 
THE OTHER SIDE, AND PREPIZINl THE CONTRARY SIGN. 

This is called reducing an -^uation by addition or tubtrae^ 

tlon, because it is, in effect, a* «ding or subtracting certain 

quantities, to or from, each of the members. 

Jslz. 1. Reduce the equation - «-f>36-fn=:fc-d 

Transposiiig-{-36, we have x - ni=fc - d - 86 

And transposing - m, :r= A -d • 36^-m. 

174. Wlien several terms on the same side of an equation 
are o/tfee, they may be united in one, by the rules for reduc- 
tion m addition. (Art. 72 and 74.) 

Ex. 2. Reduce the equation x-\-5b - 4&=7fr 

Transposing 56 - 4A x=lb - 56-{-4& 

Uniting 76 - 56 in one term arr=S64-4A. 

175. The unknown quantity must also be transposed, 
whenever it is on both sides of the equation. It is not mate- 
rial on which side it is finally placed. For if j:=3, it is evi- 
dent that S=x. It may be well, however, to bring it on that 
side, where it will have the affirmative sign, when the equa- 
tion is reduced. 

Ex. 3. Reduce the equation 2x+2h=h+d+Sx 

By transposition 2h-h- d:=:Sx - 2x 

And h—d^zx, 

176. When the same ferm, with the same sign, is on oppo- 
ftle sides of the equation, instead of transposing, we may ex- 
jnrng^ it from each. For this is only subtracting the same 
quantity from equal quantities. (Ax. 2.) 

Ex. 4. Reduce the equation x-^-Sh^dssb-^Sk-^-ld 

Expunging 3A x-\-d=b'\'7d 

And x=:b+6d. 

177. As aU the terms of an equation may be transposed, 
or supposed to be transposed; and it is immaterial which 
member is written first ; it is evident that the signs qfaUthe 
terms may be changed^ without affecting the equality. 

Thus, if we have x - b=:d - a 

Then by transposition - d-f.a= -x -|-6 

Or, inverting the members - a?-f>6= -<(-l-a. 

178. If all the terms on one side of an equation be trans* 
posedi each member will be equal to 



6. Reduce y- 

7. Reduce k- 
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Thusy \{ x+bz=:dj thena;-f(-d=0. 

It 18 freriuently convenient to reduce an equation to this 
form, in wiiicli the positive and negative terms balance each 
other. In the example just given, x-\'b is balanced by - d. 
For in the first of the two equations, x-\'b is equal to d. 
Ex. 5. Reduce a-^2d:- 8= i-4-|*dr^-a, 

30+70?= 8 - 6h+6x - d+b. 
8. Reduce bhr{-2\ - 4x+d=z 12 - 3x+d - 7bh. 

REDUCTION OF EQUATIONS BY MULTIPLICATION. 

179. The unknown quantity, instead of being connected 
with a known quantity by the sign -i- or -, may be dwided 

by it, as in the equation ^.=6. 

a 

Here the reduction cannot be made, as in the preceding 
instances, by transposition. But if both members be multi- 
plied by 0, (Art. 170,) the equation will become, 

xz=ab. 

Far a fraction is multiplied into its derKmmatar^ by removing 
the denominator. This nas been proved from tlie properties 
of fractions. (Art. 159.) It is also evident from the sixth 
axiom. 

Thus ^^ax_^ Ja+b)xx yx+5x ^^ p^^ ^ ^^^^ 

a"" 3"" a+b "~ d+5 

of these instances, x is both multiplied and divided by the 
same quantity ; and tliis makes no alteration in the vahie. 
Hence, 

180. When the unknown quantitt is DIVIDED bt a 

KNOWN QUANTITY, THE EQUATION IS REDUCED BY MULTI- 
PLYING EACH SIDE BY THIS KNOWN QUANTITY. 

The same transpositions are to be made in this case, B4 in 
the preceding examples. It must be observed also, that every 
tenn of the equation is to be multiplied. For the several 
terms in each member constitute a compound multi^joaud, 
wliich is to be multiplied according to Art. 98. 

Ex. 1. Reduce the equation — [-a=6-|-a 



c 



Multiplying both sides by 



The product is «-f.flc=te+crf 

And ^ x^be^d - ac. 



o^" 
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9 A. 

2. Reduce the eqaation lILZ-]-5=20 

Multiplying by 6 ' a; - 4+SO = 1 20 

And x= 1 20+4 - 30= 94. 

3. Reduce the equation ^ -4-ct=fc 

a+6 

Multiplying by a+6 (Art. 100.) ar-|-ad+6rf=a&+6fc 
And xi=.ahr\'hh'^ai-hi. 

181. When the unknown quantity is in the dexmnxaaXw oj 
a fraction, the reduction is made in a similar manner, by mul- 
tipljring the equation by this denominator. 

Ex. 4. Reduce the equation _2 — [-7=8 

lO-of 

Multiplying by 1 - ar • 6+70 - 7ar=80 - 8« 

And a?z=4. 

182. Though it is not generally necesBorg^ yet it is often 
convenient, to remove the denominator from a fraction con- 
sisting of knovm quantities only. This may be done, in the 
same manner, as the denominator is removed from a fraction, 
which contains the unknown quantity. 

Take for example f =Z4.!l 

a he 

Multiplymg by a ar= "^^^"IJL 

h c 

Multiplying by b bxzzod+^^'H 

c 

Multiplying by c bcx=:acd-\-abh. 

Or we may multiply by the product of all the denomina- 
tors at once. 

X d h 

In the same equation -=«+2 

a b c 

Multiplying by ahc abcx^abcd^jAch 

a b e 

Then by cancelling from each term, the letter which is 
common to its numerator and denominator, (Art. 145,) we 
have bcx=acd'\'abhy as before. Hence, 

183. An equation may be cleared of FRACTIONS by 

MULTIPLYINO EACH SIDE INTO ALL THE DENOMINATORS* 
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ThiM the equation * =*.+i - * 

a d g m 

is the isame as dgmxz= abgm+adem - adgK 
And the equation ~=— H 1 — 



is the same as 80ir= 40+48+ 1 80. 

In clearing an equation of fractions, it will be necessary 
to observe, that the sign -prefixed to any fraction, denotes 
that the whole value is to be subtracted, (Art. 142,) which is 
done by changing the signs of all the terms in the numerator. 

The equaUon z.^=:c - . 

X r 

is the same as ar^dr=:crx -Sba^-f-SAffur-fStw. 
REDUCTION OP EQUATIONS BY DIVISION. 

184. When the unknown quantity is MULTIPLIED 

INTO ANT KNOWN QUANTITY, THE EQUATION IS REDUCED BT 
DIVIDING BOTH SIDES BT THIS KNOWN QUANTITY. (Ax. 4.) 

Ex. 1. Reduce the equation aX'\'b^Sh=d 

By transposition ax=: d-^Sh - b 

Dividing by a ' ^^(i+Sfc-fc^ 

a 

a d 

2. Reduce the equation 2a:=— - — -f-46 

c h 

Clearing of fractions 2chx=z ah - cd-\'Abch 
Dividing by 2cA x=z — I — i . 

185. If the unknown quantity has co-efficients in several 
Xerms^ the equation must be divided by all these co-efficients, 
connected by their signs, according to Art. 121. 

Ex. 3. Reduce the equation Sa?-6a?=a- d 

Thatis, (Art. 120.) (3-6)xa:=a-.d 

a-d 



Dividing by 3 - 6 a?= 



3-6 



4. Reduce the equation ar+a?=fc-4 

Dividing by a-(-l a:= 

a-{-l 



mmmmm 
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Ex, 5. Reduce the equation ar-^"" zs^*^ . 

Clearing of fractions 4hx - 4a;= (A~\-ih ^ 4& 

Dividing by 4A-4 ^^ah+dh-^4b 
^ ^ 4/1-4 

186. If any quantity, either known or unknown, is found 
as a factor in every term^ tlie equation may be divided by it. 
On the other hand, if any quantity is a dhnsor in every term, 
tiie equation may be mulliplied by it. In this way, the factor 
or divisor will be removed, so as to render the expression more 
simple, 

Ex. 6. Reduce the equation adr-|-3a6=6(M{-|-a 

Di viding by a a?4-3i :;= 6d-^ 1 

And a?=6rf+l-3fr. 

7. Reduce the equation ^^^ - — =— I — 

XXX 

Multiplying by x (Art. 169.) x+l - b=zh - d 

Ajid a:=fc-rf4.fc-l. 

S. Reduce the equation x X (^^) - a - 6=(lx (<>+^) 

Dividing by a+b (Art. 118.)a? - 1 =rf 
And xz=:d^l. 



187. Sometimes the conditions of a problem are at first 
stated, not in an equation, but by means of a proportion. To 
show how this may be reduced to an equation, it will be ne- 
cessary to anticipate the subject of a future section, so far as 
to admit the principle that ^^ when four quantities are in geo- 
metrical proportion, the product of the two extremes is equal 
to the product of the two means :" a principle which is at 
the foundation of the Rule of Three in arithmetic. See 
Ari'Jomctic. 

Thus, if a: b::c : dy then ad-=bc. 

And if 8 : 4 : : 6 : 8, then 3x8=4x6. Hence, 

188. A PROPORTION IS CONVERTED INTO AN EQUATION BT 
MAKING THE PRODUCT OF THE EXTREMES, ONE SIDE OF THE 
equation; AND THE PRODUCT OF THE MEANS, THE OTHER SIDE. 
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Ex. !.• Reduce to an equation ax:b::ck:d. 

The product of the extremes is adx 
The product of the means is bch 
The equation is, therefore adxz=:bch. 

S. Reduce to an equation a-^b:e:ih^m:y. 

The equation is ag-^bifszeh'^ cm 

189. On the other hand, an equation hat be con* 
verted into a proportion^bt resolving one side of the 
equation into two factors, for the middle terms of 
the proportion : and the other side into two factors, 
vor the extremes. 

As a quantity may often be resolved into different pairs of 
factors ; (Art. 42,) a variety of proportions may frequently 
be derived from the same equation. 

Ex. 1. Reduce to a proportion ab€=deL 

The side abc maybe resolved into ayhc^ or 06x^9 or acxh* 
And deh may be resolved into dx^KovdexKor dhx^* 

Therefore a:d::eh:be And ac:dh::e: b 

And abideiih: c And acidiiehib^ &c. 

For in each of these instances, the product of the extremes 
is abe, and tlie product of the means deh, 

2. Reduce to a proportion aX'\'bx=:ed-'Ch 

The first member may be resolved into xxC^^b) 
And the second mto , cxld-l^ 

Therefore xiciid-h: a+b And d-k: »: : a+b : e, &e. 

190. If for any term or terms in an equation, any other ex- 
pression of the same value be substUuted^ it i^ manifest that 
the equality of the sides will not be affected. 

Thus, instead of 1 6, we may write 2 x8, or ^, or 25 - 9, &c. 

4 

For these are only different forms of expression for the same 
quantity. 

191. It will generally be well to have the several steps, in 
the reduction of equations, succeed each other in the follow- 
ing order. 

First, Clear the equation of fractions. (Art. 183.) 
Secondly, Transpose and unite the terms. (Arts. 175, 4, 6.) 
Thirdly, Divide by the co-eiBcients of the unknown quan- 
tity. (Arts. 184, 5.) 
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EXAMPLES. • 

1 Reduce the equation ^^6=^*-{'7 

4 8 

Clearing of fractions 24:r+ 192=20x-f 884 
Transp. and uniting temis 4x=:32 
Dividing by 4 a:=8. 

8. Reduce the equation l-j-AsL-i-j-d 

a be 

Clearing of fractions bcx-^^ahx-aex^itAed-abtk 
Dividing ^^dbed-abch 

bc-^ab—ac 

8. Reduce 40-6z- 16=120- 14x. Ans. «=1S. 

4. Reduce fZ^+£=20-izi?. Ans. »=??. 

2 ^3 2 4 

6. Reduce ?4-fL=20-?L 6. Reduce Llf-4=5. 

3 5 4 X 

7. Reduce _? — 2=8. 8. Reduce -ii.=l. 

;r-|-4 «-|-4 

9. Reduce «+?.+l=ll. 10. Reducel+i -i=I 

^2^3 8 3 4 10 

11. Reduce izi+6i=^illi 

12. Reduce 8z+!f±!=6+lli::^ 

5 ^2 

13. Reduce ?£zl_2=lili£+«. 

3 3 . 

14. Reduce 21+?£JLlI=!fZ*+?!zJ» 

^16 8^2 

15. Reduce 3x-£±i-4=^d:li-i. 

4 3 12 

16. Reduce !f±«-16+ff +6 =?£+?. 

3 6 2 

17. Reduce iIz3£_lfHb!=5_6x+!f±li 

6 3 ^3 

.a Reduce *-?i±S+4=!0zf -6iz8_^4«-4, 

6 ^ 2 7^6 
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19. Reduce «^tI+!.-J:I3=?f±f . 

9 ^6z+3 3 

«0. Reduce *f±i : Uli : : 7 : 4. 



-f 



SOLUTION OP PROBLEMS 

192. In the solution of problems, by means of equations, 
two things are necessary: First, to translate the statement of 
the question from common to algebraic language, in such a 
manner as to form an equation: Secondly, to reduce this 
equation to a state in which the unknown quantity will stand 
by itself, and its value be given in known terms, on the op- 
posite side. The manner in which the latter is effected, has 
already been considered. The former will probably occasion 
more perplexity to a beginner ; because the conditions of 
questions are so various in their nature, that the proper me- 
thod of stating them cannot be easily learned, like the reduc- 
tion of equations, by a system of definite rules. Practice, 
however, will soon remove a great pait of the difficulty. 

193. It is one of the principal peculiarities of an algebraic 
solution, that the quantity sought is itself introduced into the 
operation. This enables us to make a statement of the con 
ditions in the same form, as though the problem were already 
solved. Nothing then remains to be done, but to reduce jj^e 
equation, and to find the aggregate value of the known quan- 
tities. (Art. 53.) As these are equal to the unfcTioum quantity 
on the other side of the equation, the value of that also is 
determined, and therefore the problem is solved. 

Problem 1. A man being asked how much he gave for his 
watch, replied ; If you multiply the price by 4, and to the 
product add 70, and from this siun sybtract 50, the remain* 
der will be equal to 320 dollars. 

To solve this, we must first translate the conditions of the 
problem, into such algebraic expressions as will form an equa^ 
tion. 

Let the price of the watch be represented by x 

This price is to be mult'd by 4, which makes 4a? 

To the product, 70 is to be added, making 4a:+70 

From this, 50 is to be subtracted, making 42^4:70-50 
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Here we Lk«<» j. number of the conditions, expressed m 
algebraic terms ; Cut have as yet no equation. We must ob- 
serve then, that by the last condition of the problem, the pre- 
ceding terms are said to be equal to S20. 

We have, therefore, this equation 4a:-f-''0- 50=220 

MTiich reduced gives a:=50. 

Here the value of x is found to be 50 dollars, which is the 
price of the watch. 

194. To Drove whether we have obtained the true value of 
the letter wnich represents the unknown -quantity, we have 
only to substitute thist value, for the letter itself, in the equa- 
tion which coniaius the firs* statement of the conditions of 
the problem ; and to see whether tlie sides are equal, after 
the substitution is made. For if the answer thus satisfies the 
conditions proposed, it is tlie quautit,y sought. Thus, in the 
preceding example. 

The original equation is 4x4-70 - 50=220 

Substitutmg 50 for a:, it becomes 4x60+70 - 50=220 
That is, 220=220. 

Prob. 2. What number is that, to which, if its half be add- 
ed, and from the sum 20 be subtracted, the remainder will be 
a fourth of the number itself? 

In stating questions of this kind, where fractions are 
concerned, it should be recollected, that ix is the same as 

1 ; that |a?=-^ &c. (Art 161.) 
8 5 

In this prv^blem, let x be put for the number required. 
Then by the conditions proposed, ar+a "" 20=* 
And reducing the equation ar= 16. 

Proof, 16+1? -20=1?. 



Prob. 3. A father divides his estate among his three sons^ 
ui such a manner, that. 

The first has $1000 less than half of the whole ; 

The second has 800 less than one (liird of the whole ; 

The third has 600 less than one fourth of the whole ; 

What is the value of the estate 1 

If the whole estate be represented by x, then the several 

shares will be ^ - 1000, and ~ - 800, and ^ -600. 

^ w 4 
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And as these constitute the whole estate, they are together 
equal to a?. 

We have then this equation | - lOOO+f - 800+f - 600=«. 



Which reduced gives x = 28800 

Proof !i?!29 ~ 1000 +^^800 ^ ftoo, 28800 600=28800. 

195. To avoid an unnecessary introduction of unknown 
quantities into an equation, ii may be well to observe, in this 
place, that when the atm or different of two quantities is 
given, both of them may be expressed by means of the same 
letter. Foi if one of the two quantities be subtracted from 
their sum, it is evident the remainder will be equal to the 
other. And if the difference of two quantities be subtracted 
from the greater, the remainder will be the less. 

Thus if the sum of two numbers be 20 

And if one. of them be represented by . x 

The other will be equal to 20 - x. 

Prob. 4. Divide 48 into two such parts, that if the less be 
divided by 4, and the greater by 6, the sum of the quotients 
wUl be 9. 

JHere, if d? be put for the smaller part, the greater will be 
48 -a:. 

By the conditions of the problem ^^ — ^=9. 

4 

Therefore ar= 12, the less. 

And 48 -af=S6, the greater. 

« 

196. Letters may be employed to express the known quan- 
tities in an equation, as well as the unknown. A particular 
value is assigned to the numbers, when they arc introduced 
into the calculation : and at the close, the numbers are re- 
stored. (Art. 59. > 

Prob. 5. If to a certain number, 720 be added, and the 
sum be divided by 125 ; the quotient will be equal to 7399 
divided by 462. What is that number! 

Let xzrz the number required. 

a=r20 d=7392 

6=125 &=462 

8 



\ 

\ 
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Then by the conditions of the problem 5x5=1 

6 A 

Therefore «=*'^"°ft 

h 

Restoring the numter8,«= (l!«><!??^Z!2><f5?) =1880. 

197. When the resolution of an equation brings out a 
negative answer, it shows that the value of the unknown 
quantity is contrary to the quantities which, in the statement 
of the question, are considered positive. See Negative Quan«* 
tities. (Art. 54, &c.) 

Prob. 6. A merchant gains or loses, ui a bargam, a certain 
sum. In a second bargain, he gains 350 dollars, and, in a 
third, loses 60. In the end he finds he has gained 200 dol- 
lars, by the three together. How much did he gain or lose 
bv the first 1 

In this example, as the profit and loss are opposite in their 
nature, they must be distinguished bv contrary signis. (Art. 
57.) If the profit is marked -f, the loss must be - . . ' 

Let xz= the sum required. 

Then according to the statement x+SSO - 60= 200 

And xs: - 90 

The negative sign prefixed to the answer, shows that there 
was a loss in the first bargain ; and therefore that the proper 
fiign of X is negative also. But this being determined by the 
answer, the omission of it in the course of the calculation 
can lead to no mistake. 

Prob. 7. A ship sails 4 degrees north, then 13 S. then 17 
N. then 19 S. and has finally 11 degrees of south latitude 
Wliat was her latitude at starting 1 

Let x=i the latitude sought. 
Then marking the northings +, and the southings - ; 
By the statement «+4 -13+17 -19=:-11 

And •a?=0. 

The answer here shows that the place from which the ship 
started was on the equator, where tne latitude is nothing. 

Prob. 8. If a certain number is divided by 12, the quo- 
tient, dividend, and divisor, added together, will'amount to 
64. What is the number 1 
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Let x^ the number sought 

Then ^4-a:+18=64. 

12 

And «-??f=48. 

13 

Prob. 9. An estate is divided among four children, in such 
a manner that 
The first has 200 dollars more than } of the whole, 
The second has 340 dollars more than } of the whole. 
The third has 300 dollars more than ^ of the whole, 
The fourth has 400 dollars more than i of the whole, 
What is the value of the estate ? Ans. 4800 dollars. 

Prob. 10. What is that number which is as much less than 
500, as a fiAh part of it is greater than 401 Ans. 450. 

Prob. 11. There are two numbers whose difference is 40, 
and which are to each other as 6 to 5. What are the num- 
bers 1 Ans. 240 and 200. 

- Prob. 12. Three persons, wJ, By and C, draw prizes in a 

hII lottery. ^ draws 200 dollars ; B draws as much as d9, to- 

'^ gether with a third of wliat C uraws ; and C draws as much 

as w} and B both. Wliat is the amount of the three prizes 1 

Ans. 1200 dollars. 




■h 



Prob. 13. What number is that, which is to 12 increased 
by three times the number, as 2 to 9 1 Ans. 8. 



<l^ 



Prob. 14. A ship and a boat are descending a river at the 

same time. JThe ^hip passes a certain fort,^ when the boat is 

, 13 miles^beldw. The ship descends five i^^iles, While the 

boat descends three^ At wliat distance below the fort will 

they be together 1 Ans. ^^ miles. 

Prob. 15. What niunber is that, a sixth part of which ex- 
ceeds an eighth part of it by 20 ? Ans. 480. 



. Prob. 16. Divide a prize of 2000 dollars into two such 
"7 parts, that one of them shall be to the other, as 9 : 7. 

Ans. The parU are 1125, and 875. 

Prob. 17. What sum of money is that, whose thiitl part, 
fourth part, and fifth p<*irt^ added together, amount to 94 dol 
larsl Ans. 120 dollars. 



Jf 
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7TProb. 18. Two travellers, .^ and JS, SCO miles apart, travel 
towards each other till they meet. IS'q progress is 10 jniles 
an hour, and B*s 8. How far does each travel before they 
meetl Ans. w9 goes 200 miles, and B 160. 

Prob. 19. A man spent one third of his life in England, 
one fourth of it in Scotland, and the remainder of it, which 
was 20 years, in the United States. To what age did he 
live 1 Ans. to the age of 48. 

Prob. 20. What number is that J of which is greater than 
J of it by 96 1 

Prob. 21. A post is ; in the earth, f in the water and 13 
feet above the water. What is the length of the post ? 

Ans. S5 feet. 

Prob. 22. What number is that, to which 10 being added, 
} of the sum will be 66 1 

Prob. 23. Of the trees m an orchard, } are apple trees, rk 
|)ear trees, and the remaijider peach trees, which are 20 
more than \ of the whole. What is the whole number in 

the orchard 1 ' Ans. 800. 

"' > 

Prob. 24. A gentleman bought several gallons of wine for 
94 dollars; and after using 7 gallons himself, sold \ of the 
remainder for 20 dollars. How many gallons had he arfirst T 

Ans. 47. 

Prob. 25. A and £ have the same income. A contracts 
an annual debt amounting to ^ of it ; B lives upon J of it ; 
at the end of ten years, B lends XqA enough to pay off his 
delits, and has 160 dollsirs to spare. What is the income of 
eexh 1 Ans. 280 doliais. 

Prob. 26. A gentleman lived single \ of his whole life ; 
and after having been married 6 years more than 1^ of his 
life, he had a son who died 4 years before him, and who 
leached only half the age of his father. To what age did 
\\\^ father live ? Ans. 84. 

Prob. 27. WTiat number is that, of which if J, i, and f be 
added together the sum will be 73 1 Ans. 84. 

Prob. 28. A person after spending 100 dollars more than \ 
of his income, had remaining 35 dollars more than | of it. 
Required his income 



\ 
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« 

Prob. 89. In the composition of a quantity of gunpowder 
The nitre was 10 lbs. nnore than | of the whole, 
The sulphur 4^ lbs. less than j 4)f the whole, 
The charcoal 2 lbs. less than j of the nitre. 
What was the amount of gunpowder ? Ans. 69 lbs. 

Prob. 30. A cask which held 146 gallons, was filled with 
a mixture of brandy, wine, and water. There were 15 gal* 
Ions of wine more than of brandy, and as much Water as the 
brandy and wine together. What quantity was there at 
each f 

Prob. 31. Four persons purchased a farm in company for 
4755 dollars ; of which B paid three times as much as wS ; 
C paid as much as wS and B; and D paid as much as C and 
B. What did each pay 1 Ans. 317, 951, 1268, 2219. 

Prob. 32. It is required to divide the number 99 into five 
such parts, that the first may exceed the second by i^he less 
than the third by 10, greater than the fourth by 9, and less 
than the fifth by 16. 

liet x=z the first part. 
Then x - 3= the second, rr - 9= the fourth, 

ar+10= the third, ar+ 16=- the fifth. 

Therefore x+x - 3+x+\0+x - 94-ar+16=99. . 

And a:=17. 

Prob. 33. A father divided a small sum among four sons. 
The tliird had 9 shillings more than the fourth ; 
The second had 12 shillings more than the third ; 
The first had 18 shillings more than the second ; 
And the whole sum was 6 shillings more than 7 times the 
. sum which the youngest received. 

What was the sum dividecll Ans. 153. 

« 

Prob. 34. A farmer had two flocks of sheep, each contain- 
mg the same number. Having sold from one of these 39, 
and from the other 93, he finds twice as many remaining in 
the one as in the other. How many did each flock originally 
contain 1 

Prob. 35. An express, travelling at the rate of 60 miles e 
day, had been dispatched 5 days, when a second was sent 
after him, travelling 75 miles a day. In what time will the 
one overtake the other .1 Ans. 20 days. 

Prob. 36. The age of j* is double that of B, the a^e of B 
triple that of C, and the sum of all their ages 140. What i? 
the age of each 1 
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i Prob. 37. Two pieces of cloth, of the same price by the 

' yard, but of diflerent lengths, were bought, the one for five 

pounds, the otner for 6^. If 10 be added to the length of 

each, the sums will be as 5 to 6. Required the length of each 

piece. 

Prob. S8. tA and B began trade with equal sums of money. 
The first year, .9 gained forty pounds, and B loet 40. The 
8eco|l0 year, Jl lost ^ of what he had at the end of the fifst, 
and B gained 40 pounds less than twice the sum which ^ 
had lost. B had then twice as much money as *S, What 
sum did each begin with 1 Ans. 820 pound& 

Prob. 39. Wliat number is that, which being severally ad- 
ded to 36 and 52, will make the fonner sum to the latter, n» 
3to4l 

# 

Prob. 40. A gentleman bought a chaise, horse, and har* 
aess, for 360 dollars. The horse cost twice as much as the 
hai'ness ; and the chaise cost twice as much as the hames? 
and horse together. What was tlie price of each 1 

Prob. 41. Out of a cask of wine, firom which had leaked 
I part, 21 gallons were afterwards drawn ; when the cask wan 
found tQ be half full. How much did it hold 1 

Prob. 42. A man has 6 sons, each of whom is 4 years older 
than his next younger brother ; and the eldest is three timea 
as old as the youngest. What is the age of each 1 

Prob. 43. Divide the number 49 into two such parts, thai 
the greater increased by 6, shall be to the less diminished by 
11, as 9 to 2. 

I Prob. 44. What two numbers are as S to 3 ; to each of 
^ which, if 4 be added, the sums will be as 5 to 7 1 

Prob. 45. A person bought two casks of porter, one of 

which held just 3 times as much as the other ; from each of 

these he drew 4 gallons, and then found that there were 4 

; times as many gallons remaining in the larger, as in the other. 

* How many gallons were there in each 1 

, Prob. 46. Divide the number 68 into two such parts, that 
'\ the difference between the greater and 84, shall be equal to 
3 times the difference between the less and 40. 

.. ! Prob. 47. Four places are situated in the order of the let- 
ters d. B. C. D. The distance from •/} to D k 34 miles. 
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The distance from «i2 to jB is to the distance from C to D as 
2 to 3. And i of the distance from Jl to B^ added to half 
the distance from C to jD, is three times the distance from 
J3 to C. What are the respective distances 1 

Ans From«Sto£:=:12;fromJBtoC=4;fromCtoD==l& 

Prob. 48. Divide the number 36 into 3 such parts, that*) 
of the first, ) of the second, and \ of the third, shall be equal 
to each other. 

Prob. 49. A merchant supported himself 3 years, for 50 
pounds a year, and at the end of each year, added to that 
part oi his stock wliicn whs ;iOt thus expended, a sum equal 
to one third of this part. A.t the end of *he third year, his 
origmal stock was doubled. What was that stock 1 

Ans. 740 pounds. 

Prob. 50. A general having lost a battle, found that he 
had only half of his ai-niy4-3600 men left fit for action ; \ of 
the army4-600 men being wounded ; and the rest, who were 
4 of the whole, eitlier slain, taken prisoners, or missing. Of 
bow many men did ius aimy consist 1 Ans! S4000. 

For the solution of many algebraic proUems,.an acquaint** 
anoe with the calculations of powers and radical quantities is 
cvmiired. It will therefore be necessary to attend to these 
1iefi>re finishing the subject of equations. 



i 



SECTION VHL 

INVOLUTION AND POWERa 

AnT. 198. WHEN a quantitt is multiplied ikto iT 
' BELF, THE PRODUCT is called a POWER. 

Thus 2 x2==4, the square or second power of S 

2x2x2=8, the cube or third power. 
2x2x2x2=16, the fourth power, &c. 

So 10x10=100, the second power of 10. 

10x10x10=1000, the-third power. 
10x10x10x10=10000, the fourth power, &e 
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And ax^i^=fMy the second power ol a 

axaxa=<Mkx, the third power 
aX(^XfiXO'==<Mf^ the fourth power, &o 

199. The original quantity itself though not, like the pow* 
ers proceeding from it, produced by niulliplication, is never- 
theless called the first power. It is also called the root of 
the other powers, because it is that from which they are all 
derived. 

200. As it is inconvenient, especially in the case of high 
piTwers, to write down all the letters or factors of which the 
powers are composed, an abridged method of notation is ge» 
nerally adopted. The root is written only once ; and then a 
number or letter is placed at the right hand, and a little ele- 
vated, to signify how many times the root is employed as a 
^actor^ to produce the power. This number or letter is called 
the index or exponent of the poweir. Thus a' is put for ax ^ 
or aoy because the root ■ a, is twice repeated as a factor, to 
produce the power aa. And a' stanos for aaa; for here a 
18 repeated three times as a factor. 

The index of the Jirst power is 1 ; but this is commonly 
omitted. Thus a^ is the same as a. 

201. Exponent must not be confounded ¥nth co^ffidenU. 
A co-efBcieut shows how often a quantity is taken as a pari 
of a whole. An exponent shows how often a quantity is 
taken as a factor in a product 

Thus 4(i=a+a-f o-f a. But a^=raxaxaxa. 

202. The scheme of notation by exponent has the pecu- 
liar advantage of enabling us to express an tififenotm power. 
For this purpose the index is a letter^ instead of a numerical 
figure. In the solution of a problem, a quantity may occur, 
which we know to be some powei of another quantity. But 
it may not be yet ascertained whether it is a square, a cube, 
or some liigher power. Thus in the expression a*, the index 
X denotes that a is involved to some power, though it does not* 
deteniiine xohaJt power. So iT and a" are powers of h and d ; 
and are read the mth power of b, and the nth power of d. 
When the yalue of the index is found, a number is generally 
substituted for the letter. Thus if m=3 then b^zzzb^ ; but 
ifm=:6, them 6* =6*. 

203. The method* of expressing powers by exponents is 
also of great advantage in the case of compotand quantities. 
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Thus a+i+d|' or 41+b+d ov,{ia+b+d)\ is {a+b+i\x 
(a^b+d) X {a+b+d) that is, the cube of (a^b+d). But 
this involved at length would be 

2G4. If we take a series* of powers whose indices increase 
or decrease by 1, we shall find that the powers themselves 
increase by a common multiplier^ or decrease by a common di- 
visor; aiid that this multiplier or divisor is tlie original quan- 
tity from which the powers are raised. 

Thus in the series aaaaOy aaaoy aaa^ aa, a ; 

Or a* a* a' a* a"; 

the indices counted from right to left are 1, 2, 3, 4» 5; and 
the common difference between them is a unit If we be- 
gin on the right and mtdtiply by Oy we produce the several 
powers, in succession, from right to left. 

Thus axc^^o^ ^he second term* .And a'x<>=a^ 
a* x<»=<»^ the third term. o* x«=^% &c 

If we begin on the kftf and divide by a, 
We have a'-s-az=a* And a^-i^=za*. 

205. But this division may be carried still farther ; and 
we shall then obtain a new set of quantities. 

• Thus iH-a=?.=:l. (Art.l28.) l-5.a=i^ (Art 163.) 

a a — 






a oa aaa 

The whole series then 

/ 1 1 1 . 

IS aaaaOf aaaoy aaa, oo, a, 1, ~, — , , ttc 

a aa aaa 

Or aS a*, a% a% a, 1, 1, i , 1, &c. 

a a* a' 

Here the quantities on the rutht of 1, are the reciproenii of 
those on the IM. (Art. 49.) The former, therefore, may be 
properly called recrprocoZ powers hf a; while the latter may 
be termed, for distinction's sake, direct powers of a. It may 
be added, that the powers on the left are also the reciprocals 
of those on the right 

* NoTK. — ^The term ieries is applied to a number .of quantitief suooeedtn^ 
each other, in some regular order. It is not confined to any particular law ol 
mcrease or decrease. 
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For l^=lxi=o. (Art. 162.) And l^?5=a». 

or 1 a^ 

206. The same plan of notation is applicable to eompawd 
quantities. Thus from o-f b, we have the series, 

(•+«••(•+'>■• (•+')■ •■ (4j)- WW*" 

SOT. For the convenience of calculation, another form of 
notation is given to reciprocal powers. 

According tplhis, — or -- =a""*. And — or --=a"'. 

a or daa ir 

1 or 1 =a^. -L- or l=a-*, &c. 
aa v aaaa v 

And to make the indices a complete series, with 1 for the 

common difference, the term ^r 1, which is considered as 

a 

no power, is written cf. 
The powers both direct and reciprocal* then, 

Instead of aaaa^ aaoy 00^0^%!,^^ — , , &c. 

a a aa aaa aofia 

WiU be tf*, 0?, (f\ a\ a\ a-\a-\ a-', a"*, &c. 

Or cr^, a+*, a^, (t^, rf, a-\ a-^ a"', a"*, &c. 

And the indices taken by themselves will be, 

+4,+3,+2,+l,0,.l,.2,.3,.4, ic. 

208. The root of a power may be expressed by more let- 
ters than one. 

Thus oa x<Mi, or aa\^ is the second power of aa. 

And aaXa<>X<ia, or aa^ is the third power of aa^ &c. 

Hence a certain power of one quantity, may be a different 
power of another quantity. Thus a* is the second power of 
a\ and the fourth power of a. 

209. All the powers of 1 are the same. For 1x1* or 
IXIXI9&C. is still 1. 



See Note £. 
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INVOLUTION 

SIC. Involution is findinc^ any power of a quantity, by 
multiplying it into itself. The reason of the following gene- 
ral rule is manifest, from the natm-e of powers. 

MULTIPLT THE QUANTITY INTO ITSELF, TILL IT IS TAKEN 
AS A FACTOR, AS MANT TIMES AS THERE ARE UNITS IN THE 
INDEX OF THE POWER TO WHICH THE QUANTITY IS TO BE 
RAISED. 

This rule comprehends all the instances which can occur 
in involution. But it will be proper to gjve an explanation 
of the manner in which it is apphed to particular cases. 

Sll. A single letter is involved, by giving it the index of 
the proposed power ; or by repeating it as many times, as there 
are units in tuat index. 

The 4th power of a, is d* or aaaa, (Art. 198.) 

The 6th power of y, is y* or yyyyyy. 

The nth power of ar, is of or xxx. . .n times repeated. 

212. The method of involving a quantity which consists 
of several factorSj depends on the principle, that the power of 
the product of several factors is equal to the product of thdr 
powers. 

Thus {ayy=:(f f. For by Art 210; (ay)'=ayx<9. 
But ayxoy^ayayzszaayyzsK^f. 
So (6m«)'==ima:x6«M:X6«M:==66fcmfnwM:rra:==6'iiiV. 
And (adj/)"=arfj(X«<i!(X<wIy...»times=a"d"y". 

In finding the power of a product, therefore, we may either 
involve ttie whole at once ; or we may involve each of the 
factors separately, and then multiply their several powers in- 
to each other. 

Ex. I. The 4th power of d/iy, is {dhy)\ or cfA^. 
2. The Sd power of 46, is (46)% or 4'6% or 646'. 
S. The nth power of 6arf, is (6ad)", or 6^a"<f. 
4. The 3d power of 3mx2y, is (3mx2j()*, or 27m'x8jf". 

213. A compound quantity consisting of terms connected 
by 4- ^nd -, is involved by an actual multiplication of its 
several parts. Thus, 
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(joJ^-hYsso^hf the first power. 



a»4- 



ab 



(a+fc)*=c?+2a64-6*> the second power of (a+^*) 
a+b 

+ tfb+2ab*+V 



{a+by=:if+S^b+Sab*+b\ the third power. 

a+ b 



^•J-8a»6-4-SaV4. 



.8a»6 
a»6 









ra+k)*=tf«4.4(^k4.6a'6»+4a6'+6S the 4th power, &c. 

2. The square of a -i, is a*-Sa6+b*. 
S. The cube of o+l, is a'+Sfl?+Sa+l. 

4. The square of a+b+h, is a».f-2a6+2aA+6«4.26&+/iP 

5. Required the cube of a+2d^i, 

6. Required the 4th power of ^-2. 

7. Required the 5th power of x-}-l. 

8. Required tiie 6th power of 1 -fr. 

214. Tlie squares of binamial and reMual quantities occur 
so frequently in algebraic processes, that it is unportant U> 
make them familiar. 

If we multiply a-^-h into itself, and also a-/^ 

We have a+h And a-h 

oA-h a-h 



(f+ah 
tf+2afc+Al 



tf-ah 
-oA+A" 

if^2ah+h\ 



Here U will be seen that, m each case, the first and last 
lerins are s([uares of a and A; and that the middle term is 
twice the product of a into A. Hence the squares of bino* 
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imal and residual quantities^ without multiplying each of the 
terms separately, may be found, by the folloveing proposition.* 

Thb square of a binomial, the terms of which are 
both positive, is equal to thb square of the first term 
-f twice the product of the two terms, -|-the square 
of the last term. 

And the square of a residual quantity, is equal to the 
square of the first term, - twice the product of the two terms, 
4- the square of the last verm. 

Ex. 1. The square of 2a+6, is 4a^+4a64.62. 
2. The square of A+1, is A«+2A+1. 
S. The square of ab+cdf is a*b^^2abcd+t^d^. 

4. The square of Cy+S, is S6y*4-S6y+9. 

5. The square of Srf - A, is 9iP - 6dh+h\ 

6. The square of a-^lyisoF^ 2a+l 

For the method of finding the higher powers of binomials, 
see one of the succeeding sections^ 

215. For many purposes, it will be suflicient to express the 
powers of compound quantities by expovents^ without an actual 
multiplication. 

Thus flie square of a+b, is a+^\\ or (a+6)*. Art. 203, 
The nth power of ic+8+a:, is (bc+S+x)\ 

. n cases of this kind, the vinculum must be drawn over nU 
the terms of which the compound quantity consists. 

216. But if the root consists of several factors, the vincu- 
lum which is used in expressing the power, may either extend 
Dver the whole ; or may be applied to each of the faciorg 
separately, as convenience may require. 

Thus the square of a-|-6xc+^> is either 



a-{-bxc-^d{ or a-^b\ Xc-\-d\ 

For, the first o( these expressions is the square of the pro>. 
duct of the two factors, and the last is the product of their 
squares. Bui one of these is equal to the other. (Art. 212.) 

The cube of axb+d] is (ax 6+5)', or a^x(b+d)\ 



* Euclid's Elements, Book II. prop, 4. 
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SI 7. When a quantity whose power has been expressed by 
ft vinculum a.id an index^ is afterwards involved by an actual 
multiplication of the tei*ms, it is said to be expanded. 

Thus (a+^)*5 when expanded, becomes a*4-2a6-|-^* 
And {aJ^b+h)\ becomes a*+2ab+2ah+b'^+Uh+hK 

18. With respect to the sign which is to be prefixed to 
quantities involved, it is important to observe, that when thb * 

HOOT IS POSITIVE, ALL ITS POWERS ARE POSITIVE ALSO ; BUt 
WHEN THE ROOT IS NEGATIVE, THE ODD POWERS ARE NEGA« 
tlVE, WHILE THE EVEN POWERS ARE POSITIVE. 

For the proof of this, see Art. 109. 

The 2d power of - a is-f-a* 
The 8d power is - a* 

The 4th power is -f" ^* 
The 5th power is - a', &c. 

219. Hence any odd power has the same si^as its root* 
hut an even power is positive, whether its root is positive or 
negative. 

Thus+ax+a=a' 
And -ax -a=a*. 

220. A QUANTITY WHICH IS ALRfiADT A POWER, IS INVOLV* 
fin BY MULTIPLYING ITS INDEX, INTO THE INDEX OP THE POW* 
ER TO WHICH tT IS TO BE RAISED. 

1. The 3d power of a\ is a'«3_.^6 

For rt'=aa: and the cube of aa is aaxaaXflfl=a<taaaa=a*; 
tvhich is the Gth power of a, but the 3d power of a\ 

For the further illustration of this rule, see Ai'ts. 333, 4. 

2. The 4th power of aW, is a'^''6?^*=:a^H'. 
8. The 3d power of 4 a% is 64 aV. 

4. The 4th power of 2a^x^x% is IGa^'^xSlor'd*. 

6. The 5th power of {a+b)\ is (a+6) * \ 
6« The nth power of a', is a^\ 

7. The nth power of (x - y)"*, is (a:- y)'"\ 

8. ?+F, = = a'+ 2a'b^+b'. (Art. 214.) 

^' c»xFi* =a«xi* 10. (aW**)»=aWA»S 
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SSL The rule is equally applicable to powers whose expo- 
aeuts are negative. 

Ex. 1. The 3d power of ar\ is, cr*^'=a-'. 
For a-*=-L, (Art. 207.) And the 3d power of this is 

aa aa aa aaaaaa a^ 

5. The 4th power of a't-* is a'6-*^ or -—. 

8. The cube of 2a:Y^, is 8x^^. 
4. The square of far*, is 5*ar*. 

6. The nth power of a:-", is ar-*", or . — . 

222. If must be observed here, as in Art 218, that if the 
sign which is prefixed to the power be -, it must be changed 
to +, whenever the index becomes an even number. 

Ex. 1. The square of - a\ is +<**• For the square ol 
- a^ is - a' X - oS which, according to the rules for the signs 
in multiplication, is-|-a'. 

2. Butthect*6cof~a'is-a'. For-a'x -a'X-«'=-«^. 

3. The square of - af , is +3?'". 

4. The nth power of - o', is +a**. 

Here the power will be positive or negative, according as 
(he number which n represents is even or odd. 

223. A FRACTION is involved by involving both 

THE NUMERATOR AND THE DENOMINATOR. 

1. The square of -- is ^. For, by the rule for the multi* 

plication of fractions, (Art. 155.) 

a a_^aa a* 



6 6 66 6« 

1 11 I 

S. The 2d, 3d, and nth powers of ., are .-'-. and -1, 

3. The cube of 5f!!, is ?^*. 
4 The nth power of ^19 f!^ 
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6. The square of — jClVTJI—', is 7 .Tv/ ' 

(:f+1)^ {x+iy 



- a~* • - a- 



6. The cube of IiL_, is Z!l. (Art. 221.) 

224. Examples of binomitdsy in which one of the terms k 
ft fraction. 

1. Find the square of «-{~J» ^^^ a? -^, as in art. 214. 



2. The square of a +*, is (f+—+t 

8. The square of a-'-f— , is ai'-f-tj-f-. 

4. Thesquareofar-A, isa;«-?*?4-*l. 

m mm* 



225. It has been shown, (Art. 165,) that a JracHonal eo- 
efficimt may be transferred from the numerator to the de- 
nominator of a fraction, or from the denominator to the nu- 
merator. By recurring to the scheme of notation for recip- 
rocal powers, (Art. 207,) it will be seen that any factor may 
also be transferred, if the Hgn of Us index be changed, 

1 Thus, in the fraction — , we may transfer x from the 

y 

numerator to the denominator. 
For?5r'=?xr-=?xl=A,. 1 

y y y «* w 

2* In the fraction ~ we may transfer y from the deno- 
minator to the numerator. 



-^•^i^^ 
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*• a^ '^r'a*' ^' ay" == o ' 

S26. In the same manner, we may transfer a factor which 
has a positive index in the numerator, or a negative index in 
the denominator. 

1. Thus ~r"=r'^=r' For 3^ is the reciprocal of aT*, 

(Arts. 205, 207,) that is, ar»= — r- Therefore, ~X=gp' 
o Jt V o ^ ^_ 

227. Hence the denominator of any fraction may be en- 
tirely removed, or the numerator may be reduced to a unii» 
without altering the value of the expression. 

1. Thifa T=npi> or o*"^* 
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ADDITION AND SUBTRACTION OF POWERa 



228. It is obvious that powers may be added, like other 
quantities, fry vorrAng them one after another voith their signSn 
(Art. 69.) 

Thus the sum of a' and 5", is a'+6*. 

And the sum of a'-t'^nd A'-ci*, 19 a'-f+fc'-d*. 

229. The same powers of the same Utters are like quanHties; 
(Art 45,) and their co*efficients maybe added or subtracted, 
as in Arts. 72 and 74. 

Thus the sum of 2a' and 3a% is 5a*. 

- It is as evident that twice the square of a, and three timee 
the square of a, are five times the square of a, as that twict 
a and three times a, are five tiroes a. 

9* 
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To -Siy 

Add -SxV 


S6* 8(i««" 
-4ay 


-6o»V 
6a*&* 


J|:«i: 


Sum ->5xV 




'(H-y)' 



-i 



tSO. But powers of different letten and difftrenX poitere of 
the fame letter, must be added by writing mem doim with 
their signs. 

The sum of ff and a* is a*+(f. 

It is evident that the square of a, and the cube of a, are 
neither twice the square of a, nor twice the cube of a. 

The sum of aV and 8aPi«, is aV+Sa*6«. 

< 

SSI. iSii6(rae(toii of powera is to be perfonned in the same 
manner as addition, except that the signs of the subtrahend 
aie to be changed according to Art. 82. 

Fran to* -S^ S&*6* a^hr 6fa- 

Sub. -6a* 46" 4&*6* 0*6' S 



[I'kY 



TUB. 8a* -k*¥ S(a-lk)* 



MULTIFUCATION OF POWERS. 

232. Powers may be multiplied, like other quantities, by 
writing the factors one after another, either with, or without, 
the sign of multiplication between them. (Art 9S.) 

Thus the product of of into 6% Is cfb\ or aaabb. 
Mult, ar-^ tf6-^ Say dh^sT* a«5y 

Into a- a* -%x 46y* cflhj 

Prod. dTsr* -6a^a;y* a^bya^hhf 

Haai~i«M aBHa^—^^ ,^___^,^ ^«««.M.».— «••— ^Ha^i^>a»Mia»iaia.p« 

The product in the last example may be abridged, by 
bringing together the letters which are repeated. 

It wm then become a'fey 

The reason of this will be evident, by recurring to the 
ri«B of powers in Art. 207, viz. 

a+*, a+», a+», a+», a\ cr", tr*, cr*, O"*, &c. 

Or, which is the same, 

1^ * * * *, 



1>0WKRS. M 

< 

By comparing the several tenns with each other, it will 
be seen that if any two or more of them be multiplied to« 
gether, their product will be a power whoae exponent is the 
of the exponents of the factors. 



Thus <i'Xtf'=sMX<Mks=iiaaaa==c^. 

Here t^ the exponent of the product, is equal to S+S^ the 
sum of the exponents of the &ctprs. 

So iT X«^s=«^. 

For a% is a taken for a factor as many times as mere are 
units inn; t^ 

And iT, is a taken fixr a &ctor as many times as (hem are. 
units in m; 

Therefore the product must be a taken for a UucUx as 
many times as there are units in both m and n. Hence, 

SSS. Powers or the same root mat be multipubd, 

n ADDING THEIR EZFONEMTS. 

Thus a»xa^=«^=fl'. And «»Xa?X«=a^**^=«*. 

Mult 4^- 8^ jy <^ty (*+*-»)• 

Into «a« ««» 5V tfVy 6+*-y 

WvasMM mm^^m^ wvaaMM ■*i»^_>i_M mmm^^mmmbmmm^^ 

Prod. So*" 6y (i+A-y)"^ • 

Mult. sf+afy+s/+}^ into « - y . Ans. ** - y*. 
Mult, iJy+Sxy-l into8«*-«. 
Mult, «*+»- 6 into «a?+«+l. 

S84. The rule is equally applicable to powers whose expo 
Dents are negoHoe. 

1. Thus a-«X«'''=a"'- That is Ix— = * 



aa aaa aaaat$ 
2. y-X»— =y— -•. That is lxl=-i-- 

y* y y^r 

8. -o-*xa""=-a"^ 4- a-*X<J?=«'-*=a^ 
6. a-"xa'"=a^"". 6. y-*X!/'=y"=l. 

285. If a+b be multiplied into a-i, the product will be 
««-i«2 (Art. I10^)thatis 
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ThB product op THfi BUM AND DIPFERENCE OP TWO 
QUANTITIES, IS EQUAL TO THE DIFFERENCE OF THEIR 
SQUARES. 

This is another instance of the facility with whijch generom 
truths are demonstrated in algebra. See Arts. 23 and 77. 

If the sum and difference of the $q%usre8 be multiplied, 
the product will be equal to the difference of the fourth 
powers, &c. 

Thus (a-y)x(fl+y)=a*-y'. 

(a^-yOX(a*+y^)=a«-.j/«,&c. 



DIVISION OF POWERS. 

236. Powers may be divided, like other quantities, by re- 
jecting from the dividend a factor equal to the divisor ; or by 
placing the divisor under the dividend, in the form of a firac- 
tion. 

Thus the quotient of (fl^ divided by b\ is a'. (Art 116.) 

Divide 9ay 126»x" (fb+Say rfx (a -*+»)* 
By -3rf» 2i' a« («-*+»)' 

Quot. -3y* b+Sy* d 



The quotient of o^ divided by a', is -^ But this is equat 

to if. For, in the series 

a+*, a+S an a+\ a\ a-\ a-\ a-% a"*, &c. 

if any term be divided by another,- the index of the quotient 
will be equal to the difference between the index of the divi- 
dend and that of the divisor. 

Thus J'^(f=zE^=ia\ And (r-f-o-=^=a— ". 

aaa a" 

Hen(je, 

237. A POWER MAY BE DIVIDED BY ANOTHER POWER OP 
THE SAME ROOT, BY SUBTRACTING THE INDEX OF THE Dl-» 
VISOR FROM THAT OF THE DIVIDEND. 
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Thu? 2/«-7'j/'=y"=y*- That is Ja?=y- 



aa!* 



Andrf^»^a=rf^*-*=o\ That is —rscr. 

a 

And (xT-i-ar^ar-^^zaAz^l. That is -=1. 

Divide ^^ &• 8a*+* a"+^ l2(5+y)" 
By y- ft' 4a- a« 3(6+sf)» 



Quot y" 2a" 4(6+1/)"-^ 

238. The rule is equally applicable to powers whose ex- 
ponents are negative. 

The quotient of cr* by oT^y is o"". 

TkU is -J_^-I. = _!_x— = "^ ^ 



aaaoa ooa aaoaa 1 aaaaa <m 
2. - a?-^-f-a;-^= - ar«. That is -1^^ JL= — =. ^ 



-» 



.5 



a;' -a;* -«» 



8. A^^A-^=A»+'=Al That is A'^l=A«x-=A». 

A 1 

4. ea-^2flr^=3a'^. 5. 6(^-^a=6a'. 

6. 6'-i.6»=6'-'=:6-«. 7. a*-i.a^=a-*. 

9. (64.a:)»-i.(6+a?) = (6+a;)— *. 

The multiplication and division of powers, by adding ana 
subtracting tlieir indices, sliould be made very ^miliar ; as 
they have numerous and important applications, in the high- 
er branches of algebra. 

EXAMPLES OP FRACTIONS CONTAINING POWER& 

239. In the section on fractions, the following examples 
were omitted for the sake of avoiding an anticipation of the 
subject of powers. 

1. Reduce -— . to lower terms. Ans. ., 
3(^ 3 

Forg=^=^, (Art 146.) 

t. Reduce _ . to lower terms. Ans. _ or &C 
8«" 1 
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S. Reduce ?£!±^ to lower tenns. Ans. ^H-^ 

5o' 



5 



4. Reduce ^-[^Y+^ ^ lower terms. 
Ans. - ^ QflXa ®'^^^®^ ^y dividing each tenn by Say, 



,—3 



5. Reduce _ and — ^ to a common denominator. 

a" X^""^ is a-', the first numerator. (Art. 146.) 
«? Xa~* is a*=l, the second numerator. 
0^ X«^* is a^\ the common denominator. 



—2 



The fractions reduced are therefore ^ and 



1 



—I 



—I 



6. Reduce — and —, to a common denominator 

Ans. 1?^ and % or |^^ and ^. (Art. 145.) 
6a^ 5a' oc^ 5a^ 

7. Multiply ^' into ^. Ans. i*^==?^. 



2x* 



8x' 8x' 



8. Multiply ^+L, into iZ^. 
9 Multiply ?!+L, into ^. 
10. Multiply il into ^I, and-£,. 



a"* X y* 

11. Divide ^ by?5-. Ans. ?V= 5. 






flV 



12. Divide ?^ by ^Zfl*. 



13. Divide 



a 



.by 



a 



14. Divide *^-Vw'^+^ 



d* 



.by 



+ 
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SECTION IX. 
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EVOLUTION AIO) RADICAL aUANnTIES.* 



Art. 240. If a quantity is multiplied into itself, the pro^ 
duct is a f(mer. On the contrary, if a quantity is resolved 
into any number of eguol facton^ each of these is a rwt of 
that quantity. 

Thus h is the root of hbh; because hhh may be resilved 
into the three equal factors, fr, and 6, and 6. 

In subtraction, a quantity is resolved into ft^o forti. 

In division, a quantity is. resolved into two factors. 

In evolution, a quantity is resolved into ejual factor^. 

241. a root of a i^uantity, then, is a factor, whicd 
Multiplied into itself a certain number of times, wilIi 
Produce that quantity* 

The number of times the root must be taken as a factor^ 
to produce the given quantity, is denoted by the name of the 
root. 

Thus 2 is the 4th root of 16 ; because 2x2x2x2=16| 
where two is taken four times as a factor, to produce 16. 

So a? is the square root of a" ; for ifx^=(f' (Art. 233.) 

And cf is the cube root of of ; for a'x^X^=a'. 

And a is the 6th root of cf ; for aX»XoXaXaXfl=«^ 

Powers and roots are correlative terms. If one quantity 

is a power of another, the latter is a root of the former. As 

b^ is the cube of 6, 6 is the cube root of b\ 

242. There are two methods in use, for expressing the 
roots of quantities ; one by means of the radical sign \/, and 
the other by a fractional index. The latter is generally to 
be preferred ; but the former has its uses on particular occa* 
isions. 



* Newton's ArithnMtic, Maclaurii), £menon) Ettler} Saundenon, and 
Bimpson. 



100 ALGEBRA. 

Wlien a rcx)! is expressed by the radical sign, the sign is 
placed over the given quantity, in this manner, \/a. 

Thus Jtya is the 2d or square root of a. 

\/a is the Sd or cube root. 

\/a is the nth root. 

And VM-y ^^ ^^^ ^^^ ^^^^ ^^ <H~y* 

243. The figure placed dver the radical sign, denotes the 
niunber of factors into which the given quantity is resolved ; 
in other words, the number of times the root must be taken 
as a factor to produce the given quantity. 

So that V«xV^='*' 
And V«XV^XV«=«- 

And \/axV^"'"^^™®^ =^ 

Tift figure for the square root is commonly omitted ; \/a 
being put for \/a. Wnenever, therefore, the radical sign is 
used without a figure, the square root is to be understood* 

244. When a figure or letter is prefixed to the radical sign, 
without any character between them, the two quantities are 
to be considered as multiplied together. 

Thus 2\/a, is 2x V^ ^^^^ ^^ ^ multiplied into the root of 
0, or, which is the same thing, twice the root of a. 

And x\^bf is xx \/^> ^^ ^ times the root of b. 

When no co-eflScient is prefixed to the radical sign, I is 

always to be understood ; \/a being the same as 1\/^ ^^^^ 

is, once the root of a. 

- 245, The method of expressing roots by radical signs, has 
no very apparent connection with the other parts of the 
scheme of algebraic notation. But the plan of indicating 
them hj fractional indices^ is derived directly fi-om the mode 
of expressing powers by integral indices. To explain this, 
let <f be a given quantity. If the index be divided into any 
number of equal parts, each of these will be the index of a 
root of a'. 

Thus the square root of o* is a*. For, according to the 
definition, (Art. 241,) the square root of a' is a factor, which 
multiplied mto itself will produce a'. But a' x «'=«'• (Art. 
233.) Therefore, a' is the square root of a*. The index of 
the given quantity a', is here divided into the two equal 
parts, 3 and 3. Of course, the quantity itself is resolved into 
Ihe two equal factors, a® and a'» 
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The cube root of a* is o?. For (^XffX<f=of^ 

Here the index is divided into three equal parts, and tlie 
qiiantity itself resolved into three equal factors. 

The square root of a* is a^ or u. For axa=<>'* 

By extending the same plan of notation, Jraciwnal tmf&ai 
are obtained. 

Thus, in taking the square root of a^ or a, the index 1 is 
divided into two equal parts, | and ^ ; and the root is a'* 
On the same principle, 
The cube root of a, is <i?z=\ya. 
^The nth root, is a" =^11, &c. 

And the nth root of a^x^ is (d+x) " =\/a^x, 

246. In all these cases, the denominator of the fractional 
index, expresses the number of factors into which the gives 
quantity is resolved. 

So that a'xfl Xfl =«• And a"Xa"....n times =«. 

247. It follows from this plan of notation, that 

a\ xa^ =a^"^*- For a^'^^=a^ or a. 

a*X«*Xo*=«*"^'"^*=o*5 &c. 
where the multiplication is perfonned in the same manner 
as the multiplication of powers, (Ait. 233,) Uiat is, by addiag 
the ifuUces. 

248. Every foot as well as every power of 1 is 1. (Art 
209.) For a root is a factor^ which multiplied into itself will 
produce the given quantity. But no factor except 1 can pro^ 
duce 1, by being multiplied into itself. 

So that 1", 1, V^j V^> ^^' ^® ^ equaL 

249. Jfegative indices are used in the notation of roolfi^ as 
well as of powers* See Art. 207, 

Thus-x=a^ ^=*^ ~=«^ 
a* ^i'^ «• 

10 
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POWERS OP ROOTa 

250. It has been shown in what manner any power of 
root may be expressed by means of an index. The index 
of a power is a whole number. That of a root is a fraction 
whose numerator is 1. There is also another class of quan* 
titles which may be considered, either as powers of roots, 
or roots of powers. 

Suppose a^ is multiplied into itself, so as to be repeated 
three times as a factor. 

The product 0^+^+^ or a* (Art. 247,) is evidently the 

cube of a*, that is, the cube of the square root of a. This 
fractional index denotes, therefore, a power of a root. The 
denominator expresses the root, and the numerator the power. 
The denominator shows into how many equal factors or roots 
the given quantity is resolved ; and the numerator shows how 
many of these roots are to be multiplied together. 

A. 

Thus or is the 4th power of the cube root of a. 

The denominator shows that a is resolved into the three 

J. JL JL 

factors or roots a , and a% and cr. And the numerator shows 
that four of these are to be multiplied together ; which will 

produce the fourth power of a' ; that is, 

•*■ -I- ^ i 4 
o Xa^Xa X» =a'. 

251. As oris a power of a root, so it is a root of a power. 
Let a be raised to the third power c^. The square root of 

this is a . For the root of tf is a quantity which multiplied 
into itself will produce a\ ' 

But according to Art. 247, a^=za^Xf^ X^r ; and this 
multiplied into itself, (Art. 103,) is 

a^ Xa^ X(^ Xa^ X(^ Xa^=aK 
Therefore a* is the square root of the cube of a. 

m 

In the same manner, it may be shown that oT id the mth 
fowet of the nth root of a; or the nth root of the mth pow« 
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^r : that is, a root of a power ia equal to the same power of the 
same root. For instance, the fourth power of the cube root of 
a, is the same as the cube root of the fourth power of a. 

252. Roots, as well as powers, of the same letter, may be 
multiplied by adding their exponents. (Art. 247.) It wiU be 
easy td see, that the same principle may be extended to pow- 
ers of r#ots, when the exponents have a common dei^onii- 
nator. 

Thus a*xa*=a*"^*-a^. 

For the first numerator shows how often a^ is taken as afac * 
tor to produce a'. (Art. 250.) 

And the second numerator shows how often at is taken as 

a factor to produce a . 

The sum of the numerators therefore, shows how often th* 
root must be taken, for the product (Art. 103.) 

Or thus, a'=a'xa . 

A XX X 

And a'=a'X«'X«'. 

±AXXXXXA, 

Therefore a' x« =«' X«' X« X« X^ =« • 

253. The value of a quantity is not altered, by applying 
to it a fractional index whose numerator and denominator 
are equaL 

4 1^ J* 

Thusa=a*=a'=a«. For the denominatinr shows thai 
a is resolved into a certain number of factors ; and the du» 

• 
merator shows that all these factors are included in a**. 

Thus a*=a'^X« Xfl > which is eoual to a. 

• 0. X -L 

And a»=a"Xa"Xa"....n times. 

On the other hand, when the numerator of a fractional 
index becomes equal to the denominator, the expression may 

be rendered more simple by rejecting the index. 

It 

Instead of a*, we may write a. 

254. The index of a power or root may be^exchanged, foi 
jany other index of the same value. 

Instead of a^, we may put «•. 
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For in the latter of these expressions, a is supposed to be 
resolved into twice as many factors as in the former ; and the 
numerator shows that twice as many of these factors are to be 
multiplied together. So that the whole value is not altered. 

Thus «^=ac^=ir*, &c. that is, the square of the cube root 
is the same, as the fourth power of the sixth root,^he sixth 
power of the ninth root, &c. 

So a' =i(r=crz=a • . For the value of each of these in- 
dices is 2. (Art. 1S5.) 

255. From the preceding article, it will be easily seen^ 
that a fractional index may be expressed in decmaU. 

1. Thus a*=a^, or o^**; that is, the square root is equal to 
the 5th power of the tenth root. 

2. a*=a''""^, or rf* •"; that is, the fourth root is equal to 
the S5th power of the 100th root. 

3. a*=a''' 5. a^=za^'' 

4. a*=€?-' 6. a^=za^'''' 

In many cases, however, the decimal can be only an qiK 
proximaHoB to the true index. 

Thus ar=zff'* nearly. ^r_.^.i888i y^jy nearly. 

In this manner, the approximation may be carried to any 
degree of exactness which is required. 

Thus a*=:a» •"••«. a^=rf""«. 

These decimal indices form a very important class of num« 
bers, called logarithms. 

It is frequently convenient to vary the notation of powers 
of roots, by making use of a vinculum, or the radical sign >\/. 
In doing this, we must keep in mind, that the power of a 
root is the same as the root of a power ; (Art. 251,) and also, 
that the denomimcUor of a fractional exponent expresses a 
root^ vjxA the numerator a power. (Art. 250.) 

Instead, therefore, of a > we may write (o*)', or (a*)^ «r 
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The first of these three forms denotes the square of the 
cube root of a ; and each of the two last, the cube root of th« 
square of a. 



So an =a"' =a | =^a". 
And {hx)^ =(6V)^=V6V: 
And(i4.y»=H^'|i=»^5+y' 



-v 
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257. Evolution is the opposite of involution. One is find- 
ing a power of a quantity, by multiplying it into itself. The 
other is finding a rooU by resolving a quantity into equal fac- 
tors. A quantity is resolved into any number of equal fac- 
tors, by dividing its mdex into as many eqadl parts ; (Art. 
245.) 

Evolution may be performed, then, by the following gen- 
eral rule; 

Divide the index of the quantity bt the number 
expressing the root to be found. 

Or, place over the quantity the radical sign belonging to 
the required root. 

I. Thus the cube root of o^ is a'. For a*Xa'Xa^=:fl^. 

Here 6, the index of the given quantity, is divided by S, 
Ihe number expressing th$ cube root. 

8. The cube root of a or a*, is a* or lya. 

For o» xa*Xa*, or V«XV«XV«=«- (-^^s- 243, 246.) 
8. The 6th root of at, is {ah) * or 5/a6. 
4. The nth root of o? is o" or ^o*. 

6. The 7th root of 2d^x, is (U - a?)^or i/2(I-«. 
6 The 6th root of a - 4 is 0-4^ or Vo . aj| . 

7. The cube root of a*, is a*. (Art. 163.) 

8. The 4th root of a-> is a"^' 

9. The cube root of cfl is a*. 

10. The nth root of a^, is «". 

10* 
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258. According to the rule just given, tlie cube root of the 
square root is found, by dividing the index ^ by S, as in ex* 
ample 7th. But instead of dividing by 3, we may multiply 
by*. Fori^3=J^=ixi. (Art. 162.) 

Ill 
So -.4-»=-X--. Therefore the mth root of the nth 
m m n 



root of a IS equal to a" ". 



is, a"l =( 



Thatis, a"l =a"^"=cr. 

Here the two fractional indices are reduced to one by mul« 
bplication. 

It is sometimes necessary to reverse this process ; to resolve 
an index into two factors. 

i 

That is, the 8th root of « is equal 



Thus ar*=a:*^^ =3? 
to the square root of the 4th root. 



am 






So a-{-b\ =za+b\ =a+b\ 

It may be necessary to observe, that resolving the index 
into factors, is not the same as resolving the quantity into 
factors. The latter is effected, by dividing the index into 
parts. 

269. The rule in Art. 257, may be applied to every case 
in evolution. But when the quantity whose root is to be 
found, is composed of severed factors^ there will frequently 
be nn advantage in taking the root of each of the factors 

scj}iJLi aidy. 

This is done upon the principle that the root of the product 
of several factors^ is equal to the product of their roots. 

Thus \^ab = ^a X V^* ^^^ ^^^^ member of the equation 
if involved, will give the same power. 

The square of \/a6 is ah. (Art. 241.) 
The square of \/« X V^ j ^^ V^ X V^ X V^ X V^- (Art. 1 02. ) 
ButyaxV^=^- (Art. 241.) And\/6xV^=^' 
Therefore the square of V^XV^=V*^XV^XV^XV^ 
=a6, which is also the square of \/a6. 

J. JL i 

On the same principle, laby =a" 6". 
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Whei>, therefore, a quantity consists of several factors, we 
may either extract the root of the whole together; or we may 
find the root of the factors separately, and then multiply them 
into each other. 

Ex. 1. The cube root of «y, is either {xyy or a:'y . 

2. The 5th root of 3y, is \/Ey or V^X Vw* 

8. The 6th root of abh^ is (oiA)* or ahhK 

4. The cube root of 8i, is (86)*, or 26*. 

6. The nth root of af)f^ is (oTy) " or «y *. 

260. The root of a fraction is equal to the root 
of the numerator divided by the root of the deno 

MINATOR. 

i i i 

1. Thus.the square root of ft=^. For —x%r='- 



X XX 



2. So the nth root of -=— . For i-x^- n times =i 

b bi bi b^ * 

X a/x A^ Vg^ 

3. The squwe root of ^ is -XZ,. 4 V ~=I7=^' 

261. For dfetermining what sign to prefix to a root it is 
important to observe, that 

An OpD ROOT OF ANV QUANTITY HAS THE SAME SIGN A8 
THE QUANTITY ITSELF. 

An even ROOT OF AN AFFIRMATIVE QUANTITY IS AM*-. 
BIG.U0U8. 

An even root of a negative quantity IS IMPOSSIBLE. 

That the 3d, 5th, 7th, or any other odd root of a quantity 
must h^ve the same sign as the quantity itself, is evident 
from Art. 219. 

262. But an even root of an affirmative quantity may be 
either affirmative or negative. For, the quantity may be 
produced from the one, as well as from the other. (Art t^9.y 

Thus the square root of (f is -{-a or -a. 
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An even root of an affirmative quantity io, therefore, said 
to be ambiguous f and is marked with both -|- and -. 

Thus the square root of 36, is ty/Sb. 

The 4th root of a?, is ir*. 

The ambiguity does not exist, however, when, from the 
nature of the case, or a previous multiplication, it is known 
whether the power has actually been produced from a posi- 
tive or from a negative quantity. See Art. 299. 

268. But no even root of a negative quantity can be found. 
The square root of -a' is neither +« ^^^ -^• 
For 4-ffX+^=4-**« -^^^ ""^X -a=4-fl^ also. 

An even root of a negative quan.tity is, therefore, said to be 
wipossihle or imaginary. 

There are purposes to be answered, however, by applying 
the radical sign to negative quantities. The expression 

a/^ is often to be found in algebraic processes. For, al- 
though we are unable to assign it a rank, among either posi- 
tive or negative quantities ; yet we know that when multi- 
plied into itself, its product is - a, because ^ - a is by notation 
a root of -0, that is, a quantity which multiplied into itself 
produces -a. 

This may, at first view, seem to be an exception to the 
general Fule that the product of two negatives is affirm- 
ative. But it is to be considered, that ^— a is not itself a 
negative quantity, but the root of a negative quantity. 

The mark of subtraction here, must not be confounded 
with that which is prefixed to the radical sign. The expres- 
sion >^-a is not equivalent to -y/a. The former is a root 
of -a; but the latter is a root of -f-a: 

For -^/ax -y/az=i^aa=ia. 
The root of - a, however, may be ambiguous. It may be 
either •\•^/ - a, or ->>/ - a. 

One of the uses of imaginaiy expressions is to indicate 
an impossible or absurd supposition in the statement of a 
problem. Suppose it be required to divide the nmnber 14 
into two such parts, that their product shall be 60. If one 
of the parts be a?, the other will be 14 -«. And by the sup- 
position, 

a?x{14-.x)=60, or 14a:-a;'=60. 
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This reduced, by the rules in the following section, will 

give X=:7±y/^i\. 

As the value of x is here found to contain an imaginary 
expression, we infer that there is an inconsistency in the 
statement of the problem: that the number 14 cannot be 
divided into any two parts whose product shall be 60.* 

264. The methods of extracting the roots of compound 
quantities are to be considered in a future section. But 
there is one class of these, the squares of binomial and re- 
sidual quantities, which it will be proper to attend to in this 

Elace. It has been shown (Art. 214,) that the square of a 
inomial quantity consists of three terms^ two of which are 
complete powers, and the other is a double product of the 
roots of tnese powers. The square of a-^-b^ for instance, is 

c^+2ab+b\ 
two terms of which, (f and b\ are complete powers, and 2ab 
is twice the product of a into 6, that is, the root of if into the 
root of 6^ 

Whenever, therefore, we meet with a quantity of this de- 
scription, we may know that its square root is a binomial ; 
and this may be found, by taking the root of the two terms 
which are complete powers, and connecting them by the 
sign +• The other term disappears in the root. Thus, tc 
find the square root of 

a;»+2ary+y^, 
take the root of a;*, and the root of y*, and connect them by 
the sign +• The binomial foot will then be «-f-y. 

In a residucd quantity, the double product has the sign - 
prefixed, instead of +• The square of a -6, for instance, is 
a* -2a64-**' (^.rt. 214.) And to obtain the root of a quantity 
of this description, we have only to take the roots of the two 
complete powers, and connect them by the sign -. Thus the 
square root of cd^ -2j:y+y' is x -y. Hence, 

265. To EXTRACT A BINOMIAL OR RESIDUAL SQUARE ROOT, 
TAKE THE ROOTS OF THE TWO TERMS WHICH ARE COMPLETE 
POWERS, AND CONNECT THEM BY THE SIGN WHICH IS PREFIX 
ED TO THE OTHER TERM. 

Ex. 1 . To find the root of a:*4-2a?+l. 

The two terms which are complete powers are a^ and 1 
The roots are x and 1. (Art. 248.) 
The binomial root is, therefore, a?-(-l. 



•••p 



* See Note P. 
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2. The square root of ai'-2a:-|-ly is x^l. (Art S14.) ^ 

3. The square root of a'-f o-f^, is a+i. (Art 224.) 

4. The square root of (i^4~^^+v» ^ ^1* 

V b 

5. The square root of c?+<»fr+4> w H-F * 

2ab V b 

6. The square root of a'+— +5t> is fl+T 

266. A ROOT WHOSE VALUE CANNOT BE EXACTLT EXPRESS* 
CD IN NUMBERS, IS CALLED A SURD. ' 

Thus y/2 is a surd, because the square root of 2 cannot be 
expressed in numbers, with perfect exactness. 
In decimals, it is 1.41421356 nearly. 

But though we are unable to assign the value of such a 
quantity when taken alon^, yet by multiplying it into itself, or ' 
by combinmg it with other quantities, we may produce ex- 
pressions whose value can be detennined. There is, there- 
fore, a system of rules generally appropriated to surds. But 
as all quantities whatever, when under the same radical sign, 
or having the same index, may be treated in nearly the same 
manner ; it will be most convenient to consider them toge- 
ther, under the general name of Radical Q^antiHe8 ; under- 
standing by this term, every quantity which is found under 
a radical sign, or which has a fractional index. 

267. Every quantity which is not a surd, is said to be 
rational. But for the purpose of distin^shing between ra- 
dicals and other queuitities, the term rational will be applied, 
in this section, to those only which do not appear under a 
radical sign, and which have not a fractional mdex. 

V 

REDUCTION OP RADICAL aUANTITIEa 



A 



268. Before entering on the consideration of the rules for 
ihe addition, subtraction, multiplication and division of radi- 
cal quantities, it will be necessary to attend to the methodH 
of reducing them from one form to another. 

Firsts to reduce a rational quantity to the form of a radi- 
cal; 

Raise the quantity to a power of the same name as 
the given root, and then applv the corresponding 
radical sign or index 
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fix. 1. Reduce a to the form of the nth root. 

The nth power of a is a\ (Art. 211.) 

Over this, place the radical sign, and it becomes \/tC, 

It is thus reduced to the form of a radical quantity, with- 

n 

dut any alteration of its value. For \/<f =Ea» =0. 

5. Reduce 4 to the fbrm of the cube root. 

Ans. VW or (64)* 

3. Reduce 9a to the form of the 4th root. 

Ans. ;^/81a*. 

4. Reduce iab to the form of the square root. 

Ans. {ia^b^)^. 

6. Reduce 8 xo - * a? to the for m of the cube root 

Ans. ^^27X0- a:] . See Art. 212. 

6. Reduce a* to the form of the cube root. 
The cube of a* is a*. . (Art. 220.) 

And the cube root of «• is i^a'=a*| , 

In cases of this kind, where a power is to be reduced to 
the form of the nth root, it must be raised to the nth power, 
not of the given letter^ but of the power of the letter. 

Thus in the example, a* is the cube, not of a, but of a*. 

7. Reduce o'5* to the fomx of the square root. 

8. Reduce a* to the form of the nth root. 

269. Secondly^ to reduce quantities which have different 
indices, to others of the same value having a common index ; 

1. Reduce the indices to a common denominator. 

2. Involve each quantity to the power expressed by the 

numerator of its reduced index. 

< 

3. Take the root denoted by the common denominator, 

JL X 

Ex. 1. Reduce a* and 6^ to a common index. 

1st. The indices i and i reduced to a common denomina* 
tor, are ft and ft. (Art. 146.) 

2d. The quantities a and 6 involved to the powers express- 
ed by the two numerators, are a* and 6". 
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Sd. The root denoted by the common denominator is A« 

The answer, then, is o*|** and fc*|^. 

The two quantities are thus reduced to a common index, 
without any alteration in their values. 

For by Art. 254, a^^a'^, which by Art. 258, "=0^^. , 

And imiversally a^isflT" sza"!*". 

2. Reduce or and bx^ to a common index. 

The indices reduced to a common denominator axe | 
andi. 

a A. X X 

The quantities then, are or and {bx)% or a'|% and 6*«*|' 



X 
mn 



8. Reduce a' and 6". Ans. a'"|" and 6". 
4. Reduce a;* and j/*". Ans. rc^l** And y"| 
6. Reduce 2* and S\ Ans. 8* and 9^. 

6. Reduce (a-(-6) * and (a: -y)^. Ans. a-(-6 | anda;-y | • 

7. Reduce a' and 6*. 8. Reduce a?* and 6 . 

270. When it is required to reduce a quantity to a given 
index ; 

Divide the index of the quantity by the given index, place 
the quotient over the quantity, and set the given index ovei 
the whole. 

This is merely resolving the original index into two factors, 
according to Art. 258. 

Ex. 1. Reduce a^ to the index )• 

By Art. 162, i^i=ixf =*=i. 
This is the index to be placed over a, which then becomes 

X . . "il* 

a ; and the given index set over this, makes it a^| , the an 
6wer. 

2. Reduce a' and a?* to the common index i. 

2-^i= 2 X 3 = 6, the first .index ) 
f-f-i=iX3=f, the second index > 

X ^ X 

Therefore {a^y and {x^y are the quantities required. 
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1 1 a 

8. Reduce 4^ aad 3^, to the common index * 

Answer, (4»)*and (8«)* 

271. Thirdly^ to remove a part of a root from mider the 
radical sign ; 

If the quantity can be resolved into two factory oue of 
which is an exact power of the same name with the root ; 

riND THE ROOT OF THIS POWER, AND PREFIX IT TO THE 
OTHER FACTOR, WITH THE RADICAL SIGN BETWEEN THEH. 

This rule is founded on the principle, that the root of the 
product of two factors is equal to the product of their root8« 
(Art. 259.) 

It will generally be best to resolve the radical quantity into 
such factors, that one of them shall be the greatest power 
which will divide the quantity without a remainder. If 
there is no exact power which will divide the quantity, the 
reduction cannot be made. 

Ex. 1. Remove a factor itom \/8. 

The gi-eatest square which will divide 8 is 4. 
W6 may then resolve 8 into the factors 4 and 2. For 4x3== 8. 

The root of this product is.equal to the product of the roots 
of its factors ; that is, \/8=>\/4xV^« 

But a/4= 2. Instead of V4> therefore, we may substitute 
its equal 2. We then have 2 X V2 or 2V2. 

This is commonly called reducing a radical quantity to its 
most simple terms. But the learner may not perhaps at once 
perceive, that 2\i^ is a more simple expression than \/8. 

2. Reduce j^a^x. Ans. V^*XV^=^XV*=^** 

3. Reduce V^- ^'^^ V9x2'=V9XV2=SV2- 

4. Reduce \/64^. Ans iy6WxK/c-4b\/c. 

Ji Ans. c V ci' (Art- 260.) 

6. Reduce J^j^. Ans. a^h^ or ah\ 

7. Reduce ((^-a»6)i Ans. a(a-fc)*. , 



»/ 



«. Reduce (54a?5)*. Ans. 3a«(26)'l ' 

9. Reduce V98flSa;* 10. Reduce fycf+ti'V. 

11 
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272. By a contrary process, the co-efficient of a radical 
quantity may be introduced under the radical sign. 

1. Thus, a^trrz^rf^r 

For a= ^a* or a » . (Art, 253. ) And l^oT x y/h ^ ^SftT 

Here the co-efficient a is first raised to a power of the same 
name as the radical part, and is tlien introauced as a &ctor 
onder the radical si^. 

3. 2at(2o6«)*=(l6«*6')* 
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ADDITION AND SUBTRACTION OF RADICAL 

QUANTITIES. 

273. Radical quantities may be added like rational quan- 
tities, by writing them one after another toith their signs, ( ArU 

690 
Thus the sum of \^a and \/by is VH^ V*« 

And the sum of a* - A' and x* - y^ is a* - A*-|-a;*'- y* . 

But in many cases, several terms may be reduced to one, 
as in Arts. 72 and 74. 

The sum of 2^a and S^a is 2>\/H~3V^=^V^* 
For it is evident that twice the root of a, and three times 
the root of a, are five times the root of a. Hence, 

274. When the quantities to be added have the same radi- 
cal part, under the same radical sign or index ; add the ra^ 
ttonal partSy and to the sum annex the radical parts. 

If no rational quantity is prefixed to the radical sign, 1 is 
always to be understood. (Art. 244.) 

To ZJ^ay 5V« 8(ar+A)' 5bh^ a\/b^ 

Add J^ay -2Va 4{x+h)^ 7&A* yv*^ 



Bum S^ay 7(a:+A)' (o+y)XV*-* 
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« 

276. If the radical parts are originally different, they may 
eometiraes be made alike, by the reductions in the preceding 
articles. 

1 . Add V^ to V^O. Here the radical parts are not the 
same. But by the reduction in Art. 271, V8=2\/2^ and 
iV/50=5V2. The sum then is 7V2. 

2. Add V166 to V46. Ans. 4V64-2V6=6V*- 

X 3. Addy^'a; toV^*^- A.r\s. aA^x+b^x—{a+b*)xV* 
4. Add (36a»y)* to (25y)* Ans. (6a+5) XV* 

£. AddylSatoSV^o- 

276. But if the radical parts, after reduction, are d^ereat 
or have different exponents, they cannot be imited m the 
same term; and must be added by wiitiiig them one after the 
other. 

The sum of 3\/6 and 2ya, is 3\/*+2V^ 

It is manifest that three times the root of 6, and twice the 

root of a, are neither five times the root of fr, nor five times 

the root of a, unless b and a are equal. 

The sum of ^a and iya, is \/a-^\/a. 

The square root of a, and the cvhe root of a, are neither 
twice the square root, nor twice the cube root of a. 

277. Subtraction of radical quantities is to be performed in 
the same manner as addition, except that the signs in the sub- 
trahend are to be changed according to Art. 82. 



From V^ 
Sub. i^/ay 


4VH-* 

S\/ar\'X 




aix+y) -a-' 
b{x+y) -&r" 


Diff. - 2Vay 


\ 


-A 

a • 



From V50, subtract \/8. Ans. 5 V2 - 2y 2 = 8 V2. (Art 
275.) . 

From i^6*y, subtract {/by*. Ans. (4-y)x^/*y• 
From !y/Xf subtract i^x. 

X^ MULTIPLICATION OP RADICAL QUANTITIES. 

278. Radical quantities may be multiplied, like other 
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quantities, by writing the factors one after another, either 
with or without the sign of multiplication between them. 
(Art. 93.) 

Thus the product of V ^^^^ V^> ^ V^XV^* 

The product of A' into y* is h^y . 

But it is often expedient to bring the factors under the 
same radical sign. This may be done, if they are first re- 
duced to a common index. 

Thus!Y/a?X^y/y=V^" ^^^ ^^^ ^^^ ^^ ^^® product of 
several factors is equal to the product of their roots. (Art. 

259.) Hence, 

270. Quantities under the same radical sign or in- 
dex, MAT BE MULTIPLIED TOGETHER LIKE RATIONAL QUAN- 
TITIES, THE PRODUCT BEING PLACED UNDER THE COMMON 
RADICAL SIGN OR INDEX.* 

Multiply J^/x into ^y, that is, a?* into y^. 

The quantities reduced to the same index, (Art. 269.) are 

(re") , and (j/') and their product is, (a?'j/')'=jy/a?'y'. 

Malt ^a-{-m A/dx o- (<*+y)" o* 

Into Ai/a-m \/hy xi (&+^)" «* 









yo' - »»* 



Prod, V^'-»*' {P'^^y ^oTar)^'' 



Multiply \/8x6 into V2a:6. Prod. Vl6a?'6'=4ari. 

In this manner the product of radical quantities often be- 
comes rational 

Thus the product of a/2 into \/18=V36=:6. 

JL -L X 

And the product of (a'y')* into (a*y)* = (a*y*')*=ay. 

280. Roots of the same letter or quantity mat be 
multiplied, br adding their fractional exponents. 

The exponents, like all other fractions, must be reduced 
to a common denominator, before they can be united in one 
jerm. (Art. 148.) 

* The case of an imaginm'y root of a negative quantity may be considered 
an <p(ceptioiu (Art. 263.) 
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Thus o*xa*=o*^=«**'*=«*- 

The values of the roots are not altered, by reducing their 
indices to a common denominator, (ArU 254.) 

i t 

Therefore the first factor a*=:a 

And the second a^=za 

Buta*=a*xo*X«*- (Art. 250.) 

And a^=:a^X(^ • 

The product therefore is a* xa'xo Xa* Xa =« • 

And in all instances of this nature, the common denomin* 
ator of the indices denotes a certain root ; and the sum of 
the numerators, shows how often this is to be repeated as a 
factor to produce the required product. 



1 A i i 

Thus a"X»*=a""Xa""=«""' 

Mult. 8y* a*xa* (•+')* («-y)" *** 
Into y* a^ («+6)^ (o-y)" «"* 



Prod. Sy** {a+b)^ «"A 

The product of y* into y""' b y'^'sry* 
The product of a" into a ", is a" "so^sl. 

And «""*x»*""'=«""*^"*=a^=l. 

The product of cf into a'=a*X» =« • 

281. From the last example it will be seen, that pouen 
and roots may be multiplied by a common rule. This is one 
of the many advantages derived from the notation by frac- 
tional indices. Any quantities whatever may be reduced to 
the form of radicals, (Art. 268,) and may then be subjected 
to the same modes of operation. 

Thus5»xy*=y*^=y^. 



Anda;X«"=:^ "=«• . 
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Tlie product will become rational, whenever the numeniii^ 
tor of the index can be exactly divided by the denominator. 

Thus cf X OX o = a = a*. 

And (a+6)*X (a4-6)""*=(a+6)*=a+6. 

And a'x« =«=<»• 

282. When radical quantities which are reduced to the 
game index, have rational co-efficients, the rational 

PARTS MAT BE MULTIPLIED TOGETHER, AND THEIR PRO- 
DUCT PREFIXED Ta THB PRODUCT OF THE RADICAL PARTS*. 

1. Multiply a^/h into c^d. 

The product of the rational parts is cue. 
The product of the raciical parts is j^hd, 
A^id thei whole product is ac\^bd. 
For a\/6 is axV^' (Art. 244.) And c^^ is ex V^- 

By Art. 1C2, axV^ ^^^ cXV^> ^9 aXV^X^XV^r ^ 
by changing the order of the factors, 

aXcXV*XV^=^XV^*=^V*<' 

2. Multiply ax^ into bd^. 

When the radical parts are reduced to a common index^ 

the factors become a(3i^)^ and 6(d')'. 

The product then is a6(a?*cP)*. 

Fnt in casses of this nature* we may save the trouble of re- 
el uciug to a common index, by multiplying as in Art. 278. 

Thus a3r into M* is asrh^. 

Mult. a(64-iF)* aj\/f oa^/x aar~* x\/i 

Into y(6-a?) h^hy hj^x hy"^ y^/Q 

Prod. ay{b^"a?y abj\^x^=abx Sxy 

283. If the rational quantities, instead of being eo-effiaenis 
to the radical quantities, are connected with diem by the 
signs -f- and - j each term in the multiplier must be multi« 
plied into each in the multiplicand^ as in Art. 100. 
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Multiply a+V* 
Into c4-V^ 

ac+CA/b+ayd+^bd. 
The product of a+ Vy into l-frVyis 

1. Multiply ya into ^6. Ans. {/ie?. 

^ 2. Multiply fiV^ into a\/8. Ans. SOvTo. 

.3. Multiply 2V3 into 3^4. Ans. 6V432. 

^ 4. Multiply yrf into ^a6. Ans. ^aW^ 

&. Multiply ^^y^ into j^^. Ans. ^3^, 

^ 6, Multiply a{a - «)* into (c - d) X (or)*. 

Ans. (oc - orf) X (a*ir - «r«)'. 

'v DIVISION OF RADICAL QUANTITIES. 

* 

284. The division of radical quantities may be expressed; 
by writing the divisor under the dividend, in the form of a 
faction. 

Thus the quotient of \/a divided by V6, is ^. 

And (a+A)* divided by (6+a;)- is I±t*L 

(6+a:)- 

In these instances, the radical sign or index is separately 
applied to the numerator and the denominator. But if the 
divisor and dividend are reduced to the same index or radical 
sign, this may be applied to the whole quotient. 

Thus ^a-^>^6=5^= r/|. For the root of a fraction 

is equal to the root of the numerator divided by the root of 
the denominator.. (Art. 260«). 
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A gain, y/cA'-^J^h = J^a. For the product of this qnotienl 
•nto the divisor is equal to the dividend, that is, 

^aXy/h=z:^ah. Henee, 

285. Quantities under the same radical sign or index 

MAT BE divided LIKE RATIONAL QUANTITIES, THE QUOTIENT 
BEING PLACED UNDER THE COMMON RADICAL SIGN OR INDEX. 

Divide (a^^) by y. 

These reduced to the same index are {nhf) ' and (]^) : 

J. A 1 

And the quotient is (a')*=a:'=a?^. 

Divide V6«^ V^A? {ci!'-\'axy (dh)^ (aV)* 
By V^^ V^ a* (0*)* (ay)*. 



Quot. V2a' lfl?+ar)* (ay)i 



286. A ROOT IS DIVIDED BT ANOTHER ROOT OF THR 
SAME LETTER OR QUANTITY, BT SUBTRACTING THE INDEIi 
OF THE DIVISOR FROM THAT Of THE DIVIDEND. 

Thus ai-f^*=o^"*=5a*""*=sa*=:a*. 

For a* =:a* =a* X« X» and this divided by o* is 

a* 

J- ■*• A—t 

la the same maimer, it may be shown that a'-f^'ssa" *. 

Divide (3o)^ (ox)* a^ (6+y)* W)* 
(3a)* {ax)^ a- (6+y)- (fV)^ 



Quot. (3a)i o^ (»y)~* 

Pmters and roots may be brought pr(»niscuoudy togethei^ 
and divided according to the some rule* See Art. 281* 
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Thus a*'^a^=a*-i=a*. For a*xo*=»*=«'- 

So y-ry*= J*~». 

287. When radical quantities which are reduced to the 
same index have rational co-efficients, the rationai 

PARTS MAT BE DIVIDED SEPARATELY, AND THEIR QU0TIEN1 
PREFIXED TO THE QUOTIENT OF THE RADICAL PARTS. 

Thus ac^^bd-^a^^b^cj^d. For this quotient multiplied 
mto the divisor is equal to the dividend. 

Divide 24xA/ay 18dhA/bx 6j/(a'ar*)" IGySS bA/ay 
By 6 V« ^*V* y{axy 8V4 VV 



4xVy 6 (a' «) " 6 V» 



Divide ab{x*b)* by a {x)t 
These reduced to the same index are ab{x^by and a{x^y. 

The quotient then is 6(6)* = (6»)* (Art. 272.) 

To save the trouble of reducing to a common index, th« 
division may be expressed in the form of a fraction. 

The quotient will then be — > J . 

a{x)* 

1. Divide 2\/bc by S\/ac. * Ans. iS/ ^c 

2. Divide 10^108 by 5^4. Ans. 2^27=6. 

3. Divide 10V27 by 2V3. Ans. 15. 

4. Divide SylOS by2V6. Ans. 12V2. 

5. Divide (a«6»(i')* by A Ans. (ab)^. 

6. Divide (16a' - 12a«ar)* by 2(X. Ans. (4a- 3a:)t 

INVOLUTION OP RADICAL QUANTITIES. 
288. Radical quantities, like powers, are involteb 

B7 multiplying THE INDEX OF THE ROOT INTO THE INDEX OV 
THE REQUIRED POWER. 
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1. The square of o*=a*^^=a*. For a*xa*=a'. 

2. The cuhle of a*=a^^*=a* For a*Xa^Xfl*=a\ 

m 

S. And universally, the nth power of oT^a*^^ =a*. 
For the nth power of {r=a"Xa"'. ...ntimes,and themun 
«f the indices will then be »• 

4. The 5th power of a' y ', is a'y r. Or, by reducing the 
roots to a conunon index, 

^ (ay)*^*=(aY)* 

5. The cube of a"a^, is a"«* or ((Ta^)**. 

4 4 4 4 

6. The square of a'«*, is arx\ 

The cube of a'' is a^^^z=za^=:a. 

X n 

And the nth power of a", is ai^=za. That is, 

289. A ROOT IS RAISED TO A POWER OF THE SAME ITiJfEi 
BY REMOVING THE INDEX OR RADICAL SIGN. 



Thus tne cube of J^6-|-a:, is fc-j-ap. 

And the nth power of (a - y) ", is (a - y.y 

290. When the radical quantities have rational co»effidmt», 
these must also be involved. 

1. The square of a\/ar, is a*J^x*. 

For aV*XaV*=^*V*'- 

J. * 

2. The nth power of a*«" is o"* «"*. 



8. The square of a\/* ~y> is «* X (* - y«) 
4. The cube of SoJ^y, is 27a'y. 

291. Bat if the radical quantities are connected with 
others by the signs-)- and -, they must be involved by a 
multiplication of the several terms, as in Art. 213. 
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Ex. 1. Required the squares of o-f-Vif ^^^ a- VV- 

Wv+y -aVy+y 



a»+2aVy+y a* - 2aVy+y 

2. Required the cube of a - \/&. 

3. Required the cube of 2J4- V^* 

+- — 

292. It is unnecessary to give a separate rule for the evo^ 
lution of radical quantities, that is, for finding the root of a 
quantity wliich is already a root. The operation is the same 
as in other cases of evolution. The fractional index of the 
radical quantity is to be di\dded, by the number expressing 
the root to be found. Or, the radical sign belonging to the 
re(|uired root, may be placed over the given quantity. (Art. 
257.) If there are rational co-efficients, the roots of these 
must also be extracted. 

Thus, the square root of a , is o' • z=:<r. 

The cube root of 0(05^)*, is a^{xyy. 

The nth root of a\/byy is \/ aiyby. 

293. It may be proper to observe, that dividing the JraC'* 
tional index of a root is the same in effect, as mulHplying the 
number which is placed over the radical sign. For this 
number correeq;)onds with the denominator of the fractional 
index ; and a fraction is divided, by fmdtiplying its denomi* 
nator 

Thus iya^aK V^raa*. 

On the other hand, mubiplying the fractional index i» 
equivalent to dwiding the number which is placed over the 
radical sign. 

Thus the square of iya or a*, is Jy/a or a* ^ =a». 



/ 
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29S. 6. In algBbraic calculations^ we have sometimes 
occasion to seek for a factor, which multiplied into a given 
radical quantity, will render the product rational. In the 
case of a simple radical, such a factor is easily found. For 
if the nth root of any quantity, be midtiplied by the same 
root raised to a power whose index is n - 1, the product wiU 
be the given quantity. 

JL «^1 fi 

n n "J 

Thus \/xX\/ii^^ Of X x« =a? =«. 

And (x+y) X{x+y) " =x+y. 
So V«X V«=^ ^^^ !^axV^=V^'=** 
• And !i/aX\/(f=fh &c. And (a+6)*x(a+6)'=a+i* 
And (a?+y)*x(«+y)*=a?+y. 

293. c. A factor which will produce a rational product, 
when multiplied into a binomial surd containing only the 
square rooty may be found by appl3ring the principle, that 
the product of the sum and difference of two quantities, is 
equal to the difference of their squares. (Art. 236.) The 
binomial itself, after the sign which connects the terms is 
changed from -f- ^ -> or iiom -to -f-> will be the factor 
required. 

Thus (j^a+yb) X ( V« " V*) = V«' - V6'=a - 6, which 
is free from radicals. 

So(l+V^)X(l-V2) = l"2=-l. 
And (3 - 2V2) X (3+2V2) = 1. 

When the compoimd surd consists of more than two terms, 
It may be reduced, by successive multiplications, first to a 
binomial surd, and then to a rational quantity. 

Thus (VIO - V^ " V3) X (V10+V2+V3) =5 - 2V6, 
a binomial surd. 

And (5 - 2V6) X (5+2V6) = 1. 
Therefore (\/10-V2-V3) multiplied into (yiO+V2+ 

\/3)x(5+2V6) = l. 

293. d. It is sometimes desirable to clear from radical signs 
the numerator or denominator of a fraction. This may be 
effected, without altering the value of the fraction, if the 
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numerator and denominator be both multiplied by a factcv 
which will render either of them rational, as the case may 
require. 

1. If both parts of the fraction ^Llhe multiplied by V^ 

it will become V^XV^ _,_gL^ jj^ which the numerator is a 

V*XV^ V«* 
rational quantity. 

Or if both partsof the given fraction be multiplied by V*> 
it will become ^l—^ in which the denominator is rational. 

8. The fraction JL.= ^^ X (a+x) ^ Jx (H-»).» 



n— 1 



J~ 4. The fraction 4 = -^— =^''""' . 
» a?" ar'X*'"^ 

5. The fracUon V^ _ V2X(3+V2) _8+8V8 

3-V2 (3-V2)(3+V2) 7 

6. The fraction ? = 3(V5-fV2) _^j 

V5-V2 (V5-V2)(V5+V8) 
+V2. 

6_6x6*_6. _ 

7. The fraction "J-~|q:4— 5 v«»- 

8. The fraction 

. 8 _ 8x(V3-V2-J)(-V2) ^4. 

/py3+V2+l (V3+V2+1)(V3-V2-1)(-V2) 

9. Reduce — . to a fraction having a rational denominator, 

10. Reduce ^"""^ to a fraction having a rational denom- 

293. c. The arithmetical operation of finding the proximate 
value of a fractional surd, may be shortened, by rendering 
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^io&iBT the nuinerator or the denominator rational The root 
of a fraction is equal to the root of the numerator divided by 
the root of the denominator. (Art. 260.) 

Thus • /?=^. But this may be reduced to_-JL_ 

or V«xyfr^\ (j^t. 293. d.) 
b 

The square root of f is ^ or -5., or ^ . 

b V^ V^ ^ 

When the fraction is thrown into this form, the process of 
extracting the root arithmetically, will be confined either to 
the numerator, or to the denominator. 

Thus the square root of ?==!!^= V^XV?^:^ 

"n Examples for practioe. 

1. Fmd the 4th root of 8la\ ^ <^ ^ip ^ j^ 
t. Fmd the 6th root of (a+b) "». >^ ^J^ t 

5. Find the iith root of («-y) . C"^" ''^ 1^ 
4. Find the cube root of- 126a a*. '^ (XV^ 

6. JRnd the square root of ^.. /^ '^' ' 

6. Find the 6th root of ??f!il!. ' ^--'^-^ ^"^ V - 

■243 ^ 9- 

7. Fmd the square root of a?-.6tar+9t» 'V ^ ^ - ^ 

8. Find the square root of a»+ay+il. ^ j:^ 

9 Reduce asf to the form of the 6th root. <^ '' ^ ^ X 

10. Reduce -Sy to the form of the cube root. C" ^ •/ '' 

1 1 . Reduce a' and a" to a common index. ( -*' . ' (dX J 

12. Reduce 4* and 6* to a common index. ( ^ "^0 Ji / '2. ^] 7"-, 

14. Red ice 2* and 4* to the common index* (/ 6 j^. ( }f>)^ 
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16. Remove a factor from ygpi". ^/VC=^ 

' 1 6. .Remove a factor from V«^-aV. V '^ V '^^ ^ 

17. Find the smn and difference of Vl^^and V^S^'^- ()C^y^<(^y 
-f 18. Find the sum and difference of XjWL and! V**- ^' ^ ^^'^ ^^^^ 

19. Multiply 7VP into 5^4. V^^<=^^ ^O/P^^ 
80. Multiply 4+«V2 into 2 -V^. -^ ; ^ 

21. Multiply a(a-|-Vc)i into &(a-Vc)l ^^^^^V.vi ^ 

22. Multiply 2(a+6)- into 8(a+6)-. ^[^"^ ' '^'^ ^^^" 

28. Divide 6V54 by 3V2. £^,.; 2 '!^ '" ^ ^^ ^^ 

24. Divide 4V72 by 2VT8. j^ '.^^ 

25. Difide V^ by J^. .V ^ 

26. Divide 8VM2 by 4V2. '% /^ ^ ^/ y rw-^ c r 9 / 

27. Find the cube of 17V21. ^7/^''— / ., . w 

//'^ } T- /: .:/ '.', '/• -r / 

28. Find the square of 5+^2. \y} ^^ la/V" ^ 

29. Find the 4th power of iV^. ^^ / 

80. Find the cube of V«"V*' '^'^ ^ "^^"^ ' ' '^ ' 

81. Find a factor which will make i^y rational 

92. Find a factor which will make ^5->\/x rational. 
88. Reduce^i-^ to a fraction having a rational numeratof. 

84. Reduce ^^^— x- to a fraction having a ratiaial d*» 

nominator. 
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SECTION X. 



REDUCTION OF EQUATIONS BY INVOLUTION 

AND EVOLUTION. 

Art. 294. IN an equation, the letter which expresses the 
unknown quantity is sometimes found under a radiccd sign. 
We may have ^x=:a. 

To clear this of the radical sign, let each member of the 
equation be squared, that is, multiplied into itself. We shaU 
then have 

V^XV*=^^' O^ (^^^' ^^^>) «=«'• 

The equality of the sides is not affected by this operation, 
because each is only multiplied into itself, that is, equal quan- 
tities are multiplied into equal quantities. 

The same principle is applicable to any root whatever.— 
If \/x=a; then x^cf". For by Art. 289, a root is raised to 
a power of the same name, by removing the index or radical 
sign. Hence, 

295. When the unknown quantity is under a radical 

SIGN, the equation IS REDUCED BT INVOLVING BOTH SIDES, 

to a power of the same name, as the root expressed by the 
radical sign. 

It will generally be expedient to make the necessary trans- 
positions, before involving the quantities ; so that all those 
which are not under the radical sign may stand on one sida 
of the equation. 

Ex. 1. Reduce the equation i^a;-f 4=9 

Transposing +4 .v'a:=9 - 4=5. 

Involving both sides x = 5*= 25. 

• Reduce the equation a^^/x-^b^id 

By transposition, :^x=dr\^b - a 

By involution, xzs {d^b - a)* 



1 



EQUATIONS. tS9 



+ 



S. Reduce the equation i^«4.1s4 

Involving both sides, x-^-l =^=64 

And *=6S. 

4. Reduce the equation 4+8V*—^=**+l 

Cleanng of fractions, 8-f-6\/^ ~ 4=1S 
And ^«— 4iaf» 

Involving both sides, x - 4=|| 



And »s=ff+4 



5. Reduce the equation ^^4* V' 



s+a 



VdP+V* 



Multiplying by V<»'+V*» fl^+v'z^S+d 

And ^«=S4-(I - rf 

Involving both sides, «=: (3+il - d*)*. 

In the first step in this example, multipljring the first mem* 

oer into V'^+V^' ^^^^ ^^ ^^^ itself, is the same as squar* 
ing it, which is done by taking away its radical sign. The 
other member bein^ a fraction, is multifdied into a quantity 
equal to its denonunator, by cancelling the denominator. 
(Art 159.) There remains a radical sign over a;, wlucb 
must be removed by involving both sides of the equation. 

6. Reduce S-H>V«-i=6- Ans. «=iii. 

7. Reduce 4^-=8. Ans. ap=«). 

8. Reduce (^a^f 3)^+^=7. Ans. a;=ll 

9. Reduce ^12+ar=2+\/ar. Ans. 9=4. 

J. 10. Reduce \/^-a»V* I Vo. Ans. «="r^* 

-^ a 

U 11. Reduce V* X V»+* ^9+^/Bx. Ans. «= ™ 

IS. Reduce iZ^-V* Ana. «=_L. 

IS. B«diice V*+g8^VH-88. ing. ,-4. 

12* 
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14. Reduce V*+V<*+*= . Ans. vsz^a. 

(i Vo-fx 

2o* 

16. Reduce g+ V^*+^= ^ Ans. xsoyi* 



16. Reduce ap+®= V^'+^V6*+a*- -^J^* *= — iU 



4 o 

17. Reduce V*+*+V*= -T==* -*^^' »=-* 

V2+i 8 

1& Reduce Var-32=16 - V«. Ans. «=81. 
19. Reduce ^4x+\7z=z2^x+l. Ans. «=16. 
-. « , V6i--2 4V6i-9 

REDUCTION OF EQUATIONS BY EVOLUTION. 

296. In many equations, the lettec which expresses the 
u»iknown quantity is involved to some power. Thus in the 
equation 

s*=zl6 

we have the value of the square of Xf but not of x itself. If 
the square root of both sides be extracted, we shall have 

x=4. 

The equality of the members is not affected by this reduc« 
tion. For if two quantities or sets of quantities are equal, 
their roots are also equal. 

If (x+fl)*=t+*» then«+a=\/6+^. Hence, 

297. When the expression containing the unknown 
quantity is a power, the equation is reduced bt ex- 
TRACTING THE ROOT OF BOTH SIDES, a root of the same name 
as the power. 

Ex. 1. Reduce the equation 6+^-8:^7 

By transposition «*= 7 -f 8 -6=9 

- By evolution «=iV9=±8. 

The signs -)- and -are both placed before ^\/9, because 
an even root of an affirmative quantity is ambmwui. (Art 
861.) 
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2. Reduce the equation 5a^- S0=fl^-{.S4 ^ 

Transposing^ &c. 2^=1 jS < 

By evolution, «=i4. i 

ji "I 

8. Reduce the equation, a4---=A--r ! 

h d 

Clearing of fractions, &c. g*= ^ "" ^- 

By evolution, ^^+/ 6ct/i-at d\i 

4. Reduce the equation, a-|-e(x"= 10 - o^ 

Transposing, &c. ar = *;"' 

By evolution, «= ( 4—^ I " 

\a+l/ 

298. From the preceding articles, it will be easy to see in 
what manner an equation is to Ue reduced, wlien the ex- 
pression containing the unknown quantity is a power, and at 
the same time undet a radical sign ; that is, wlien it is a root 
of a power. Both involution and evolution will be necessary 
in this case. 

Ex. 1. Reduce the equation \/ah=4. 

By involution a^=4*=64 , 

By evolution a:=±V64=±8. 

2. Reduce the equation ^«" - a= A - d 

By involution af - a= A' - 2Ad+<P 

And ar=A*-.2W+(P-j-tt 

By evolution a?= VA'" 2W+d*+cu 

3. Reduce the equation (3j+a)*=-!?i — 

Multiplying by (a?-o)* (Art. 279.) (a;'-a*)*=a+6. 
By involution a* - a«= a»+2a6+6* 

Trans, and uniting terms a^=2a'-|-2a6-f-^' 

By evolution z== (2a'^+Zab+b*)K 
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Problems. 

Prob. 1. A gentleman being asked bis age, rqplied, '^If 
you add to it ten years, and extract the square roof of the 
sum, and from this root subtract 2, the remainder will be 6.'^ 
What was his age 1 

By the conditions of. the problem ^or+lO -2=6 

By transposition, V^-|-10= 6+2=8 

Hy invdution, x+10=8»=64. 

And a:= 64 -10=54. 



Proof (Art. 194.) v^+10-2=6. 

Prob. 2. If to a certain number 22577 be added, and the 
square root of the sum be extracted, and from this 163 be 
subtracted, the remainder will be 237. What is tke num<« 
berl 

Let a;= the number sought. 6=163 

a= 22577 c=237. 

By the conditions proposed 4^x-\'a ~bs=e 

By transposition, /\/a?-f-a=c-)-6 

By involution, x-|-a= (c+6)* 

Anjl x:=z{c+by^a 

Restoring the numbers, (Art. d2.) ar= (2374.163)'' - 22577 
That is a?= 160000 - 22677= 1S7423. 



Proof V^87423+22577- 163=237. 

299. When an equation is reduced by extracting an even* 
root of a quantity, tne solution does not determine whether 
the answer is positive or negative. (Art. 297.) But what 
is thus left ambiguous by the algebraic process, is frec^paently 
settled by the statement of the problem. 

Prob. 3w A merchant gains in track a sum, to which 820' 
dollars bears the same proportion as five {ime& this sibxl doeft 
to 250(^ What is the amount gained 1 

Let a?=the sum required* 
a=820. 
6=2500^ 
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By the supposition aixxiSx :b 

Multiplying the extremes and means 5x^=:(ib 

And • 



HtY 



Restoring the numbers, ar= /?!5^21?^)i =400 

Here the answer is not marked as ambiguous, because by 
the statement of the problem it is gcdtiy and not loss. Il 
must therefore be positive. This might be determined, in 
the present instance, even from the algebraic process. 
Whenever the root of ar' is ambiguous, it is because we are 
ignorant whether the power has been produced by the mul- 
tiplication of 4-^> or of -a:, into itself. (Art. 262.) But 
here we have the multiplication actually performed. By 
turning back to the two first steps of the equation, we find 
that 5a;' was produced by multiplying 5x into Xy that is -{Sx 
into -\-x. 

Prob. 4. The distance to a certain place is such, that if 
96 be subtracted from the square of the number of miles, the 
remainder will be 48. What is the distance 1 

Let x=z the distance required. 
By the supposition x^ - 96=48 

Therefore a;= V144= 12^. 

Prob. 5. If three times the square of a certain number be 
divided by four, and if the quotient he diminished by 12, the 
remainder will be 180. What is the number? 

By the supposition ?^ - 1 2 ==: 1 80. 



Therefore «= V256 = 1 6. 

Prob. 6. What number is that, the fourth part of whose 
square being subtracted from 8, leaves a remainder equal tc 
four 1 Ans. 4. 

Prob. 7. What two numbers are those, whose sum is to the 
j^ greater as 10 to 7 ; and whose sum multiplied into the les9 
produces 270 1 « 

Let 10rc= their sum. 

Then 7a?=the greater, and 3a:=the less. 

Therefore a;=3, and die numbers required are 21 and 9 
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Prob. & What two numbers are those, whose diflhrence 19 
the greater as 2 : 9, and the difference of whose squares 
is 1281 Ans. 18andl4 



Prob. 9. It is required to divide the number 18 into two 
such parts, that the squares of those parts may be to each 
other as 25 to 16. 

Let x=: the greater part. Then 18 - ar=:the less. 

By the condition proposed re* : (18 - x)* : : 25 : 16. 

Therefore 16a?= 26 X (18 - x)\ 

By evolution 4a:=6x(18-a?.) 
And x=zlO. 

Prob. 10. It is required to divide the number 14 into twa 
such parts, that the quotient of the greater divided by the 
less, may be to the quotient of the less divided by the greater, 
as 16 : 9. Ans. The parts are 8 and 6. 

Prob. 11. What two numbers are as 5 to 4, the sum of 
whose cubes is 5103 1 

Let Sx and 4a7=the two numbers. 

Then a;==3, and the numbers are 15 and 12. 

Prob. 12. Two travellers ^ and B set out to meet each 
:)ther, A leaving the town C, at the same time that B left D; 
rhey travelled the direct road between C and D; and on 
meeting, it appeared that Jl had travelled 18 miles more 
than Bj and that «d could have gone J3's distance in lof days, 
t)Ut B would have been 28 days in going wffs distance. Re- 
quired the distance between C and D. 

Let ff=the number of miles ^ travelled. 
Then «- 18=the number B travelled. 

— — =s«/3's daily progress, 
lox 

^^sffe daily progress. 

Therefore « : «- 18: : 5:iH: ±. 

15} 28 

This reduced gives 07=72, «^s distance. 

The whole distance, therefore* from C to I>:;=126 milM; 
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Prob. IS. Find two numbers which are to each other as 8 
to 5, and whose product is 360. Ans. 24 and 15. 

Prob. 14. A gentleman bought two pieces of silk, which 
together measured 36 yards. Each of them cost as many 
shillings by the yard, as there were yards in the piece, and 
their whole prices were as 4 to 1. What were the lengths 
of the pieces 1 Ans. 24 and 12 yards. 

Prob. 15. Find two numbers which are to each other as 
3 to 2 ; and the difTerence of whose fourth powers is to the 
sum of their cubes, as 26 to 7. 

Ans. The numbers are 6 and 4 

Prob. 16. Several gentlemen made an excursion, each 
taking the same sum of money. Each had as many seiTants 
attending him as there were gentlemen ; the number of dol 
lai*s whic[i each had was double the numbef of all the ser- 
vants, and the whole sum of money taken out was 3456 dol- 
lars. How many gentlemen were there? Ans. 12. 

Prob. 17. A detachment of soldiers from a regiment being 
ordered to march on a particular service, each company fur- 
nished four tiifles as many men as there were companies in 
the whole regiment ; but these being found insufficient, each 
company furnished three men more ; when their number was 
found to be increased in the ratio of 17 to 16. How many 
compatiies were there in the regiment 1 Ans. 12. 

AFFECTED QUADRATIC EQUATIONS. 

300. Equations are divided into classes, which are distin- 
guished from each other by the power of the letter that ex- 
presses the unknown quantity. Those which contain only 
i\iQ first power of the unknown quantity are called equations 
of one dmemUyOi or equations of the first degree. Those in 
which the highest power of the unknown quantity is a square^ 
are called quadratic^ or equations of the second degree; 
those in which the highest power is a cube^ ea nations of the 
third degree^ &c. 

Thus a?=a-|-6, is an equation of the first degree. 

3^=:c^ and 3r^-|-aa;=(2, are quadratk equations, oi 
equations of the second degree. 

a:'=fc, and a:*-f ar*+ia;=rd, are cvbk equations, oi 
uations of the thxrd degree. 
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SOI. Equations are also di\^ded into pure and affected 

' equations. A pure equation contains only one power of the 

unknown quantity. This may be the fust, second, third, or 

any other power. An affected equation contains different 

poioers of the unknown quantity. Thus, 

x^=d - 6, is a pure quadratic equation. 
x^-\'bx =dy an affected quadratic equation. 
ar^=6-c, a pure cubic equation. 
x^-^ax^-^-bxzrzhy an affected cubic equation. 

A pure equation is also called a simple equation. But this 
term has been applied in too vague a manner. By some 
writers, it is extended to pure equations of every degree ; by 
others, it is confined to those of the first degree. 

In a pure equation, all the terras which contain the un- 
known quantity may be united in one, (Art. 185,) and the 
equation, however complicated in other respects, may be re- 
duced by the rules which have already been given. But in 
an affected equation^ as the unknown quantity is raised to dif» 
ferent poxoers^ tlie terms containing these powers cannot be 
united. (Art. 230.) There are particular rules for the reduc- 
tion of quadratic, cubic, and biquadratic equations. Of these, 
only the first will be considered at present. 

302. An affected quadratic equation is one which 
contains the unknown quantity in one term, and the 
square of that quantity in another term. 

The unknown quantity may be originally in several teiins 
of the equation. But all these may be reduced to two, one 
containing the unknown quantity, and the other its square. 

303. It has already been shown that a pure quadratic is 
solved by extracting the root of both sides of t/ie equation. An 
affected quadratic may be solved in the same way, if the 
member which contains the unknown quantity is an exact 
square. Thus the equation 

oi^-\'%ax-\'0^=^b-\-h. 

may be reduced by evolution. For the first member is the 
square of a binomial quantity. (Art. 264.) And its root is 
«4-a. Therefore, 

a:^-a=\/6-|-A, and by transposing «, 



* 



QUADRATIC EQUATIONS. 18/ 

S04. But it is not often the case^ that a member of an af- 
fected quadratic equation is an exact square, till an addi- 
tional term is applied, for the purpose of making the required 
reduction. In the equation 

the side containing the unknown quantity is not a complete 
square. The two teims of which it is composed are indeed 
such as might belong to the square of a binomial quantity. 
(Art. 214.) But one term is vbanAmg, We have then to in- 
quire, in what way this may be supplied. From having two 
temis of the square of a binomial given, how shall we find 
the i}dTi ? 

Of the three terms, two are complete powers, and the 
other is twice the product of the roots of these powers; (Art 
214,) or which is the same thing, the product of one of the 
roots into twice the other. In the expression 

the term 2ax consists of the factors 2a and x. The latter is 
the unknown quantity. The other factor %a may be consid- 
ered the co-efficient of the unknown quantity ; a co-efficient 
being another name for a factor. (Art. 41.) As a; is the 
root of the first term ad^ ; the other factor 2a is twice the root 
of the third term, which is wanted to complete the square. 
Therefore half 2a is the root of the deficient term, and tf is 
the term itself. The square completed is 

«*-f2aa:+^% 

where it will be seen that the lost term d^ is the square of 
half 2a, and 2a is the co-efficient of ar, the root of the first 
term. 

In the same maimer, it may be proved, that the last term 
of the square of any binomial quantity, is equal to the square 
of half the co-efficient of the root of the first term. From 
thb principle is derived the following rule : 

305. To COMPLETE THE SQUARE in an affected quadratic 
equation : take the square of half the co-efficibNt or 

THE first power OF THE UNKNOWN QUANTITY, AND ADD IT 
TO BOTH SIDES OF THE EQUATION. 

Before completing the square, the known and unknown 
quantities must be brought on opposite sides of the equation 

x3 
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if transpMitkiEi; and the highest pawe^ of tlie unknown 
quantity must have the affirmative sign, and be cleared of 
ifraotionfii, co-efficients, &c. See Arts. 308, 9, 10, 11. 

Jfier the square is completed, the equation is reduced, by 
extracting the square root of both sides, and transposing the 
known part of the binomial root. (Art. 303.) 

The quantity which is added to one side of the equatkm, 
to complete the square, must be added to the other side also, 
to preserve the equality of the two members. (Ax. 1.) 

806. It will be important for the learner to distinguish be- 
(rween what is peculiar in the reduction of quadratic equa- 
tions, and what is common to this and the other kinds which 
have already been considered. The peculiar part, in the 
resohition of ajffected quadratics, is the tompletmg of the 
square. The other steps are Mmilar to those by which poie 
equations are reduced. 

For the purpose of rendering the completing of the square 
familiar, there will be an advantage in beginning with exam- 
ples in which the equation is already prepared &r this step. 

Ex. I. Hedace the equation x^-^6ax=b 

Completing the square, ar^-4"^^^+^^'=9^'+* 



Extracting both sides (Art. 303.) x+Sa=:±\^9<f+b 

And- a;=-3aJ:V9(i»+6. 

Here the co-efficient of a?, in the first step, is 6a ; 

The square of half this is 9a', which being added to both 
Bides completes the square. The equation is then reduced 
by extracting the root of each member, in the same manner 
as in Art. 297, excepting that the square here being that of 
a binomali its root is found by the rule in Art. 265. 

2. Reduce the equation x^ - Sbx=h 

Completing the square, x^ - 8bx-\-l 66*= 1 6h^-\-*h 

' Extracting both sides ' a: - 46 = ±-\/l 66'-[- A 

!kui x^4bt%/lW+L 

In this example, half the co-efficient of ar is 46^ the square 
of whicl| 166* is to be added to both sides of the equation. 
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3. Reduce the equation a;*+ar=6+'^ 
Completing the square, a;'+(M?4-j=^+*+' 

By evolution a:-f |=±/i'+HA)* 

And x=-|±(^+6+a)*. 

4. Reduce the equation a;' - ar= & - ({ 
Completing the square, «* - ic+i= 4+A - d 

And ar=i±(4+A-d)i 

Here the co-efficient of x is 1, the square of half which, if ^^ 

5. Reduce the equation ^4*^^=^+^ 
Completing the square, a?*+3a?+"l=f+^+6 
And «=-f±(f+<M-6)*. 

6. Reduce the equation a:*-a(:r=afr-cd 

Completing the square, rc'^aix-l ss — 4*^"^^ ' 

4 4 

And ,=^(f^+«i-«r)*. 
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.7. Reduce the equation a:'-|-_.=& 

Completing the square, 3^-\~?fL^— siL-^fc 

6 46* 46* 

By Art. 158, f^=:^x«. The coefficient of d^ therefonL 



18 1 Half of this is ^ (Art. 168.) the square ofwfaiel • 
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t 4* 

8. Reduce the equation :b*-^=7/i. 



X \ 1 

Completing the square, a:'--H — -=— -+7A. 

And «=J-+f4r+7M*- 

Here the fraction f=^X«* (Art. 158.) Therefore the 

6 

co-efficient of a; is -• 

b 

307. In these and similar instances, the root of the third 
term of the completed square is Easily found, because this 
root is the same half co-efficient from which the term has 
just been derived. (Art. 304.) Thus in the last example, 

half the co-efficient of a; is — , and this is the root of the 

third term — ^ 
46^ 

808. When the first power of the unknown quantity is in 
sexitral termsy these should be imited in one, if they can be 
by the rules for reduction in addition. But if there are lUc" 
ral co-efficients, these may be considered as constituting, to- 
gether, a compound co-efficient or factor, into which the un- 
known quantity is multiplied. 

Thus ax+bx+dx=z{a+b+d)xx. (Art. 120.) The 
square of half this c(»npound co-efficient is to be added to 
both sides of the equation. 

1. Reduce the equation ar*-|-3ar+2x-f-a:=<i 



6x=d 
6x+9=9+d 



Uniting terms x* 

Completing the square x* 

And ar= - StA/9+d. 

2. Reduce the equation x*'\-ax'\-bx=zh 



By Art. 120. x*+{a+b) Xx-h 

Therefore x*+{a+b) xx+ (f!±*) ' = (^t*) '+* 

Byevolution *+^=V(^)+* 
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8. Reduce the equation a^-{-(w-x=i 
By Art. 120 i^+{a~l)xx=b 

Therefore «»+(«- 1) x«+ (^)*= (^) +* 

S09. After becoming familiar with the method of compIeU 
ing the square, in affected quadratic equations, it will h% 

E roper to attend to the steps which are preparatory to this, 
[ere, however, little more is necessary, than an application 
of rules already given. The known and unknown quanti* 
ties must be brought on opposite sides of the equation by 
transposition; And it will generally be expedient to maro 
the square of the unknown quantity the first or leading term, 
as in the preceding examples. This indeed is not essential 
But it will show, to the best advantage, the arrangement of 
the terms in the completed square. 

1 . Reduce the equation a-\-5x * 36 = 3x - ^t* 
Transp. and uniting terms x'+2x^Sb - a 
Completing the square o^-j-Sdr-f-l =l-t-8ft- a 
And a?=-l±V*+36-a. 

2. Reduce the equation - = 4 

Clearing of fractions, &c. x^-f- 1 0^?= 56 
Completing the square «*4-10x-f-25=S5-f-56=81 
And a:=-5iv81=-6i9- 

310. If the highest power of the unknown quantity has 
any co-effictent^ or dimoTy it must, before the square is com- 
pleted, by the rule in Art. 305, be freed from these, by multt* 
plication or division, as in Arts. 180 and 184. 

, 1. Reduce the equation a'+24a - 6h=lix - &i^ 
Transp. and uniting terms, 6« - 1 2^=5 6&*« 24a 
l>ivi<]^gby6, a^-2af=A-4« 

Completing the square, af - 2a?4-l = 1+^^ ~ ^^ 
Extracting and transp. t^ It^l-^k - 4m. 
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S. Reduce the equation A4-2a?=({- — 

a 

Clearing of fractions frx^-fSox^od- o/l 
Dividing by 6, a»+??f=?^Zf* 

I Sll. If tbe square of the unknown quantity is in several 
~^ termSf the equation must be divided by aU the co-efficients 
of this square, as in Art. 185. 

1. Reduce the equation bst^-^ds^-ix =1-^11 

Dividing by t+rf, (Art. 121.) a? - j!i. =*-ZA 

6-)-a O-f-d 



Therefore ^= A"^>w / ir^) +^i 

2. Reduce the equation aa^+a:=A+3a?-a* 

Transp. and uniting terms (ui^'{-a^ - 2ar= A 

Dividing by o-fl, «*- -= — - 

o-j-l a-|-l 

Extracting and transp. «= — 7 x/ ( ) "^ 



o-fl-X^ Vo-fl/ o+l 

There is another method of completing the square, which, 
m many cases, particularly those in which the highest power 
of the unknown quantity has a co-efficient, is more simple 
iu its application, than that given in Art. 305. 

Let aa;"4-6x=:rf. 
If the equation be multiplied by 40, and if b* be added to 
both sides, it will become 

4f^i^+4abx+Vz=z4ad+V ; 
the first member of which is a complete power of Soar-f-^* 
Hence, 

Sll. 6. In a quadratic equation, the square may be com- 
pleted, by multiplying the equation into 4 times the co-efll- 
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dent of the highest power of the unknown quantity and ad- 
ding to both sides, the square of the co-efficient of the lowest 
jK)wer. 

The advantage of this method is, that it avoids the intro* 
duction of Jractions, in completing the square. 
This will be seen, by solving an equation by both methodsi 

Let 02^4"^=^* 
Completing the square by the rule just given ; 

4aV+4aiar+(P=4a&+d« 
Extracting the root 2aar+d=i\/4aA-f<P 

And .= Z^^^i. 

Completing the square of the given equation by Arts. S05 

andSlO; a?+^* *f^ 

a 4a a 4a* 

Extracting the root «+—=+. /-+£.. 

^ ^2a V a^4a» 

And x^^^t^/I+^, 

2a V a 4o« 

If a=l, the rule will be reduced to this : ^^ Multiply the 
equation by 4, and add to both sides the square of the c(K 
efficient of «.** 

Leta^-|-dx=r& 
Completing the square 4:B*-f 4<£r-)-{f = 4&-|-d* 

Extracting the root 2x+d=zt\^4h+JP 

And z=Z^M^. 

2 

1. Reduce the equation Sa^+6ar=42 

Completing the square 360^"+ 60a;-4-25 =529 
Therefore x=3. 

8. Reduce the equation a;"- I5xz= -54 

Completing the square 4a^ - 60a:4-225 = 9 
! Therefore 2*=:15i3=18 ox 12. 

312. In the square of a binomial, the first and last terms 
are always posUioe. For each is the square of one of the 
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terms of the loit. (Art. 214.) But every scpvue is positive; 
(Art 218.) If then - s^ occurs in an equation, it cannot, with 
this sign, form a part of the square of a binomial. But if 
all the signs in the equation be changed, the equality of the 
sides will be preserved, (Art. 177,) the term - sr wiL' become 
positive, and the square may be completed. 

1. Reduce the equation -2^4'^^=^"'^ 

Changing all the signs a' - 2^?= & - d 



Therefore ar= l+yl+A - d 

2. Reduce the equation 4x - af=: - 1 2 

Ans. x=2t/\/l6. 

SI 3. In a quadratic equation, the first term a^ is the square 
of a single letter. But a binomial quantity may consist oi 
terms, one or both of which are already powers. 

Thus 3fi-{'a is a binomial, and its square is 

where the index of x in the first term is twice as great as m 
the second. When the third term is deficient, the square 
may be completed in the same manner as that of any other 
binomial. For the middle term is twice the product of the 
roots of the two others. 

So the square of x^-f Oy is o^-f 2aaf-f c^. 

JL A JL 

And the square of a:"+^ ^^ «*+2a«*+a^. 
Therefore, 

314. Ant equation which contains onlt two dif* 

PARENT powers OR ROOTS OF THE UNKNOWN QUANTITY^ 
THE INDEX OF ONE OF WHICH IS TWICE THAT OF THE 
OTHER, MAT BE RESOLVED IN THE SAME MANNER AS A QUA* 
ORATIC EQUATION, BY COMPLETING THE SQUARE. 

It must be observed^ however, that in the binomial root^ 
the letter expressing the unknown quantity may still have a> 
fractional or integral index, so that a farther extraction, ao 
cording to Art, 297, may be necessary. 

1 . Reduce the equation a^ - a?= i - a 

Comple ting the square x* - a?+i = J+* " ^ 

Extracting; and transposing a;^=^J V|+6- a 

ExtractiTig a^ain, (Art. 297,) ap=±ViiV(i+* - «> 
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S. Reduce the equation a:'*-46«"=sa 

Answer a:=i^26±\/{46^+ a.) 

8. Reduce the equation x-^4^x = & ~ n 

Completing the square x-\~4^x-\'4=h' fi-|-4 

Extracting and transp. iy/x=: - 2±\/A - n4-4 

Involving «= ( - 2±VA-n-(^*. 

A J. 
4. Reduce the equation x'*4-^^''=M~^ 

Completing the square a;'>4'^^"+16=M-^+16 

Extracting and transp. «* = - 4i\/a+6+16 

Involving xz= ( - 4±\/o+fr+16)". 

315. The solution of a quadratic equation, whether pure 
or affected, gives two results. For after the equation is re- 
duced, it contains an ambiguous root. In a pure quadratic, 
this root is the tohok value of the unknown quantity. (Art 
297.) 

Thus the equation a:'=:64 

Becomes, when reduced :r= j>\/64. 

That is, the value of x is either -^-S or * 8, for each of 
these is a root of 64. Here both the values of x are the . 
same, except that they have contrary signs. This will be 
the case in every pure quadratic equation, because the whole 
of the second member is under the radical sign. The two 
values of the unknown quantity will be aUke, except that 
one will be positive, and the other negative. 

316. But in affected quadratics, a part only of one side of 
the reduced equation is under the radical sign. When this 
part is added to, or subtracted from, that which is without 
the radical sign ; the two results will differ in quantity, and 
will have their signs in some cases alike, and in others un- 
like. 

1. The equation ^ «*4-8«=20 



Becomes when reduced, x=s - 4±\/^6-|-20. 

That is ar= - 4i6. 

Here the first value of op is, - 44-6=4-2 > one positive, and 
And the second is - 4 . 6= - 10 ) the other negative. 
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2* The equation a^«-6g= s- It 

Becomes when reduced, x=s4t^V6 - 15 
That is ar=4±l 

Here the first value of « is 44-l=+5 > ^^y^ positive 
And the second is 4-1 =+3 > *^ 

That these two values of x are correctly founds may be 
proved, by substituting first one and then the other, for x it- 
self, in the original equation. (Art. 194.) 

Thus5«-8x5=25-40=-15 

And S«- 8x3=9 -24= - 15. 

317. In the reduction of an affected quadratic equation^ 
the value of the unknown quantity is frequently found to be 
maginary. 

Thus the equation a;* - 6x= — 20 

Becomes, when reduced, g=4t\ /l6- 20 

That is, ar= 4JV^. 

Here the root of the negative quantity - 4 can not be as- 
signed, (Art. 263,) and therefore the value of x can not be 
folmd. There will be the same impossibility, in every in- 
stance in which the negative part of the quantities vmdejr the 
radical sign is greater than the positive part.* 

• 

818. Whenever one of the values of the unknown quan- 
tity, in a quadratic equation, is imaginary, the other is 80> 
also. For both are equally afiected by the imaginary root. 

Thus in the example above 

The first value of x is 4+ V - 4, 

And the second is 4 - \^ - 4 ; each of which 
contains the imaginary quantity \^^4. 

819. An equation which when reduced contains an ima- 
ginary voot, is often of use, to enable us to determine whether 
a propose.! question admits of an answer, or involves an ab- 
surdity. 

Suppose it is required to divide 8 into two such parts, that 
the product will be 20. 
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If t is one of the parts, the other will be 8 -ar. (Art. 195.) 
By the conditions proposed (8 - a:) X ^= 20 

This becomes, when reduced, a:=:4±V"" *• 

Here tlie imaginary expression V~^ shows that an an* 
Bwer is impossible ; and that there is an absurdity in siippo* 
sing that 8 may be divided into two such parts, that their 
product shall be 20. 

320. Although a quadratic equation has two solutions, yet 
both these may not. always be applicable to the subject pro- 
posed. The quantity under the radical sign may be produced 
either from a positive or a negative root. But both these roots 
may not, in every instance, belong to the problem to be sol- 
ved. See Art. 299. 

Divide the number SO into two such parts, that their pro- 
duct may be equal to 8 times their difference. 

If a?=r the lesser part, then 30-a7= the greater. 

By the supposition, a; x (30 - «) = 8 x (30 - &x) 

This reduced, gives ar=23±17=40 or 6= the lesser part. 

But as 40 cannot be a part of 30, the problem can have 
but one real solution, making the lesser part 6, and the greater 
part 24. « 

Examples of Quadr(Uic EqtuMons. 

1. Reduce 3a?-9a: -4=80. Ans. «=?, or - 4. 

2. Reduce ix - !li— r=46. ijis.:t=12, or- 1 

X 

3. Reduce 4a:- — 1--=14. Ans. x=4, or -^. 

a:+l 

4. Reduce 6:p - ?^=2ar+*^ Ans. xz=4, or - I. 

a:-3 2 

6. Reduce 1£- l^if =3. Am. ap=4, or t^ 

X AST 

6. Reduce ^!izi+l=10-£lf . Ana «=!«, or 6. 

a:-4 2 

7. Reduce f+l-Zz^^lf+Z-L Aw. ^^«l, or 6. 

3 d;-3 9 



IB •• ) 4 •• 



148 ALGEBRA. 

8. Reduce tzl^f^^x - S. Ans. «= 1, or - 28. 

9. Reduce -A,+-=3. Ans. «=2. 

x+l X 

10. Reduce J?- -?zl=ar - 9. Ans. x= 10. 

x+2 6 

11. Reduce If -=?. Ans. ar= l+Vl"^ 

a Of a 

12. Reduce a;*+aai"= 6. -^^- *=('"|iv *+^) 

13. Reduce ?!- ^= - JL. Ans. a;= Vi- 

2.4 32 

14. Reduce 2a;*+3a;*=2. Ans. ar=i. 
16. Reduce ix - iVa?=22i. Ans. a;=49. 

16. Reduce 2x*-a:'+96=99. Ans. x=W^' 

17. Reduce (10+ar)* - (10+a?)i=2. Ans. a;=6. 

18. Reduce 3a**-2a;^=8. Ans. «= ^2. 

19. Reduce 2(l+x-a?) - Vl+«-^= " •• 

Ans. x={+i\/4l 

^ -- — - _ . b^ fW^V 

20. Reduce V^-a«=x- 6. ^^- ^=2-V"l2F' 

21. Reduce ^V^^iz^l Ans. a:=4. 

22. Reduce xV^*='756. Ans. «=243. 

21 A A 

23. Reduce V2«+l+W*= -.===:* Ans. «=4. 

V2a:+* 

24. Reduce 2V^^^3V2a?=^?^^^- Ans. a?=9a. 

25. Reduce a;+16-7VH^=10-4V«+16- Ans.a:=» 
86. Reduce V«^+V^= 6 V^- 

Dividing by V«> a?+*=6- -^^- *=*• 
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27. Reduce f^ . |iz|=??+^. Ans. ^=2. 

X 3a;+7 13a? 

28. Reduce — ^+ — ? =11. Ans. ar=S. 

6a:-«* a:»+2x 5a? 

29. Reduce (x-5) -3(0? -5)^=40. Ans. »=9. 
80. Reduce ar+\/a? 4-6=2+3 Va?4-6. Ans. a?=10. 

PROBLEMS PRODUCING aUADRATIC EaUATIONS. 

Prob. 1. A merchant has a piece, of cotton cloth, and a 
|)iece of silk. The number of yards in both is 1 10 : and if 
ihe square of the number of yards of silk be subtracted from 80 
times the number of yards of cotton^ the difference will be 
400. How many yards are there in each piece ? 

Let 0?= the yards of silk. 

Then 110-a:= the yards of cotton. 

By supposition 400= 80 X(ttO-ar)-a;* 
Therefore x= - 40+VToooo= - 40±100. 

The first value of Xy is - 40+100=60, the yards of silk; 

And 1 1 - «= 1 10 - 60= 50, the yards of cotton. 

The second value of a?, is - 40- 100= - 140 ; but as this 
is a negative quantity^ it is not applicable to goods which a 
man has in his possession. 

Prob. 2. The ages of two brothers are such, that their sum 
is 45 years^ and their product 500. What is the age of each t 

Ans. 25 and 20 years. 

Prob. 3. To find two numbers such, that their difference 
shall be 4, and their product 117. 

Let ar» one number, and a?+4t±8 the other. 

By the conditions (*+4) X^^ 1 17. 

This reduced, gives x «= - 2±\/m => - 2il 1 . 

One of the numbers therefore is 9, and the other 13. 

Prob. 4. A merchant having sold a piece of cloth whicH 
cost him 30 dollars, found that if the price for which he ba'<^ 
it were multiplied by his stm^ the product would be equiu i/i 
4he cube of his gain. What was his gain t 
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Let a;^ the gain. 
Then 30-(-x= the price for which the cloth was sofd 
By the statement x^^ (30+a:) x« 

Therefore x = J±yPp30 « J+V- 

The first value of x is J+-V" =+6. > 
The second value is J - -y- « - 5. J 

As the last answer is negalwey it is to be rejected as incon- 
Bmtent with the nature of the problem, (Art. 320.) for gm 
must be considered police. 

Prob. 5. To find two numbers whose difference shall be S, 
#nd tlie difference of their cubes 117. 

Let x^ the less number. 
Then ar+3 = the greater. 

By supposition (^+8)" - «■= 1 17 

Expanding («+3)» (Art. 217.) 9a;»+27a:=n7-27«90 

And ir« - fiVV« -*±*- 

The two numbers, therefore, are 2 and 6. 

Prob. 6. To find two numbers whose difference shall be 
12, and the sum of their squares 1424. 

Ans. The numbers are 20 and 32. 

Prob. 7. Two persons draw prizes in a lottery, the differ* 
ence of which is 120 dollars, and the greater is to the less, 
as the less to 10. What are the prizes 1 

Ans. 40 and 160. 

Prob. 8. What two numbers are those whose sum is 6, and 
the sum of their cubes 72 1 Ans. 2 and 4. 

Prob. 9. Divide the number 56 into two such parts, that 
their product shall be 640. 

Putting X for one of the parts, we have, a:B:28±12»i40 or 
16. 

In this case, the two values of the unknown quantity are 
the two parts into which the given number was required to 
be divided. 

Prob. 10. A gentleman bought a number of pieces of cloth 
for 675 dollars, wliich he sold again at 48 dollars by the piece, 
and gained by the bargain as much as one piece cost him* 
What was the number of pieces 1 Ans. 15. 
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Prob. \\. A and B started together, for a place 150 miletf 
distant. Jt^ hourly progress was 3 miles more than ^s, and 
he arrived at his journey's end 8 hours and 20 minutes before 
B. What was the hourly progress of each % 

Ans. 9 and 6 miles. 

Prob. 12. The difference of two numbers is 6 ; and if 47 
be added to twice the square of the less, it will be equal to 
the square of the greater. VHiat are the niunbers 1 

Ans. 17 and U. 

Prob. \%. A and B distributed 1200 dollars each, among 
a certain nimiber of persons. A relieved 40 persons more 
than B^ and B gave to each individual 5 dollars more than 
A. How many were relieved by A and B ? 

Ans. 120 by A^ and 80 by B. 

Prob. 14. Find two numbers whose sum is 10, and the sum 
of their squares 58. Ans. 7 and 3. 

Prob. 15. Several gentlemen made a purchase in company 
for 175 dollars. Two of them having withdrawn, the bill 
was paid by the others, each furnishing 10 dollars more than 
would have been his equal share if the bill had been paid by 
the whole company. What was the number in the company 
at first ? Ans. 7.. 

Prob. 16. A merchant bought several yards of linen for 
60 dollars, out of which he reserved 15 yards, and sold the 
remainder for 54 dollars, gaining 10 cents a yard. How 
many yards did he buy, and at what price? 

Ans. 75 yards, at 80 cents a yard. 

Prob. 17. .fl and B set out from two towns, which were 
247 miles distant, and travelled the direct road till they met^ 
A went 9 miles a day ; and the number of days which they 
travelled before meeting, was greater by 3, than the number 
of miles which B went in a day. How many miles did each 
travel 1 Ans. A went 117, and B ISO miles. 

Prob. 18. A gentleman bought two pieces of cloth, the 
finer of which cost 4 shillings a yard more than the other. 
The finer piece cost £\&\ but the coarser one, which was 2 
yards longer than the finer, cost only i&16. How many 
yards were there in each piece, and what was the price of a 
yard of each % 

Ans. There were 18 yards of the finer piece, and IH)of tlM 
coarser ; and the prices were 80 and 1 6 ohilliagSk, 
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Prob. 19. A merchant bought 54 gallons of Madeira wine, 
asd a certain quantity of Teneriffe, For the former, he gave 
half as many shillings by the gallon, as there were gallons 
of Teneriffe, and for the latter, 4 shillings less by the gallon. 
He sold the mixture at 10 shillings by the gallon, and lost 
BZ% 16s. by his bargain. Required the price of the Madeira, 
and the number of gallons of Teneriffe. 

Ans. The Madeira cost 18 shillings a gallon, and there 
were 36 gallons of Teneriffe. 

Frob. £0. If the square of a certain number be taken from 
40, and the square root of this difference be increased by 10, 
asd the sum be multiplied by 2, and the product divided by 
the number itself, the quotient will be 4. What is the 
number ? Ans. 6. 

Prob. 21. A person being asked his age, replied, If you 
add the square root of it to half of it, and subtract 12, the 
remainder will be nothing. What was his age ? 

Ans. 16 years. 

Prob. 24. Two casks of wine were purchased for 68 doU 
.ars, one of which contained 5 gallons more than the other, 
and the price by the gallon, was 2 dollars less than \ of the 
number of gallons in the smaller cask. Required the num- 
ber of gallons iu each, and the price by the gallon. 

Ans. The numbers were 12 and 17, and the price by the 
gallon 2 dollars. 

Prob. 23. In a parcel which contains 24 coins of silver and 
copper, each silver coin is worth as many cents as there are 
copper coins, and each copper coin is worth as many cents as 
there are silver coins ; and the whole are worth 2 dollars and 
16 cents. How many are there of each 1 

Ans. 6 of one, and 18 of the other. 

Prob. 24. A person bought a certain number of oxen for 
80 gjiineas. If he had received 4 more oxen for the same 
money, he would have paid one guinea less for each. What 
was the number of oxen % Ans. 16. 

SUBfSTITUTION. 

321. In tne reduction of Quadratic Equations, as well aa 
m other parts of Algebra, a complicated process may be ren* 
jered much more simple, by introducing a new letter wliich 
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shall be made to represent several others. This t6 termed 
tubstituHan. A letter may be put for a compound quantity 
as Well as for a single number. Thus in the equation 

we may substitute by for i-f'V^~644-A* The equation 
will then become a:^-26kr=:6, and when reduced 

will be a?=ai\/a'+6. 

After the operation is completed, the compound quantitt 
for which a single letter has been substituted, may be restor- 
ed. The last equation, by restoring the value of 6, will bt- 
edme 



a:=:a±V<»'+i4-V^6 - 64+*. 
Reduce the equation ao: - 2x - d=z bx^a^-x 
Transposing, &c. «*+(« - 6 - 1) Xx=d 

Substituting A for (a- fc- 1), a^-^hx=d 

Therefore «= - ^^'1+^ 



Restoring the value of h, «= ,g-6-l + /(a-6-1)*^ j 



1 



SECTION XL 



SOLUTION OP PROBLEMS WHICH CONTAIN TWO 
OR MORE UNKNOWN QUANTITIES. 

DEMONSTRATION OS> THEOREMSL 

AnT. 322. IN the examples which have been^ given of thm 
resolution of equations, in the prece^ng sections^ each pro^ 
blem has contained only one unknown quantity. Gr i^ ia 
some instances, there have been (too, they have been so r^ 
lated to each other, that they have both been exprek«ed b| 
means of the same letter. (Art. t95.) 

14* 
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Bui cases frequently occur, in which sevei*al unknown 
qunnlities are introduced into the same calculation. And if 
the problem is of such a nature as to admit of a determinate 
answer, there will arise from the conditions, as many equa* 
tioits independent of each other, as there are unknown quan«^ 
titie& 

Equations are said to be independent, when they express 
different conditions; and dependent, -when they express the 
same conditions imder diiferent forms. The former are not 
coiiv3rtible into each other. But the latter may be changed 
from one form to the other, by the methods of reduction 
which have been considered. Thus b -a;=y, and6=i/-f*^» 
are dependent equations, because one is formed from the 
other by merely transposing x. 

823. In solvuig a problem, it it necessary first to find the 
value of one of tlie unknown quantities, and then of the 
others in succession. To do this^ we must derive from the 
equations which are given, a new equation, from which all 
the unknown quantities except one shall be excluded. 

Suppose the following equations are given. 

1. a:-[-j/=:14 

2. ar-y=2. 

If y be transposed in each, they will become 

1. a:=14-y 

2. x=z'2+y. 

Here the first member of each of the equations is ar, and 
the second member of each is equal to x. But according to 
axiom 11th, quantities which are respectively equal to any 
other quantity are equal to each other ; therefore, 

2+y=14-y. 

Here we have a new eqiiation, which contains only the 
unkno\\Ti quanjtUy y. Hence, 

324. Rule I. To exterminate one of two unknown quan- 
tities, and deduce one equation from two ; Find the value ( 

OF ONE OF THE UNKNOWN QUANTITIES IN EACH OF THE EQUA- 
VIONS. ANO FORM A NEW EQUATION BT MAJUNG ONE OF THESE 
VALUES EQUAL TO THE OTHER,. 

That quantity which is the least involved should be the 
one which is chosen to be exterminated. 
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For the convenience of referring to different parts of a so- 
lution, the several steps will, in future be numbered. When 
an equation is formed from one immeMately preceding^ it will 
be unnecessary to specify it. In other cases, the number of 
the equation or equations from which a new one is derived, 
will be referred to. 

Prob. 1. To find two numbers such, that 
Their sum shall be 24 ; and 
The greater shall be equal to five times the lessi. 

Let a?=the greater ; And y=the less. 

1. By the first condition, a:4-j/=24 

2. By the second, x=i5y 

3. Transp. y in the first equation, a:=24 - y 

4. Making the 2d and 3d equal, 5i/=24-y 

5. And y=4, xhe less number 

Prob. 2. To find one of two quantities. 
Whose sum is equal to h; and 
The difference of whose squares is equal to d. 

Let x= the greater quantity ; And y= the less. 

1. By the first condition, x-{-'y=h > 

2. By the second, «»-y*=rf J 

3. Transp. y'in the 2d equation, a;*=d-}-y* 



4. By evolution, (Ajrt. 297.) x=^d'\-y* 

5. Trans, y in the first equation, x=h^y 

6. Making the 4th and 5th equal, y/d-{'y*i:zh^y 

7. Therefore y=^—A 

^ 2A 

Pix)b. 8. Given ««+6y=:fc > rp^ -^ , .. a^„ ., A- 
And x+y^d } To find y. Ans. y=_ 

3^25 The rule given above may be generally applied, for 

' the extermination of unknown quantities. But there are 

cases in which other methods will be found more expeditious. 



^■— • 
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Suppose x^hy } 
And aa;-{-6x=y* > 
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As in the first of these equations x is equal to Ay, we raajr 
in the second equation substitute this value of x instead of 
X itself. The second equation will then be converted into 

ahy+bhyz=y\ 

The equality of the two sides is not afiected by this alter- 
ation, because we only change one quantity x for another 
wliich is equal to it. By this means we obtain an equatioD 
which cotitains only one unknown quantity. Hence, 

326. Ruk II. To exterminate an unknown quantity^ Fiin> 

THE VALUE OF ONE OF THE UNKNOWN QUANTITIES, IN ONE OF 

THE EQUATIONS ; and then in the other equation SUBSTI- 
TUTE THIS VALUE for THE UNKNOWN QUANTITY ITSELF. 

Problem 4. A privateer in chase of a ship 20 miles distant^ 
sails 8 miles, while the ship sails 7. How far must the pri- 
vateer sail before she overtakes the ship 1 

It is evident that the whole distance which the privateer 
sails during the chase, must be to the distance which the 
ship sails in the same time, as 8 to 7. 

Let xs the distance which the privateer sails : 

And y= the distance which the ship sails. 

1. By the supposition, j;=y4-20 > 

2. Andalso, :r:2f::8:7) 

8. Art. 188, y=f« 

4. Substituting t ^or y, in the 1st equation^ x=fap-f-20 
6. Therefore, x=zl60. 

Prob. 5. The ages of two persons, w9 and By are such that 
seven years ago, A was tliree times as old as B; and seveni 
years hence, A will be twice as old as B, What is theage^ 
ofB? 

Let x= the age of A; And y=the age of B. 

Then x~7 was the age of jJ, 7 years ago ; 
And y - 7 was the age of By 7 years ago ; 
Also a:-f-7 will be the age of Aj 7 years hence ; 
And y-|-7 will l)e the age of By 7 years hence. 

1 . By the first condition, « - 7= 3 x (y - 7) = 3y - 21 > 

2. By the second, x+7=2x(y+7)=2y+14 V 

3. Transp. 7 in the 1st equa. a:=3y - 14 

4. Subst. 3y - 14 for a:, in the 2d, 3y - 144-7=2y4-14 

5. Therefore, y=21i the age of jBL 



" " " ^ - -Jl 



EQUATIONS 157 

Prdb. 6. There are two numbers, o£ which. 

The greater is to the less as 3 to 2 ; and 
Their sum is the 6th part of their product. 

What iiy the less number ? Ans. 10. 

827. There is a third method of exterminating an unknown 
quantity from an equation, which in many cases, is preferable 
to either of the precedmg. 

Suppose that a?4-3y=a > 
Ancf a:-3y=6) 

If we add together the first members of these two equa* 
tions, and also the second members, we shall have 

2x=a-{-i, 

an equation which contains only the unknown quantity x. 
The other, having equal co-efficients with contrary signs, has 
disappeared. (Art. 77.) The equality of the sides is preserved 
because we have only added equal quantities to equal quan* 
titles. 



Again, suppose 3a:-f-y=^ 
And 2ar- 






If we tubtract the last equation from the first, we shall have 

where y is exterminated, without afiecting the equality of 
the sides. 

Again, suppose x-2y=a > 

And X'\'4y=b J 

Multiplying the 1st by 2, 2x - 4y =2a 

Then adding the 2d and 3d, 3:r=64-^^* Hence, 

828. Rule III. To exterminate an unknown quantity, 

MULTIPLY OR DIVIDE the equations, if necessart, 

IN SUCH A MANNER THAT THE TERM WHICH CONTAINS ONE 
OF THE UNKNOWN QUANTITIES SHALL BE THE SAME IN BOTH* 

Then SUBTRACT one equation from the other, 

IF THE SIGNS OF THIS UNKNOWN QUANTITY ARE ALIKE> 
OR ADD THEM TOGETHER, IF THE SIGNS ARE UNLIKE. 

It must be kept in mind that both members of an equa- 
tion are always to be increased or diminished, multiplied ol 
divided alike. (Art 170.) 
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Prob. 7. The numbers in two oppomng armies are suchf 
that. 

The sum of both is 21110 ; and ^ 

Twice the number in the greater army, added to three 
times the number in the less, is 52219. 

What is the number in the greater army 1 

Let x=: the greater. And y= the less. 

1. By the first condition, a:4-y=21110 > 

2. By the second, 2a:-t-3i/=r52219 J 

3. Multiplying the 1st by S, Sa;4-3y= 63330 

4. Subtracting the 2d from the Sd, x= 1 1 1 1 1. 

Prob. 8. Given 2ar+y=16, and Sar-3y=6, to find the 
value of X. 

1. By supposition, 2x'^y=zl6 > 

2. And 3ar-3j/=6j 

3. Multiplying the Ist by 3, 6ar4-3i/=:48 

4. Adding the 2d and 3d, 9x=54 
6. Dividing by 9, a:=6. 

Prob. 9. Given a?+y= 14, and a:-y=2, to find the value 
of y. Ans. 6. 

In the succeeding problems, either of the three rules 
for exterminating unknown quantities will be made use of, as 
will in each case be most convenient 

329. When one of the unknown quantities is determined, the 
other may be easily obtained, by going back to an equation 
which contains both, and substituting instead of that which 
is already found, its numerical value. 

Prob. 10. The mast of a ship consists of two parts : 

One third of the lower part added to one sixth of the 
apper part, is equal to 28 ; and, 

Five times the lower part, diminished by six times th» 
upper part, is equal to 12 

What is the height of the mast 1 
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Let'a;=: the lower part ; And y= the upper part 

1. By the first condition, ix-^-iy^^S} 

ft. By the second, 5ar - 6y = 12 ) 

S. Multiplying the 1st by 6, 2a:-fy=:168 

4. Dividing the 2d fay 6, ia: - j/=r2 

5. Adding the 3d and 4th, 2x+ix=:l'70 

6. Multiplying by 6, 12a;+6a:=1020 

7. Uniting terms and dividing by 17, a:=60, the lower part. 

Then by the 3d step, 2x+y = 1 68 

That is, substituting 60 for a?, 1204-y=168 [per part. 

Transposing 1 20, y = 1 68 - 1 20 = 48, the up. 

Prob. 11. To find a fraction such that, 

If a unit be added to the numerator, the fraction will be 
equal to j ; but 

If a unit be added to the denominator, the fi-action will be 
equal to |. 

Let xzs the numerator, And j/s the denominator. ^ 
1. By the first condition, flIL.=:| 

y 

By the second. — - =ti 

3. Therefore a?=4, the numerator. 

4. And y=15, the denominator. 

Prob. 12. What two numbers are those. 

Whose difference is to their sum, as 2 to 3 ; and 
Whose sum is to their product, as 3 to 5 1 

Ans. 10 and 2. 

Prob. IS. To find two numbers such, that 
The product of their sum and difference shall be 5, and 
The product of the sum of their squares and the difier 
ence of their squares shall be 65. 

L6t«= the greater number ; Andys: the less* 
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' I" 

1. By the first condition, («+!/) X(«-y)—S } 

2. By the second, («*+»') X (ar* -!/')= 66 < 

3. Mult, the factors in the 1st, (Art. 235,) a:* -i/'=5 

4. Dividing the 2d by the 3d, (Art. 118,) a?+y'=13 
' 6. Adding the 3d and 4th, 2a;«=18 

€. Therefore a: =3, the greater number, 

7s And y=:2, the less. 

In the 4th step, the first member of the second equation ia 
divided by«*-y*, and the second member by 5, which is 
equal toa^-y*. 

Prob. 14. To find two numbers whose difference is 8, and 
product 240. 

Prob. 16. To find two numbers. 

Whose difference shall be 12, and 
The sum of their squares 1424. 

Let x=z the greater ; And y=: the less. 

1 . By the first condition, a: - y = 1 2 > 

2. By the second, a^4-y"=1424 J 

% Transposing y in the first, a;=y-|-12 

4. Squaring both sides, a;^=y'-f 24y4-144 

6. Transposing y* in the second, «*=1424-y* 

6. Making the 4th and 5th equal, y«+24y+ 144= 1424 - y* 

7. Therefore y= - 6±v(676) = - 6+26 
«. And a?=y-f-12=20+12=32. 

EaUATIOKS WHICH CONTAIN THREE OR MORE 
\ UNKNOWN aUANTITIES. 
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330. In the examples hitherto given, each has contamed 
no more than two unknown quantities. And two indepen-* 
dent equations have been sufficient to express the conditions 
of the question. But problems may involve three or more 
unknown quantities ; and may require for their solution at 
tnany hidependent equations. 



Suppose x-{-y-}-z =12 ) 
And a;+2y-2z=10V 
And ^4-1/ -3=4 ) 



are given to find, a:, y, and z^ 
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From these three equatiom^ twd othen' Huty be dertted 
which shall contain only two unknown quantitiear One 6t 
the three in the original equations may be exterminated^ in 
the same manner as when there are, at first, only two, by the 
rules in Arts. 324, 6, 8. 

In the equations given above, if We tiMfispose y and r, we 
shall have, 

In the first, a:=12-y-2r 
In the second, a?=lO- 2y4-2« 
In the third, a? = 4 - y-^z 

Prom these we may deduce two new equations, from whicft 
« shall be excluded. 

By making the 1st arid 2d equal, 1 2 - y- z:^ 10- iy+tz V 
By making the 2d and 3d equal, I0-^2y-f 2j9is=4-^y-f^ ) 

Reducing the first of these two> j =82 - 2 > 
Reducing the second, y=iiz-|-6 5 

From these two equations one may be derived containiiig 
only one unknown quantity 

Making one equal to the other, Sz- 2=2r-f 6 
And ts±4. Hence,, 

331. To solve a problem containing fAri^ unknown duan 
titles, and producing three independent equations. 

First, from thg three EQOATrONs ineE^trcfi two oo»- 

TAINING ONLT TWO UNKNOWN QUANTlTl^Eff. 

Then, from these two dedcice oNfc, containing ojttt 

ONE unknown quantity. 

For making these reductions, the rules abeady given aiw 
sufficient. (Art. 324, 6, 8.) 

Prob. 16. Let there be given^ 

5^+62:= 63) 

•3y+^z=30 } To find ar, y, and z. 



1. The equation x- 

2. And o:- 



8. And x+y+zz^n 

From these three equations to derive two, containing only 
two unknown quantities, 

4. Subtract the 2d from tlie 1st, 2y4-32r=23 > 
6. Subtract the 3d firom the 2d, 2y4.2z=ia) 

JProm these two, to derive one, 

6. Subtract the 5th from the 4th, 22c: 5. 

16, 
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To find X and y, we have only to take their values fbin 
(lie third and fifth equations. (Art. 329.) 

7. Reducing the fifth, y=9-r=9-5=:4 

8. Transposing in the third, «=12-z-y=12-5-4=8 

Prob. 17. To find ar, y, and z, from 

1. The equation «4-y+^=l^ 

2. And a:+2y4-32=20 
8. And ia?+iy+r=e 

4. Multiplying the 1st by S, Sx-f 3y-f3z=:36 

5. Subtracting the 2d from the 4th, 2ar4-y=16 

6. Subtracting the 3d from the 1st, x - iar+y - iy=6 

7. Clearing the 6th of fractions, 4a;+3y=36 > 

8. Multiplying the 6th by 3, 6a:-f 3y=48 J 

9. Subtracting the 7th firom the 8th, 2a;=12. And a:=:6. 

10. Reducing the 7th, y=5ilif =5iz^=4. 

11. Reducing the 1st, z=12-ar-y=12-6-4=2. 

In this example all the reductions have been made accor- 
ding to the tlwrd rule for exterminating unknown quantities.— 
(Art 328.) But either of the three may be used at pleasure. 

332. A calculation may often be very much abridged, by 
(he exercise of judgment in stating the question, in selecting 
the equations from which others are to be deduced, in simpli- 

2ing fractional expressions, in avoiding radical quantities, 
c. The skill which is necessary for this purpose, however, 
is to be acquired, not from a system of rules, but from prac- 
tice, and a habit of attention to the peculiarities in the con- 
ditions of different problems, the variety of ways in which 
the same quantity may be expressed, the numerous forms 
which equations may assume, &>c. In many of the examples 
in this and the preceding sections, the processes might have 
been shortened. But the object has been to illustrate gen- 
eral principles rather than to furnish specimens of expeditious 
solutions. The learner will do well, as he passes along, to 
exercise his skill in abridging the calculations which are 
here given, or substituting others in their stead. 
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Prob. 18. Given ^2. x-^-zz^by Tofindx, y and«« 

3. y+z=zc ) 

g+t-c g+c-i t+g-g 
Ans. «= 2 — Andy= « — Andrss-— 



Prob. 19. Three persons Jl, B, and C, purchase a hoiM 
for 100 dollars, but neither is able to pay for the wholes 
The payment would require, 

The whole of ^s money, together with half of Ps ; or 

The whole of jPs, with one third of Cs ; or 

The whole of Cs, with one fourth of JPb, 

How much money had each 1 



Let :r=«/9's 


Z=C9 


y=^s 


a=100 


By the first condition, 


x+iy-a 


By the second. 


y+iz=a 


By the third. 


z+lx=za 



Therefore a?=64. y=72. a:=84. 

383. The learner must exercise his own judgment, as to 
the choice of the quantity to be first exterminated. It will 
generally be best to begin with that which is most free firoitt 
co-efilcients, fractions, radical signs, &c. 

Prob. 20. The sum of the distances which three personi^ 
Jlf By and C, have travelled, is 62 miles ; 

jPs distance is equal to 4 times C*s, added to twice JJ^s ; ami 
Twice M^s added to 3 times iT^s, is equal to 17 times C*s. 

What arc the respective distances ? 

Ans. jjTs, 46 miles ; JJ's, 9 ; Cs 7. 

Prob. 21. To find x^ y, and z, firom 
The equation ia:4-iy+i2^=62 

And far+iy+i 

And ^ar+iy-j-i 

Ana. :r=.24 y=60. z=120. 

ray=6001 
Prob. 22. Given < xz=r300 > To find x^ y, and «• 

iyz^ftOO) 

Ans. :r=S0. y=20. x=^l(k 
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8S4. The same method which ig employed for the reduc* 
lion of tkree equetioiuB, may be extended to 4, 5, or any num- 
ber of equations, containing as many unknown quantities. 

The unknown quantities may be exterminated, one after 
another, and the number of equations r^iay be reduced by 
successive steps from five to four, from four to three, from 
tltf ee to two, &c« 

Prob. 23. To find tr, or, y, and z^ from 
!• Theequatipu iy+z+iw^8 

2. And a:-f-y+^^^ 

y 



«— 12 t ^^^^ equAtions, 



Prob. 84. Given 



8. And X- 

4. And x-{''W'\-z=:\0 

6. Clear, the 1st of firac. j/+2z4-«^16 ^ 

6. Subtract. 2d ftom 3d, z~w=S> Three equations 

7. Subtract. 4th frpm 3d, y -ttf=:2 ) 

8. Adding gth and 6th, y+3z= 19 > j^ eauations 

9. Subtract 7tb from 6th, -y+z=l J ^^^ equauons. 

10. Addmf 8th and 9th, 4^=20. Or 2r=56 \ 

11. Tran^. in the 8th, y= 19 -3^=4 f Quantities 

1 2. Transp. in the 3d, a:= 1 2 - y - z= 3 I required. 
IJI^ Trftn^. in the 2d, w=9 -a:-y=2 5 

120=2^ [ To find w, x, j/, and & 

Answer. i*;sclOO y=90 

Xta:l50 ar=3:105. 

I^Prob. 25. There is a certain number consisting of two. 

^ar ^%it8. The left-hand digit is equal to 3 times the right-% 

hand digit; and if twelve be subtracted from the numbeii 

i itself, the remainder will be equal to the square of the lefU 

hand digit What is the niunber f 

Let x^ the left-band digit, and y= the right hand digit. 

As the heal value of figures increases in a ten-f<dd ratio< 
from right to left ; the number required = lOa^+B 

By the conditions of the problem x=:Sy} 

And 10a:+y-ia=/> 

The required number is, therefore, 93. 




-f 
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Prob. 26. If a certain number be divided by the product 
of its two digitSy the quotient will be 2 ; and if 27 be added 
to the number, the digits will be inverted. What is the 
number 1 Ans. S6. 

Prob. 27. There are two numbers, such, that if the less be 
taken from three times the greater, the remainder will be 85 ; 
and if 4 times the greater be divided by 3 times the less -{-1» 
the quotient will be equal to the less. What are the numbers 1 

Ans. IS and 4. 

Prob. 28. There is a certain fraction, such, that if S be 
added to the numerator, the value of the fraction will be i ; 
but if 1 be subtracted from the denominator, the value will 
bei. What is the fraction ? ^^ 4^ 

'2r- 

Prob. 29. A gentleman has two horses, and a saddle which 
is worth ten guineas. If the saddle be put on the Jint horse, 
the value of both will be double that of the second norse ; but 
if the saddle be put on the second horse, the value of both 
will be less than that of the first horse by 13 guineas. What 
is the value of each horse 1 

An& 56 and 33 guineas. 

Prob. SO. Divide the number 90 into 4 such parts, that the 
first increased by 2, the second dmmshed by 2, the third mtil- 
HpUed by 2, and the fourth divided by 2, shall all be equal. 

If Xj y, and z^ be three of the parts, the fourth will be 
90 -ar-y-2r. Aind by the conditions^ 

«4-2=:y-2 
x+2=z2z 

2z=??z£zXz£. 

2 

The parts required are 18, 22, 10, and 40. 

Prob. 31. Find three numbers, such that the first with J 
the sum of the second and third shall be 120 ; the second with 
h the difference of the third and first shall be 70 ; and i the 
sum of the three numbers shall oe 95. 

Prob. 32. What two numbers are those, whose differenee^ 
sum and product, are as the numbers 2, 3, and 5 1 

15« Ans. 10 and t. 
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Prdb 39. A vintner sold at one time, SO dozen of port 
wine, and SO dozen of sherry ; and for the whole received 
ISO guineas. At another time, he sold SO dozen of port and 
25 dozen of sherry, at the same prices as before ; ana for the 
whole received 140 guineas. What was the price of a dozen 
of each sort of wine ? 

Ans. The port was 3 guineas, and the sherry 2 guineas a 
dosent 

Prob. 34. A merchant having mixed a certain number of 
gallons of bra^dy and water, found that, if he had mixed 6 
gallons more of each, he would have put into the mixture 7 

ftllous of brandy for every 6 of water. But if he had mixed 
leas of each, he would tiave put in 6 gallons of brandy for 
every 5 of water. How many gallons of each did he mix T 

Ans. 78 gallons of brandy and 66 of water. 

Prob. S5. What fraction is that, whose numerator being 
doi^bl^d, and the denominator increased by 7, the value be- 
cQrnes f ; but the denominator being doubled, and the nume* 
xaiouf increased by 2, the value becomes f 1 Ans. f« 

Prob. 36, A person expends 30 cents in apples and pears, 
giving a cent for 4 aisles and a cent for 5 pears. He after- 
wards parts with half his apples and one third of his pears^ 
the cost of which was 13 cents.- How many did be buy of 
each t Ans. 72 apples and 60 pears.* 



335. If in the algebraic statement of the conditions of ^ 
problem, the original equations are more numerous than the 
unknown quantities ; these equations will either be corUrO' 
dictan/y or one or more of them will be superfluous. 

Thus the equations < i^Z^n i *^® contradictory. 

For by the first x=20, while by the second, x^40* 
But if the latter be altered, so as to give to x the same value 
as the former. It will be useless, in the statement of a 



* For more examples of the solution of problems by ec[uations, see £uler*8 
Algebra, Part I, Sec 4 ; Simpeon's Algebra, Sec. II ; Simpson's Elxercises ; 
Maclaurin*s Al^^bra, Part I, Chap. 2 and IS ; Emerson's Algebra, Book II, , 
S-sc. I ; Saunderson^s Algebra^ Book II and III; Dodson'B M^homatical Kt- 
pofliU^ry, «,nd Btoi*8 Algebraical Problems. 
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problem. For nothing can be determin<^ from the one, 
which cannot be from the other. 

Thus of the equations < i^Zin i ^"® ^^ superfluous. 

For either of them is sufficient to determine the value of x. 
They are not iniependerU equations. (Art. 322.) One is 
convertible into the other. For if we divide the 1st by 6, it 
wUl become the same as the second. 

Or if we multiply the second by 6, it will become the same 
as the first. 

336. But if the number of independent equations produc* 
ed from the conditions of a problem, is less than the number 
of unknown quantities, the subject is not sufficiently limited 
to admit of a definite answer. For each equation can limit 
but one quantity. And to enable us to find this quantity, all 
the others connected with it, must either be previously known, 
or be determined from other equations. If this is not the 
case, there will be a variety of answers which will equally 
satisfy the conditions of the question. If, for instance, in 
the equation 

ar4-y=100, 

X and y are required, there may be fifty dififerent answers. 
The vaiues of x and y may be either 99 and 1, or 98 and 2, 
or 97 and 3, &c. For the sum of each of these pairs of 
numbers is equal to 100. But if there is a seccmd equation 
which determines one of these quantities, the other may then 
be found from the equation already given. As fl;-f~y=l^> 
if :r=46, y must be such a number as added to 46 will make 
100, that is, it must be 54. No other number will answer 
this condition. 

• 3S7, For the sake of abridging the solution of a problem, 
however, the number of independent equations actually put 
upon paper is frequently less, than the number of unknown 
quantities. Suppose we are required to divide 100 into two 
such parts, that the greater shall be equal to three times the 
less. If we put x for the greater, the less will be 100 - x^ 
<Art. 196.) 

Then by the supposition, x=z 300 - 3a?. 

Transposing and dividing, x=75, the greater. 

And 100 - 75= 25, the lesa. 
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Here, two unknown quantities are founds although there 
appears to be but one independent equation. The reason of 
tnis is, that a part of the solntion has been omitted, because 
it is so simple, as to be easily supplied by the mind. To 
have a view of the whole, without abridging, let a;= the 
greater number, and y=: the less. 

1. Then by the supposition, :r4-y=l^ ? 

2. And Sy=a? J 
S. Transposing x in the 1st, y = 100 - 9 

4. Dividing the 2d by 3, y=^ar 

5. Making the 3d and 4th equal, ix= 100 - a; 

6. Multiplying by 3, ar=300-3a? 

7. Transposing and dividing, ar=75, the greater. 

8. By the 3d step, y = 100 - a:=25, the less. 

By comparing these two solutions with each other, it will 
be seen that the first begins at the 6th step of the latter, aU 
the preceding parts being omitted^ because they are too sim- 
ple to require the formaUty of writing down. 

Prob. To find two numbers whose sum is 30^ and the dif- 
ference of their squares 120. 

Letar=30 6=120 

x=z the less number required. 

Then a-a;= the greater. (Art. 195.) 

And a'- 20x4-2*= the square of the greater. (Art 214.) 

From this subtract 2*, the square of the less, and we shall 
have a'-2ax= the difierence of their squares. 

Therefore, .=^=l?t^=JS. 

2a 2x30 

338. In most cases also, the solution of a problem which 
contains many unknown quantities, may be abridged, by par- 
ticular artifices in substituting a single letter for severaL 
(Art. 321.) 

* Suppose four numbers, u, x^ y and Zy. are required, of which 

The sum of the three first is 13 

The sum of the two first and last 17 

The simi of the first and two last 18 

The sum of the three last 21 



* Ludlam's Algebra, ArU 161. c. 
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Then 1. tt-fa?+y=lS 
2. u4-ar4-z=17 

Let S be substituted for the sum of the four numberB^ thai 
is, for tt-|-a;-{-y-{-z. It will be seen that of these four equa« 
iions, 

The first contains all the letters except r, that is, S^-zzsIS 
The second contains all except y^ that is, jS - y = 17 

The third contains all except a?, that is, iS- x=18 

The fourth contains all except ti, that is i9~ ti r=91. 

Adding all these equations together, we have 

4Sf-.2r«y-a.-u=69 
Or 4iSf- (z4-y+ar+t*) = 69 (Art. 88. c.) 

But iS=: («-|-y+af+^) '^y substitution. 
Therefore, 45-5=69, that is, 35=69, and 5=23. 

Then putting 23 for 5, in the four equations in which it 
is first introduced, we have 

23-^=131 rz=23 -13=10 

23-ti=2lJ [t«=23-21=2. 

Contrivances of this sort for facilitating the solution of 
particular problems, must be left to be furnished for the occa-^ 
sion, by the ingenuity of the learner. They are of a nature- 
not to be taught by a system of rules. 

339. In the resolution of equations containing several un> 
known quantities, there will often be an advantage in adopt-^ 
ing the following method of notation. 

The co-efficients of one of the unknown quantities are 
represented. 

In the first equation, by a single letter, as a. 

In the second^ by the same letter marked with an accent, as if^ 

In the third, by the same letter with a double accent, as a^',&c* 

Th<e co-efficients of the other unknown quantities, are re* 
presented by other letters marked in a nmilar manner ; as ar% 
also the terms which consist of faiotMi quantities only 
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T\90 equations containing the two unknown quantities x 
and y may be written thus, 

ax-^-by=e 

nree equations containing x^ y, and z, thus^ 

ax-^-by-^-ez^zd 

afx+b'y+</z=d' 

a''x+b''y+i/'z=:d'\ 

Four equations containing x^ y, z^ and ti, thus^ 

ax^hy^ez'\'du:=^ e 
afx+b'y+t/z+d'u^e' 
a''x+b''y+(/'z+d''uz=:e'' 
a'''x+b'''y+&''z+d'''u=e''% 

, The same ktter is made the co-efficient of the same un^ 
known quantity, in different equations, that the co-efficients 
of the several unknown quantities may be distinguished, in 
any part of the calculation. But the letter is marked with 
different accerUSj because it actually stands for different quan* 
tities. 

Thus we mayputa=4, a'=6, a''=10, a'^^=20, &c. 

To find the value of x and y. 

1. In the equation, ax-|-(y=c > 

2. And afx+b'y=zi/l 

3. Multiplymg the 1st by fr',(Art. S28.)ab'x+bb'y^cy 

4. Multiplying the 2d by 6, 6a'ar+6t''y=6e' 

5. Subtracting the 4th from the 3d, ab^x - ba'x^^eV - b€f 

6. Dividing by ab' - ba\ (Art. 121.) g=^^'^^^ 

oA^- baf 

By a similar process, acr •-ea 

The symmetry of these expressions is well calculated to fix 
them in the memory. The denominators are the same in 
both ; and the numerators are like the denominators, except 
a change of one of the letters in each term. But the par- 
ticular advantage of this method is, that the expressions here 
obtained may be considered as general solutums^ which give 
the values of the unknown quantities, in other equations, of 
a similar nature. 
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Thus if 10ar+6y=100> 

And 40ar-|-4y=200j 
Then putting a= 10 i=6 c=100 

a'=40 l/=4 (/=200 

We have ,^^4;ijg:^100x4-6x200^4. 

And <-ca^^ lOx200-100x40^ ^,^ 

^ ab'^baf 10x4-6x40 

The equations to be resolved may, originally, consist of 
more than three terms. But if they are of the first degree, 
and have only two unknown quantities, each may be reduced 
to three terms by substitution. 

Thus the equation dx - 4ar+Ay - 6y =m4-8 

Is the same, by Art. 120, as (d-4)ar4-(A-6)y=m+8. 
And putting a=d-4, ti=A-6, c=m+8 

It becomes aa?+6y=c.* 
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DEMONSTRATION OF THEOREMS. 



340. Equations have been applied, in this and the preced- 
ing sections, to the solution of problems. They may be em- 
ployed with equal advantage, in the demonstration of theO" 
rems. The principal difference, in the two cases, is in the 
order in which the steps are arranged. The operations them- 
selves are substantially the same. It is essential to a demon- 
stration, that complete certainty be carried through every 
5 art of the process. (Art. 11.) This is effected, m the re 
uction of equations, by adhering to the general rule, to make 
no alteration which shall affect the value of one of the mem- 
bers, without equally increasing or diminishing the other. 
In applying this principle, we are guided by the axioms laid 
down in Art. 63. These axioms are as applicable to the de- 
monstration of theorems, as to the solution of problems. 

But the order of the steps will generally be different. In 
solving a problem, the object is to find the value of the un- 
known quantity, by disengaging it from all other quantities. 
But, in conducting a demonstration, it is necessary to bring 

* For the application of this plan of notation to the solution of equations 
K^ich contain more than two unknown quantities, see LaCroix's Algebra, ArL 
96^ Maclaurin's Algebra, Part. I. Chap. 12; Fenn's Algebra, p. 57; and« 
ye^T of Laplace, in the Memoirs of the Academy of Sciences for 1773* 
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the equation to that particular form which will express, io 
algebraic terms, the proposition to be proved. 

Ex. 1. Theorem. Four times the product of any two 
numbers, is equal to the square of their sum, diminished by 
the square of their difference. 

Let x=z the greater number, 5= their sum, 

y=s the less, e(= their difference. 

Demonstration. 

1. By the notation a;+!/=^ ? 

2. And x-yzzzd J 

3. Adrling the two, (Ax. 1.) 2ar=:^-f d 

4. Subtracting the 2d from the 1st, 2y=«- d 

5. Mult. 3d and 4th, (Ax. 3.) 4xj( = {s+d) X (» "<i) 

6. That is, (Art. 235.) Axg^zs"" - cP 

The last equation expressed in words is the proposition 
which was to be demonstrated. It will be easily seen that 
it is equally applicable to any two numbers whatever. For 
the particular values of x and y will make no difference in 
the nature of the proof. 

Thus4x8x6=(8+6)*-(8-6)«=192. 
And 4x10x6= (10+6)*- (10 -6)»=240. 
And 4xl2xl0=(12+10)«- (12- 10)^=480. 

Theorem 2. The sum of the. squares of any two numbers is 
«qual to the square of their difference, added to twice their 
product. 

Let ar= the greater, d^ their difference. 

y= the less, p=s their product. 

DemonsMlion. 

m 

1. By the notation x^-y^s^d ) 

2. And ^=p i 

8. Squaring the first a:*-2a:y+y*— cP 

4. Multiplying the second by 2 2xy =z2p 

5. Adding the third and fourth x^'j-y^=zd^-\-2p. 

Thus 10»+8»=(10-8)«+2xl0x8=164. 

341. General propositions are also discovered^ in an expedi- 
tious manner, by means of equations. The relations of 
quantities may be presentied to our view, in a great variety 
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of ways by the several changes furough wMcb a given eqita^ 
tioQ may be made to pass. Each step hi the process will 
contain a distinct proposition. 

Let $ and d be the sum and diflsfenca of two quantities « 
and y, as belbffa. 

S. And d^x-^yy 

i. Dividmg the first by S, i'«=i«+iy 

4. Dividing the Sd by 2, i^^^i^-iy 

6» Adding the Sd and^ i^^^ilsiiv+ixaar 

0; Sab. the 4th fix)m the Sd, i$^^d=ziyJ^^=iy^ 

Thatis, 

Ha^^ the d^gfamu of ti§a ^piantilkf, added to half their sum^k 
eftud to the greater; and 

lUtfthek diffmmeeubitacUdfrem hdfftheir ewn, is equalte 
the Use. 
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SECTION HI. 

r 

RATIO AND PROPORTION.* 



Art. 342. THE design of mathematical investigations, is 
to arrive at the knowledge of particular quantities^ by com- 
paring them with other quantities, either equal to, or sreatar 
or leee than those which aie the objects of inquiry. Tne end 



«Eiidjd*8Eleiiient8»Book5,7,8. Etthn^ Algeinra^ Pttrt I. Set. S. EitMrsoii 
on Proportion. Camus* Geometry, Book III. Ludbun^ Mathematics. WaUis* 
Algebra, Chap. 19, 90. Sannderaon's Algebra, Book 7. Barrow's Mathem»> 
tieai Lectures. Anal/st for Maixih» 1814 Port Royal Art of Thiiikiii«^ PaiC 
^V. Ch. IT* 15 
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is most commonly attained by means of a series of equatuna 
and proportions. When we make use of equations, we deter- 
mine the quantity sought, by discovering its equality with 
some other quantity or quantities already known. 

We have frequent occasion, however, to compare the un- 
known quantity with others which are not equal to it, but 
either greater or less. Here a diiferent mode of proceeding 
becomes necessary. We may inquire, either how much one 
of the quantities is greater than the other ; or how many times 
the one contains the other. In finding the answer to either 
of these 4n(]uiries, we discover what is termed a ratio of the 
two quantities. One is called arUhmetkal and the other geo- ^ 
metrical ratio. It should be observed, however, that both 
these terms have been adopted arbitrarily, merely for dis- 
tinction's sake. Arithmetical ratio, and geometrical ratio are 
both of them applicable to arithmetic, and both to geometry. 

As the whole of the extensive and important subject of pro- 
portion depends upon ratios, it is necessary that these should 
be clearly and fully understood. 

343. Arithmetical ratio is the difference between two 
quantities or sets of quantities. The quantities themselves are 
called the terms of the ratio, that is, the terms between which 
the ratio exists. Thus 2 is the arithmetical ratio of 5 to 3. 
This is sometimes expressed, by placing two points between 
the quantities thus, 5 . . 3, which is the same as 5 -3. Indeed 
the term arithmetical ratio, and its notation by points, are 
almost needless. For the one is only a substitute for the word 
difference, and the other for the sign -. 

344. If both the terms of an arithmetical ratio be multiplied 
or dmded by the same quantity, the ratio will, in effect, be 
multiplied or divided by that quantity. 

Thustf a~b=zr 

l^hen mult, both sides by 6, (Ax. 3.) ha-hb^kr 

a h r 
And dividing by h, (Ax. 4.) r - X^X 

345. If the terms of one arithmetical ratio be added to, or 
«ubtracted from, the corresponding terms of another, the ratio 
of their . sum or difference will be equal to the sum or differ* 
ence of the two ratios. 
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A Ad^ h\^^ ^® *^^ ratios. 
Then (o-f d)-.(6+A)=: (a-6)+(rf-/i). Foreach =(f4^il-5-4 
And (a-d) - (i- A) = (a-6) - (d-A). For each =a-d-H-4. 
Thus the anth. ratio of 11 ..4 is 7 / 
And the arith. ratio of 5. .2 is 3 > 
The ratio' of the sum of the terms 16. .6 is 10, the sum of 

the ratios. 
The ratio of the difference of the terms 6. . 2 is 4, the differ* 
ence of the ratios. 

346. GEOMETRICAL RATIO is that relatiok be- 

TWEEN QUANTITIES WHICH IS EXPRESSED BT THE QUO* 
TIENT OF THE ONE DIVIDED BT THE OTHER.* 

Thus the ratio (tf 8 to 4, is f or 2. For tliis is the quotient 
of 8 divided by 4. In other wo^ds, it shows how often 4 i» 
contained in 8. 

In the same manner, the ratio of any quantity to anoth^ 
may be expressed by dividing the former by the latter, oip 
which is the same thing, making the former the numerator 
of a fraction, and the latter the denominator. 

a 
Thus the ratio of a to & is t* 

. *f * 
The ratio of rf+* ^ ^+^i is TJLe 

347. Greoroetrical ratio is also expressed by placii^ two 
points, one over the other, between the quantities compared* 

Thus a : b expresses the ratio of a to i; and 12 : 4 the ratio 
of 12 to 4. The two quantities together are called a anflet^, 
of which the first term is the amtecederU^ and the last, tlie 
consequeiU. 

348. This notation by points, and the other in the tonn of 
a fraction, may be exchanged the one for the other, as con* 
venience may require ; observing to make the antecedent of 
the couplet, the numefator of the fraction, aikl the consequenl 
the denominator. 

b 
Thus 10 : 5 is the same as V ^nd b : d^ th* same as -v 

349. Of these three, the antecedent, the consequent^ aiid 
the ratio^ any two being given, th» other may be found. 

T- ■ nTTT-T '~- 



Let a=z the antecedent, c= the consequentv r=e the ratio. 

a 

By ileinition r^j; that is, the ratio is equal to ihe antece« 

4eBt divided Igr the consequent* 
Multiplying by c, assicr, that is, the antecedent is equal to 
tne consequent mukiplied into the ratio. 

Dividing by r, e=p that is, the consequent is equal to the 
antecedent divided by the ratio. 

Cor* 1. If two couplets have their anteeedents equals and 
(hfir oonsequents equal, their ratios must be equal.* 

Cor. 2. I^ in two couplets, the ratios are equal, and the 
antecedents equal, the consequents are equal ; and if the 
ratios are equal and the consequents equal, the anteced^it9 
are equal.f 

850. If the two quantities canuMtred hie equalf the ratio is 
a unit, or a ratio of equalitjr. The ratio of 3x6 ^ 18 10 A 
unit, for the quotient of any quantity divided by itself is 1. 

If the antecedent of a couplet is greater than the conse« 
quent, the ratio is greater than a unit. For if a dividend is 
greater than its divisor, the quotient is greater than a unit. 
Thus the ratio of 18 : 6 is 3. (Art. 1S8. cor.) This is called 
a ratio of greater inequaUty* 

On tbe oibex hand, if the antecedent is less than the con-^ 
sequent, the ratio is less than a unit, and is called a ratio of 
hss imefwditf. Thus the ratio of 2 : 3, is less than a unit^ 
because the dividend is less than the divisor. 

\ 351. INVERSE or RECIPROCAL ratio is the ratio 

Of THE RBciPRoeALS OF TWO (QUANTITIES. See Art. 49. 

Tims the redprocal ratio of 6 toS, isitoi, that isf^^ 

a 
Tbe direct ratio of a to & is r, that is, the antecedent divided 

by the consequent. 

..1111166 
Tbe leciproeal raUo » j • jot 'ifrb'^a^J =*5' 

tkl9X is the consequent 6 divided by the antecedent a. 
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Bence a reciprocal ratio is expressed by vwerting th$ fine* 
hon which expresses the direct ratio ; or when the notatioi* 
is by points, by tMertUng tkt order of the tmns. 

Thus a is to i, inversely, as ft to a. 

352. COMPOUND RATIO ts the ratio of the PRO* 

DUCTS, OF THE CO&RESFONDUIA TE&Mfr OF TWO- 0& MOBK 
UMPLE RATIOS^* 

Thus the ratio of 6 : 3^ i» S 

And the ratio of 12 : 4, is S 



The ratio compounded of these is 72 : 12=6^ 

Here the compound ratio is obtained by multiplyingr 
together the two antecedents,, and also the two^eonse^Hents,, 
of the simple ratios. 

So the ratio compounded^ 

Of the ratio of aih 

And the ratio of c: d 

And the ratio of h:y 

Is the ratio of ach : bdki=^ 

Compound ratio is not different in its nature from any otlrar 
latio* llie term is used, to denote the origin of the ratio^ is. 
particular cases. 

Cor. The compound ratio is equal to the product of tht 
le ratios. 



The ratio of « : b, is f 

The ratioof e : d^ is ^. 

Theratioof &:g^is- 

y 

And the ratio compoimdled of these is -.-^ which ich tht.* 

*^: 

product of the fractions expressing the simple ratios. (Art:. 
165.) 

S53. If, in a series of ratios, the consequent of each pre- 
ceding couplet^ is the antecedent of the following one, tie 



* See Note L 
16* 
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r«tio of the fir$t anUcedifU to the last eonsequenif is equal to thai 
uhkh is con^founded of all the bslervuMng raXmJJ^ 

Thus, in the aimes (tf ratio0 a : b 

b : c 
c : d 
d;h 

the ratio of a: kis equal to that \rhich is compounded of the 
ratios ofa: b,ofb: CyOf e: d^of d: h. For the compound 

ratio by the last article is f!?fr=? or a: h. (Art. 145.) 
^ bcdh I ^ ' 

In the same manner, all the quantities which are both 
antecedents and consequents wiQ disappear when the frac* 
iionaj product is reduced to its lowest terms, and will leave 
(be compound ratio to be expressed by the first antecedent 
and the last consequent. 

354. A particular class of compound ratios is produced, by 
multiplying a simple ratio into itself or into another equat 
ratio. These are termed duplicate^ triplicate^ quadrvplicatef 
&c. according to the number of multiplications. 

A ratio compounded of two equal ratios, that is, the square 
of the simple ratio, is called a duplicate ratio. 

One compounded of three^ that is, the cube of the simple 
ratio, is called triplicate, &c. 

In a similar manner, the ratio of the square roots of two 
quantities, is called a subduplicate ratio ; that of the eube 
roots a subtriplicate ratio, &c. 

Thus the simple ratio of a to I, is a : i 

The duplicate ratio of a to 6, is a' : &* 

The triplicate ratio of a to 6, is c^ : i' 

The subduplicate ratio of a to 6, is \/a : V^ 

The subtriplicate of a to 6,' is y/a : ^6, &c. 

The terms duplicate^ triplicate, &c. ought not to be con* 
founded wilh double, tripfe, &c.f 

The ratio of 6 to 2 is 6 : 2=3 

Double this ratio, that is, tisiee the ratio, is 12:2=6 
Triple the ratio, i. e. three times the ratio, is 18 



:2=6) 
:2=9 5 



* This is the particular case of compound ratio which is treated df lA th« 
6(b book of Eudid. See the editions of Simson and Playfair. 
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But the iupMcaie ratio,i.e.the $qiutte of the mtioyis 6* : 2^=9 ) 
And the ir^^UcaU ratio,i.e. Ae cube of the ratio, is 6* : 2^=27 ) 

355. That quantities may have a ratio to each other, it is 
necessary that they should be so far of the same nature, as 
that one can properly be said to be either equal to, or greater, 
or less than tne other. A foot has a ratio to an inch, for one 
is twelve times as great as the other. But it cannot be said 
that an hour is either shorter or longer than a rod ; or that 
an acre is greater or less than a degree. Still if these quan- 
tities are expressed by ntmiberSj there maybe a ratio between 
the numbers. There is a ratio between the number of min- 
utes in an hour, and the niunber of rods in a mile. 

S56. Having attended to the ruUure of ratios, we have next 
to consider in what mamier they will be affected, by varying 
one or both of the terms between which the comparison is 
made. It must be kept in mind that, when a direct ratio is 
expressed by a fraction, the antecedent of the couplet is always 
the numeratWy and the consequent the denominator. It will 
be easy, then, to derive from the properties of fractions, the 
changes produced in ratios by variations in the quantities 
compared. For the ratio of the two quantities is the same as 
the wdue of the fractions, each being the qwotUnt of the 
numerator divided by the denonunator. (Arts 1B5, S46.) 
Now it has been shown, (Art. 137,) that multiplyiiig tbe 
numerator of a fraction by any quantity, is miilijplying the 
value by that quantity ; and tlMt £vidmg the numecator ift 
dividing the value. Hence, 

357. Multiplying the ant^edent of a eonplei by any qmmtityy 
U nnuttiplymg the ratio by Aat quantity; md dindk^ the ante* 
cedent is dinming the ratio. 

ThuB the raJtio of 6:2is8 
And the ratio of 24: 2 is IS. 

Here the antecedent and the ratio, in the last coi^c^ aro 
each four times as great as in tlie &st« 

The ratio of a : ( is ^ 

And the ratio of na:6is!^ 

I 6* 
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Cor. With ft gi^eik consequent, the greater the antecedml^ 
the greater the raHo ^ and on the other hand, the greater the 
ratio, the greater the antecedent.* See Art. IS7. cor. 

358. MMpMng the conaequaU of a couplet (y any quantUf 
tf , til effect^ dmmng the ratio by that quantity ; and dwidmg the 
conseqtiefU is mulHplymg the ratio. For multiplying the denom* 
inator of a fraction, is dividing the value ; and dividing the 
denominator is multipljring the value. (Art. 138.) 

Thus the ratio of 12 : 2, is 6 
And the ratio of t2 : 4, is 3. 

Here the consequent in the second couplet, is tmce as gr«al^ 
and the ratio only hd^ as great, as in the first. 

The ratio of a : i is ^ 

And the ratio of a : nb, is --.. 

Cor. With a given anteceden£,.the greater the consequent^ 
tfie less the ratio ; and the greater the ratio, the less the con-^ 
sequentf See Art. 138. cor. 

359. From the two last articles, it is evident that multiply^ 
mg the antecedent of a couplet, by any quantity, will have the- 
same efiect on the ratio, as dmdmg the consequent by that 
quantity; and dmdmg the antecedentf will have the samer 
effect as nwUiplymg the consequent* See Art. 139; 

Thus the ratio of 8 : 4, is 2 

Mult the antecedent by % the ratio of 16 : 4^ is 4 
Divid. the consequent by 2^ the ratio of 8 : 2; is 4. 

Cor. Any factor or divisor may be transferred, from the 
antecedent of a couplet to the consequent^ or from the conse- 
quent to the antecedent, without altering the ratio. 

It must be observed that,. when a factor is thus tvanrfmred 
from one term to the other,, it becomes a divisor ;. and when-, 
a divisor is transferred, it becomes a factor. 

Thus the ratio of 3x6 : 9=2 > ,. „^^^ .. 

Transferring the fiictor 3, 6 : *=a 5 *^' "^""^ '^^'^ 



4^ Euclid 8 and 10. 5. The first part of the proporitiona. 
t* Euclid 8 and 10. . 6. . The last part of the i^poiitioiuk. 
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h 



The ratio of 
TVansferring ]f 
Transferring fiiy 



y 

ma 






(y (y ma 



S60. It is leather evident, from Atts. S57 and S58, that ir 

THE AKTSCEDGIfT AKD CONSEqiPfiirT BC BOTH VULTIf LTED, 
OR BOTH niVIDED, BT THE SAME QUANTITT, THE RATIO IflU. 

Kot BE ALTERBB.* See Art. 140i 

Thus the ratio of 8 : 4=r1! 

Mutt both terms by 2, 16 : 8=2 ^ the same ratio, 

Divid. both terms 



8:4=«) 
by 2, 16:8=2} 
by2, 4:2=2y 



The ratio of 
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VM a 
Multiplying both terms foy m, ma : mbi=:-z\=^T 

a b 
Dividing both terms by n. 



an a 

Cor. 1. The ratio of two fraxi&ma which have a common 
denominator* is the same as the ratio of their nwiMTcAorB. 

a h 

Thus the ratio of r • r* is the same as that of a : I. 

II fi 

Cor. 2. The (fired ratio of two fractions which have a 
common numeratcMr, is the same as the reciprocal ratio of 
their denambuUm/ 

Thus the ratio of-- • -, is the same as -- ' ^i or nrrn. 

m fi m A 

361. From the last article, it will be easy to determine the 
ratio of any two fractions. If each term be multiplied by 
the two denominators, the ratio will be assigned in integral 
expressions.^ Thus multiplying the terms of the couplet 

r* J by id, we have -r- • -j, which becomes ai : 6c, by can 

celling equal quantUks from the niuiiftwOurs and denomi 
nators. 
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S61. h. A ratio of greater tneqwdUyf compounded mth 
another ratio^ inereasei iu 

Let the ratio of greater inequality be that of l-|-n : 1 

And any given ratio, that of a:b 

The ratio compounded of these, f Art. 352,) is a-\-na : fr 
Which b ^eater than that of a : o (Art. 356. cor.) 
But a ratio of leeser mequalUyf compounded with another 
ration dmmalus it. 

Let the ratio of lesser inequidity be that of 1 -n : 1 

And any given r^tio^ that of a:b 

The ratio c(Hnpounded of these is a^-naib 

Which is less than that of a : 6. 

362. If to or from the terme qfamy coupktf there be added or 
SUBTRACTED two Other ouanHties having the same ratlOf the sum9 
or remamders wiU also haiee the same ral&oJ^ 

Let the ratio of a : fr > 

Be the same as that of e:d\ 

Then the ratio of the tum of the antecedents, to the sunk 
of the c(»isequent8t viz. of o-fc to b-^d^ is also the same. 

_^ . o-j-c c a 

^^ ^ 6+5=5=F 

Demofwlra(Mii. 

a e 
L By supposition, b^'d 

S. Multiplying by b and d, ad^be 

3. Adding cd to both sides, «(2-fciI=:&c-t-cd 

bc^ed 

4. Dividing by (^ o+css — g— 

o-f-c e a 
a. Dividing by ^f rf, j-psj^rj- 

The ratio of the difference of the antecedents, to the difibiw 
ence of the consequents, is also the same. 

That is llf _f _?L 
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DemonttraHoiL 

1. By suppoeition, as before, tt^'j 

5. Multiplying by 6 and d^ adssbc 

3. Subtracting ci from both sidesy ad - cdsz &c - at 

4. Dividing by cJ, a - c=*lLlfl 

a 

6. Dividing by 6 - i JZf =i Li 

Thus the ratio of 15 : 5 is 3 > 

And the ratio of d : 3 is 3 ) 

Then adding and subtracting the terms of the two caaplet8» 

The ratio of 15+9 : 5+S is S > 

And the ratio of 15- 9 : 5-S is 3 ) 

Here the terms of only two couplets have been added to* 
gether. But the proof may be extended to any number oi 
couplets where the ratios are equal. For, by the addition of 
the two first, a new couplet is formed, to which, upon the 
same principle, a third may be added, a fourth, &c. Hencei 

363. I^ in several couplets, the ratios are equal, the sum 

•F ALL THE ANTECEDENTS HAS THE SAME RATIO TO THE 
SUM OF ALL THE CONSEQUENTS, WHICH ANT ONE OF THE 
ANTECEDENTS HAS TO ITS CONSEQUENT.* 

{12:6=2 
6 ': 3=2 
Therefore the ratio of (12+10-1-84.6) : (6+6-|-4-|-S)=:2. 

363. h. A ratio of greater inequatUy is dtmmfaiUii, by adding 
the iome quantity to both the terms. 

Let the given ratio be that of a-|-( : a or flllL 

a 

AiUing X to both terms, it becomes a-{-6-f-« : a^x or ^ "r"? 



* Euclid, 1 and 18, 5. 
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Reducing them to a mmmsm JhftMninaior, 

The first becomes (f+ab+ax+bx 

And the latten jf+ab+ax 

As the latter numerator rs manifestly less than the other, 
the ratio must be less^ (Art. 356. cor.) 

But a ratio of lesser mequality is increased^ by adding the 
same quantity t^ bolb terms. 

Let the given ratio be that of a^-h : a, atZ— 

a+s 
Reducing them to a eoDsmon denominalo]; 

The first becomes rf-at4^-t« 

a(a+x} 

And the latter, tf^^+a^^ 

a{a+x} 

As the||itter numerator is greater than the other, the ratio 
im gieater. 

If the same* quantity, insteaii of being a^ed, ia subtracted 
fMti both terms, it is eridiBHt the eOect upon the ratio must 
be reversed. 

1. Which is the greatest, the rajtio of 11 : 9, oc that of 
44:S5f M. 

2. Wfa$c]^islh« greatest, Aeratfocrf o+S : id^ort£«iof 
20+7 :-Ja? 

3. If the antecedent of a couplet be 65, and the ratio IS,, 
what is the consequent t 

4. If the consequent of a couplet be 7, and the ratio 18, 
what )s the antecedent. 

5. ^hat is the ratio compounded of the ratios of S : 7, and 
Sa : 5&, and 707+1 :Sy-21 

6. What is the' ratio compounded of a;4-y : (, and 
ir»^ : o+fr, and«-fi : A1 Ans. r-y* : i&. « 
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7. If the ratios x>f5ff-f-7: 2x-S, and a^4-t: |«4^''^<3<^>>^ 

Conded, will they produce a ratio of greater inequality, or ol 
laer inequality 1 Ans. A ratio of greater inequality. 

8. What is the ratio compounded of x+y : a, and x^yzlk 

and b : ^ t Ans. A ratio of equality. 

9. Wltat is the ratio compounded of 7 : 5^ and the duplii* 
cate ratio of 4 : 9, and the triplicate ratio of 3 : 2 1 

Ans. 14 : 15. 

10. What is the ratio compounded of 3 : 7, and the trij^ 
cate ratio of xxy^ and the subduplicate ratio of 49 : 9 1 

Ans. X* : y*. 
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363. An accurate and familiar acquaintance with the doe» 
trine of ratios, is necessary to a ready understanding of the 

Crinciples of propartiony one of the most imoortanl of all the 
ranches of the mathematics. In considering ratios^ w* 
compare two qtumHtieSy for the purpose of finding either their ■ 
difference, or the quotient of the one divided by the other. 
But in proportion, the comparison is betwteen two ratios. 
And this comparison is limited to such ratios as are eqwiL 
We do not inquire how much one ratio is mater or feat than 
another, but whether they are the same. Thus the numbers 
12, 6, 8, 4, are said to be proportional, because the ratio of 
12 : 6 is the same as that of 8 : 4. 

364. Proportion, then, is an equaUiy of taths. It is ei«- 
ther arithmetical or geometrical. Arithmetical proportion is 
an equality of arithmetical ratios^ and geometrical proportion 
is an equality of geometrical ratios.* Thus the numoers fl^ 
4, 10, 8, are in arithmetical proportion^ because the difference ^ 
between 6 and 4 is the same as the difference between 10 and * 
8. And the numbers 6, 2, 12, 4, are in geometrical propoi- 
tion, because the quotient of 6 divided by 2, is the same as 
the quotient of 12 divided by 4. 

365. Cane must be taken not to confbund proportion with 
rtHio. This caution is the more necessary, as in common 
discourse^ the two terms are used indiscrinunately, or rather^ 
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ppoportioii is used for both. The expenses of one man are 
aaia to bear a greater proportion to his income, than those of 
another. But according to the definition which lias just been 

flven, one proportion is neither gieater nor less than another, 
or equality does not admit of degrees. One ratio may be 
greater or less than another. The ratio of 12 : 2 is greater 
than that of 6 : 2, and less than that of 20 : 2. But these dif- 
ferenoes are not applicable to proportion^ when the term is 
used in its technical sense. The loose signification which is 
90 frequently attached to this word, may be proper enough in 
familiar language : for it is sanctioned by a general usage. 
But for scientific purposes, the distinction between proportion 
and ratio should be clearly drawn, and cautiously observed. 

S66. The equalitj'^ between two ratios, as has been stated, 
is called proportion. The word is sometimes applied also to 
the series of terms among which this equality of ratios exists. 
Thus the two couplets 15:5 and 6 : 2 are, when taken to- 
gether, called a proportion. 

867. Proportion may be expressed, either by the common 
eign of equality, or by four points between the two couplets. 

y, C 8- 6=4 •• 2, or 8 •• 6 : : 4 •• 2 ) are arithmetical 

^^ (a- b=zC"dj or a'* b: : c -d) proportions. 
^ n < 12 : 6=8 : 4, or 12 : 6 : : 8 : 4 > are geometrical 
( a : b=:d : A, or a: biidih) proportions. 

The latter is read, * the ratio of a to 6 eouals the ratio of d 
to A;' or more concisely, *a is to 6, as d to X.* 

868. The first and last terms are called the extremesy and 
the other two the means. Homologous terms are either the 
two antecedents or the two consequents. Analogous terms 
are the antecedent and consequent of the same couplet. 

869. As the ratios are equal, it is manifestly immaterial 
which of the two couplets is placed first. 

Ua'biicidy then c:d::a:b. For if ?=f then £=?. 

6 a d b 

S70. The number of terms must be, at least, four. For 
the eqnality As between the ratios of two couplets ; and each 
couplet must have an antecedent and a consequent, ^here 
may oe a proportion, however, among three quantities. For 
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one of the quantities may be repeated^ so as to form two 
terms. In this case the quantity repeated is called the mid* 
die temij or a mean proportional between the two other quaa* 
tides, especially if the proportion is geQmetrical. 

Thus the numbers 8, 4, 2, are proportional. That is, 8 : 
4 : : 4 : 2. Here 4 is both the consequent in the first couplet, 
and the antecedent in the last. It is therefore a mean pro* 
portional between 8 and 2. 

The last term is called a third proportiontd to ih^ two other 
quantities. Thus 2 is a third proportional to 8 and 4. 

371. Inverse or reciprocal proportion is an equality between 
a direct ratio, and a reciprocal ratio. 

Thus 4 : 2 : : i : i ; that is, 4 is to 2, redprpeoily, as S to 6. 
Sometimes also, the order of the terms in one of the couplets, 
is inverted, without writing them in the form of a fraction. 
—(Art. 351.) 

Thus 4 : 2 : : 3 : 6 inversely. In this case, the first term 
is to the second^ as the fourth to the third ; that is, the first 
divided by the second, is equal to the fourth divided by the 
third. 

372. When there is a series of quantities^ such that the 
ratios of the first to the second, of tiie second to the third, of 
the third to the fourth, &c. are all equal; the quantities are 
fsaid to be in corUinued proportion. The consequent of each 
preceding ratio is, tlien, the antecedent of the fdlowing 
one. — Continued proportion is also called progressimf as will 
be seen in a following section. 

Thus the numbers 10, 8, 6, 4, 2, are in continued arithme* 
tied proportion. For 10 - 8=8 - 6=6 - 4=4 - 2. 

The numbers 64, 32, 16, 8, 4, are in continued geometrical 
proportion. For 64 : 32 : : 32 : 16 : : 16 : 8: : 8: 4. 

If a, 6, c, <2, A, &c. are in continued geometrical propor* 
tion ; then a : b : : b : c : : c : d : : d : hy &c. 

One case of continued proportion is that of three propor* 
tional quantities. (Art. 370.) 

373. As an arithmetical proportion is, generally, nothing 
more than a very simple equation, it is scarcely necessary t« 
give the subject a separate consideration. 

The proportion a. • fr : : c. • d 

Is the same as the equation a-i=c-cL ^ 
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It wiQ be proper, however, to observe that, if four qnantib 
ties are in arithinetical proportion, the svm of the extremes i§ 
mtud to the 8vm of the means. 
Thus if a. .6:: A.. Illy then a+m=fr-|-A 

For by supposition, a - 6= A - m 

And transposing - b and - m, a-|-iti=fr-|-A 

So in the proportion, 18 . . 10 : : 1 1 . . 9, we have 12-|-9= lO-fl 1. 

Again if three quantities, are in arithmetical proportion, th$ 
nun of the extremes is eqtki to dotibk the mean. 

If a.. (::&.. c, then, a-fr=:(-c 

' And transposing- 1 and -^(^ a-|-c=26. 

r 

GEOMETRICAL PROPORTION. 

S74. But if four quantities are in geometrical proportioi^ 
the PRODUCT of the extremes is equal to the product of ths 
WMons. 

Ifaibiicidf adzsbe 



For by supposition^ (Arts. S46, S64.) 
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Multiplying by 6rf, (Ax. 8.) 

d 

Reducing the fractions, adz=. he 

Thus 12 : 8 : : 15 : 10, therefore 12x10=8x15. 

C!or. Any factor may be transferred from one mean to the 
other, or from one extreme to the other, without affecting the 
proportion. If a : mi : : :r : ](, then a : 6 : : mar : y. For the 
product of the means is, in both cases the same. And if 
uaibiixxy^ then aihi\xiwy. 

375. On the other hand, if the product of two quantities 
is equal to the product of two others, the four quantities will 
form a proportion, when they are so arranged, that those on 
ODe side of the equation shall constitute the means, and (hosar 
on the other side, the extremes. 

If myssfiA, then m : n : : A : y^ that is, !?=- 

For by dividing my=fiA by tiy, we have ^=r— 

nn ny 

And reducing the fractionsi — =- 
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Cor. The same must be true of any Jaetort which form the 
two sides of an equation. 

If (a-f6)xc=(cf"-w)xj/> theno-f-ft : d~m::y :c. 

376. If thru quantities are proportional, the product (tf the 
extremes is equal to the square of the mean. For this uiean 
proportional is, at the same time, the consequent of the first 
couplet, and the antecedent of the last. (Art. 370.) It is 
therefore to be multiplied into itselfy that is, it is to be squared* 

If a : b::b : Cy then mult, extremes and means, ac=zV. 

Hence, SLtneanpraportumal between two quantities maybe 
found, by extracting the square root of their product. 

If a : x:: x: Cy then x^^ac^ and xz=^ac, (Art. 297.) 

377. It follows, from Art. 374, that in a pro{)ortion, eithei 
extreme is equal to the product of the means, divided by thi& 
other extreme ; and either of the means is equal to the pro^. 
duct of the extremes, divided by the other mean. 

1. If a: b::c : dy then od^&e 

8. Dividing by d, a=^ 

3. Dividing the first by (?, *="* 



4. Dividing it by J, c— 



e 
ad 



h 

5. Dividing it by a, d==— ; that is, tht 

a 

fourth term is equal to the product of tlu second audi third 

divided by the first. 

On this principle is founded the rule of simple proportion 
in arithmetic, commonly called the Rule of Three. Three 
numbers are given to find a fourth, which is obtained by 
multiplying together the second and third, and dividing by 
the first 

378. The propositions respecting the products of the 
means, and of the extremes, furnish a very simple and con* 
venient criterion for determining whether any four quantities 
are proportional. We have only to multiply the means 
together, and also the extremes. If the products are equals 
the quantities are proportional. If the products are not equa^ 
the quantities are not proportional, y^^ 
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S79 In mathematical investigationsy when the relation* 
of several quantities are given, they are frequently stated in 
the fonn of a proportion* But it is commonly necessary that 
ihis first {M-oportion should pass through a number ci trans 
formations before it brings out distinctly the unknown quan- 
itiiy, or the fH'opesition which we wish to demonstrate. li 
may undergo any change which wi^ noi affect the equality 
of the ratios ; or which will leave the product of the means 
equal to the (H'oduct of the extremes. 

It is evident, in the first place^ that any alteration in the 
arrangement, which will not affect the equality of these two 
products, will not destroy the proportion. Thus, if « : 6 : : c : d, 
the order of these four qu^tities may lae varied, in any way 
which will leave ad=bc. Hence, 

380. If four quantities are proportional, the order of 

THE MEANS, OR OF THE EXTREMES, OR OF THE TERMS OF 
BOTH COUPLETS, MAT BE INVERTED WITHOUT DESTROTINa 
THE PROPORTION. 

If aib::c:dl .^^ 

And 12:8::6:45^^^ 

1. hvertikg the meoM,* 

a: c::b :d\ ., . . C The fort is to the tiiiri, 
1 2 : 6 : : 8 : 4 5 *^*^ ^^ I As the second to the fourth. 

In other words, the ratio of the antecedenti is equal to the 
ratio of the consequerUa. 

This inversion of the means is frequently referred to by 
geometers, under the name of •iUerwaion.'f 

2, Inoerth/^ the extremes, 

' d\b::c: a \ , , . ( The fowrik is to the secomS, 
4 : 8::6 : 12 i ^^^^ '^' ^ As the iJUrd to the jiraf. 

S. Inverting the terms of each couplet, 

b : a : : d : c ) ., . . C The second is to the firsts 
8 : 12 : : 4 : 6 5 "^^^ *®' ( As the fourth to the third. 

Tills is technically called Inversion. 
Each of these may also be varied, by changing the order 
of the two couplets. (Art. 369.) 

Cor. Tlie order of the whole proportion may be inverted. 

If a: b::c:d, then d : c::b ; a. 



* See Note M. ^E\uM, 16. fi» 
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In each of these cases, it will be at once seen that, bjr 
taking the products of the means, and of the extremes^ we 
hare a<{=:6e, and 12x4=8x6. 

If the terms of only one of the couplets are inverted, the 
proportion becomes redproeaL (Art 37 1 . ) 

If a : fr : : c : 4, then a is to fr, reciprocally, as d to c. 

881. A difference of arrangement is not the only alteration 
which we have occasion to produce, in the terms of a pro- 
portion. It is frequently necessary to multiply, divide, involve^ 
JLc. In all cases, the art of conducting the investigation 
consists in so ordering the several changes, as to maintain a 
constant equality, between the ratio of the two first termE, 
and that of the two last. As in resolvine^ an equation, we 
must see that the sides remain equal ; so m Varying a pro- 
portion, the equality of the ration must be preserved. And 
this is effected either by keeping the ratios the same^ while 
the terms are altered ; or by increasing or diminishing one of 
the ratios as much as the other. Most of the succeeding proofc^ 
are intended to bring this principle distinctly into view, and 
to make it familiar. Some of the propositions might be de- 
monstrated, in a more simple manner, perhaps, by multiplying 
the extremes and means. But this woula not give so clear 
a view of the nature of the several changes in the proportions. 

It has been shown that, if both the terms of a couplet be 
multiplied or divided by the same quantity, the ratio will re- 
main the same ; (Art. 360.) that multiplying the antecedent 
is, in effect, multiplying the ratio, and dividing the antece- 
dent, is dividing the ratio ; (Art. 357.) and farther, that mul- 
ti{dying the consequent^ is, in effect, dividing the ratio, and 
dividing the consequent is multiplying the ratio. (Art. 358.) 
As the ratios in a proportion are equal, if they are both 
multiplied, or both divided, by the same quantity, they will 
still be equal. (Ax. 3.) One will be increased or diminished 
as much as the other. Hence, 

382. If four quantities are proportional, two analogous 

OR TWO HOMOLOGOUS TERMS MAT BE MULTIPLIED OR DI- 
VIDED BT THE SAME QUANTITY, WITHOUT DESTROTU^G THE 
PROPORTION. 

If analogous terms be multiplied or divided,. >he ratios will 
not be altered. (Art. 360.) If Ijunmlogous terms be multi- 
phed or divided, both ratios will be equally increased a 
diminished. (Arts. 357,8.) 
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I{ a: bizc: dithetkj 

1. Multiplying the two first terms^ ma: mb::c:d 

2. Multiplying the two last terms, aibiimciind 
S. Multiplying the two antecedents,* maibiime: d 

4. Multipljring the two consequents^ a:mb::eimd 

5. Dividing the two first terms, H : ^ne : d 

m m 

6. Dividing the two last terms, a : i : : f. : fl 

m m 

7. Dividing the two antecedents, ^ : h:i 1 : d 

m m 

8. Dividing' the two consequents, ai^iici !L. 

m m 

Cor. 1. ^U the terms nmy be multiplied or divided by the 
same quantity.f 

L t a b e d 

ma:mb::mc : mdy —: — ::—:_. 

m fii m III 

Cor. 2. In any of the cases in this article, multiplication 
of the consequent may be substituted for division of the ante- 
cedent in the same couplet, and division of the consequent, 
for multiplication of the antecedent. (Art. S59, cor.) 

fma:i::in(;:d1 i fa : — ::in6:il1 (fM:b::c:£ 
l:b::L:d\^\a:mb::l:d\]!L:b::c:mil 



Im m 



s 



383. It is often necessary not only to alter the terms of a 
proportion, and to vary the arrangement, but to compare one 
proportion with another. From this comparison will frequently 
arise a new proportion, which may be requisite in solving a 
problem, or in carrying forward a demonstration. One of 
the most important cases is that in which two of the termsL 
in one of the proportions compared, are the same with two in 
the other. Tiie similar terms may be made to disappear, 
and a new proportion may be formed o{ the four remaining 
terms. For, 
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S84. If two ratios are REsPECTivsLr ei^ual to a thieb* 

THET ARE EQUAL tO EACH OTHER.* 

This is nothing more than the 1 1th axiom applied to ratios. 

\H^''i''^:!!i\ihena:b::c:d,oTa:c::b:d.(Aii.S80.) 
And c: dummy ' ^ ' 

^•]^,/':*;;"*;5^thena:fc::c:(l,ora:e::6:A 
Cor. Ifa:ft^m:n>^ j^^^^ 

For if the ratio of m : n is greater than that of c : il, it is 
manifest that the ratio of a : 6, which is eqtud to that of m : n, 
is also greater than tliat of c : d. 

S85. In these instances, the terms which are alike in the 
two proportions are the two fir9t and the two last. But this 
arrangement is not essential. The order of the terms may 
be changed, in various ways, without affecting the equality 
of the ratios. , 

1. The similar terms may be the two anUcedmtif or ths 
two consequents^ in each proportion. Thus, 

If tn : a : : n : 6 > . , C By alternation, m:n::a:b 
Andmieiinid) (And m:n::c:d 

Therefore a : fr : : c : d, or a :c : : 6 : (I, by the last article. 

2. The antecedents in one of the proportions, may be the 
same as the consequents in the other. 

If m:a::n:b} ^. (By inver. andaltem. a:&::m:n 
And c : m : : d : n ) {By alternation, c : d : : m : n 

Therefore a : fr, &c. as before. 

S. Two homologous terms, in one of the p^portions^ may 
be the same, as two analogous terms in the other. 

If a:wi::i:n) , ( By altematim, aib::m:n 
Andc:d::m:nr JAnd e:d::m:n 

Therefore, a : i, Jkc. 

All these are instances of an equaUty^ between the ratios in 
one proportion, and those in another. In geometry, the 
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proposition to which they belong is umiaUy cited by the 
words ** ex aequo *^ or *' ex aefuaii"* The second case in 
this article is that which in its form, most obviously answers 
to the explanation in Euclid. But they are all upcm the 
same principle, and are frequently referred to, without dis- 
crimination. 

f 386. Any number of proportions may be compareC^ in the 
' same manner, if the two first or the two last terms in each 

preceding proportion, are the same with the two first or the 

two last m the following one«* 

Thus if a : 6 : : c : dl 

And c:£j: :A:/ I .1 . 

And /l:/::m:nf**'^«'*''''»- 

And m:n::a?:yj 
That is, the two first terms of the first proportion have the 
same ratio, as the two last terms of the last proportion. For 
it is manifest that the ratio of all the couplets is the same. 

And if the terms do not stand in the same order as here^ 
yet if they can be reduced to this form, the same principle is 
applicable* 

Thus if a : c : : 6 : d1 fa:b::e:d 



And «:A"'':MjhenbyaltemaUoni fif.viii 
And m: x::n:y] \^m:n::x:y 



And h:m::l:n 



Therefore O' : 6 : : x : y, as before. 

In all the examples in this, and the preceding articles, the 
two terms in one proportion which have equals in another^ 
are neither the two means, nor the two extremes, but one of 
the means, and one of the extremes ; and the resulting pro- 
portion is uniformly dtrecL 

387. But if the two means, or the two extremes, in one 
proportion, be the same with the means, or the extremes, in 
another, the four remaining terms will be r«e^procaUypropor« 
Hofwl. 

Ld::m;;n";d|*-«=''='14"'''''^**'*- 

And ci=S i ^^^' ^'''^•^ Therefore o6=«i, and a : e : : il . k 

— Ill» IM 11 ■! I P...W - ■■! I I I ■ I ■ I III I ■ ^— ^ 

^KuoUd89.5. 
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In this example, the two means in one proportion, are like 
those in the other. But the principle will be t^e same, if the 
txtremea are alike, or if the extremes in one proportion are 
like the means in the other. 

AndS;?;;5;!l| thena:c::d:6. 



Orifa:m::n:fc> , . , 

Andm:c::d:nr • 



The proposition in geometry which applies to this case, is 
usually cited by the words ^* ex aequo periurbate.^* 

888, Another way in which the terms of a proportion may 
be varied, is by addition or svAtractum. 

If to or from two analogous or two homologous 
terms of a proportion, two other quantities having 
the same ratio be added or subtracted, the proportion 
will be preserved.! 

For a ratio is not altered, by adding to it, or subtracting 
from it, the terms of onoihex eqtud ratio. (Art. 362.) 

If a:b:: c :d 
And a:b::m:n 

Then by addmg to, or subtractmg from a and (, the tennf 
of the equal ratio m : n, we have, 

a-|-m: 6-f-ti: : c: d, and a-^m: b^n: :e:d. 

And by adding and subtracting m and n, to and from c and 
d we have, 

a:b: : c-f m : il-f-fi^ and a: 6::c-*fii:c2-n. 

Here the addition and subtraction are to and from anaiUh 
gone terms. But by alternation, (Art. 380,) these terms will 
become homologous^ and we shall have, 

a+m : c : : fr+ti : d^ and a - m : e : : ( -n : e(. 

Cor. 1. This addition may, evidently, be extended to any 
number oi equal ratios.:]: 

Cc^.d 

Thusifa:*::< *:i 

Lar:y 
Then o : 6 : : c-^h^m-^x : rf+I+n-f-y. 

#fiuelidt3, S. tEudid9,5. SfiiididS,S. Cor. 
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Cor. 2. If a : & : : c : J 



-f 



For by alternation a:c::b:d} there- ( o-f-m : c-f-n ::(:<! 

:n::&:iit> fore (ora-|-m:&::c-fn:iit. 



And 



889. From the last article it is evident that if, in any pro* 
portion, the terms be added to^ or subtracted from each other, 
that is, 

If two analogous or homologous terms be added to, 
OR subtracted from the two others, the proportion 

WILL be preserved. 

Thus, ifa:b::c:dj and 12:4: :6: 9, then, 

1. Adding the two last terms, to the two fint. 



o-f-c : b-\-d ::a: b 



and o-j-c : 6- 



124-6: 4 



d::c:d 



or a+c :a::b- 



•d:b 



2:: 12: 4 



12+6: 4+2:: 6:2 
12+6: 12:: 4+ 2:4 
12+6: 6::4+ 2:2. 



and a+c : c : : fr+d : d 

S. Adding the two antecedents, to the two consequents. 

a+b:b::c+d:d 12+4: 4:: 6+2: 2 

0+6 : a : : c+d : c, &c. 12+4: 12 : : 6+2 : 6, &c 

This is called CompositUm.jf 

5. Subtracting the two first terms, from the two last. 

C'-aia: : d-b :b 
c-^a: c : :d^b:d, &c. 

4 Subtracting the two last terms from the two first. 

a-c: 6-d: :a: 6:^ 
a-'C: b-d:: eid, &c. 

6. Subtracting the consequents from the antecedents. 

a-6 : b: ic-d: d 
a : a-fr : :c : c-ci, &c. 

The alteration expressed by the last of these forms is called 
Voncersion. 

6. Subtracting the antecedents from the consequents. 

6 - a : a : : d - c : c 
b : 6-a::({ : d-c, &c. 
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9. Adding and subtracting. 

That is, the sum of the two first terms, is to their differ* 
ence, as the sum of the two last, to their difference. 

Cor. If any compound quantities, arranged as in the prec«* 
ding examples, are proportional, the simple quantities of which 
they are compounded are proportional also. 

Thus, if a-f-i • b:: c-^d : d, then a: b::c : d. 

This is called Divisum.'''^ 

S90. If the CORR£SPONDIire TERMS OF TWO OR MORS 
RANKS OF PROPORTIONAL QUANTITIES BK MULTIPLIED 
TOGETHER, THE PRODUCT WILL BE PROPORTIONAL. 

This is compounding ratios, (Art. 352,) or compounding 
proportions. It should be distinguished from what is called 
eomposiiiony which is an addUkm of the terms of a ratio. (Art* 
889. 2.) 

If a:b::c:dl 12:4::6:2) 

And h:l::m:ni 10:5::8:45 

Tlien ah:bl::cm:dn 1 20 : 20 : : 48 : & 

For from the nature of projportion, the two ratios in the 
first rank are equal, and also tne ratios in the second rank* 
And multiplying the corresponding terms is multiplying the 
ratios, (Art. 357. cor.) that is, multiplying eauals by equals ; 
(Ax. 3.) so that the ratios will still oe equal, and therefore 
tiie four products must be proportional. 

The same proof is appliciUble to any nund)er of prop(Mrtion& 

Caibiieid 
If }h: l::m:n 

ip :q::x:y 
Then ahp : blq:: cmx : dny. 

From this it is evident, that if the terms of a proportion be 
multiplied, each into Uself, that is, if they be rwed to anji 
pawety they will still be proportion^. 

If a: b::c:d 3:4::6:12 

a:b::e:d 2:4::6: IS 



Then o* : 6« : : c* : d« 4 : 16 : : 86 : 144 



riM«k 
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Proportionals will also be obtained, by rwenmg this pnv 
cess, tnat is, by extracting the roots of the terms. 

If a: h::c : dy then ^a : \/b : : ^c : ^d. 

For taking the product of extr. and means, ad=rbe 
And extracting both sides, \/ad^^hc 

That is, (Arts. %5^ S75.) \/a : V^ - V^ ^ V^ 

Ilenc^^ 

391. If several quantities are proportional, their like 

>^»OWC%S OR LIKE RpOTS ARE PROPORTIONAL.* 

\{ a\hiic:d 
Then of : A": : «?• : rf', and ^o : ^6 : : Jl^c : yd, 

And 7iy<f : 'Sjlf': ; J^e" : ;^(f, that is, o"" : 6" : : <F : dF. 

392. If the terms in one rank of proportionals be diotdtd 
by the corresponding terms in another rank, the quotients 
will be proportional. 

This is sometimes called the rtsoluHon of ratios. 
If a:h\ic:d\ 12:6::18:9> 

AndA: IwminS 6:2:: 9:3) 

Then«:f::i:^ ":5::1?:9 

h I m n 6 2 9 3 

This is merely rwwmg the process in Art. 390, and may 
b^ demonstrated in a sinular manner. 

This should be distinguished from what geometers caU 
dkmpKk which is a whtrwitum^ of the tern^ of a ratio. (AxU 
889. cor.) 

When proportions are compounded by multiplication, it 
will often be the case, that the mosm factor will be found in 
two analogous or two homologous terma. 

Thus \i aihixc: d 



And m 



: 6: :e : a) 
:«::»: c\ 



amiobwcnicd. 



Here a is in the two first terms, and c in the two last. Di- 
viding by these, (Art. 382,) the proportion becomes 

mxhwnid. Hence, 



^ It must not be inferred from this, thai quantities have the same nrfit ■• 
tlieir like powen or like roots. See Aru 354. 
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S93. In compounding proportions, eqml fiuA^tt or 
in two analogous or homologous terms, may ba rtjea^A 

a:h::c:d If : 4: :9 :3 

If lb:h::d\l 4:8::3:« 

himiilin 8:iO::6 :1A 




Then a i mucin 12 : 20 : : 9 : 15 

This rule may be applied to the cases, to which the teraui 
'' ex oeftio" and '^ tx (umio perturbate** refer. See Arts. S85 and 
387. One of the methods may serve to verify the other. 

394. The changes which may be made in proportions, 
without disturbing the equality of the ratios, are so nume- 
rous, that they would become burdensome to the memonTi if 
they were not reducible to a few generbl principles; They 
are mostly produced, 

L By inverting the wder of the terms. Art. 380. 

2. By multiplying or dwiding by the eame qumiUjff Art* SSt. 

3. By comparing proportions which have Uke tenm^ Art. 3o4^ 

5,6,7. 

4. By adding or subtracting the terms of equal ratio^ Art 

388, 9. 

5. By multiplying or dividing one proportion by another, Art. 

390, 2, 3. * 

6. By involving or extracting the roots of the terms. Art. 391. 

395. When four quantities are proportional, if the first be 
greater than the second^ the third will be greater than tho 
jaurth ; if equal, equal : if less, less. 

For, the ratios of the two couplets being the same, if one is 
a ratio of equality, the other is also, and therefore the ftntcf- 
cedent in each is equal to its consequent ; (Art 350,) if one 
IS a ratio of greater inequdUty, the other is also, and therefere 
the antecedent in each is greater than its consequent ; and 
if one is a ratio of lesser inequalUyf the other is also, and 
therefore the antecedent in each is less than its consequMiu 

Ca=:bye=d 
Letii:&: :c : 4; thenif <a>d,c>4 
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CkHT. 1. II the fit$t be greater than the <&trJ, the mcomI 
will be greater than the/oi^; if equal, equal ; if less, less.* 

For by alternation, aihiicid becomes a : c : : 6 : d^ with- 
out any alteration of the quantities. Therefore, if a=&,. 
f=d^ &c. as before^ 

Cor. 2. If a : fit : : e : n ) . V -, . j o j. 

For, by equality of ratios, (Art S85. 2.) of compounding 
ratios, (Arts, S90, 393.) 

a : 6 : : c : J. Therefore, if a=6, c=d^ &c. as before. 

For, by compounding ratios, (Arts. 390, 393,) 
a : 6 : : c : d Therefore, if a=6, c=d^ &c. 

395. b. If four quantities are proportional, their rectj 
are proportional ; and v. t« 

If a:6::c:d,thcni:^::l:4 

a e a 

For in eac^ ot these pnqportions, we have, by reductiaa^ 

CONTINUED FROFORTI©Nr^ 

396. When quantities are in continued proporti(MD« off the 
ratios are equal (Art 372.) If 

a:b::b :e::c: d: :d: ty 

the ratio of a : 6 is the same, as that of 6 : c, of e : d^ or of 
d : €. The ratio of the first of these quantities to the last^ is 
equal to the product of all the intervenhig ratios ; (Art 353,) 
diat is, the ratio of a : € is equal to 

abed 

b e d e 

But as the intervening ratios are all equal, instead of multi«- 
plying them into each other, we may multiply any one ol 
Ibem into Useff; observing to make the number of faqtor» 
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«qual to the number of interyening ratios. Thm the ratio 
of a : e, in the example just given, is eqml to 

When several quantities are in continued" proportion^ tlie 
number of couplets, and of course the number of ratios, is 
one less than the number of quantities. Thub the hYe pro- 
portional quantities ck by c, d^ €, form four couplets containing 
four ratios ; and the ratio oi a: e is equal to the ratio of 
(i* : b\ that is, the ratio of the fourth power of the first quan-> 
tity, to the fourth power of the second. Hence, 

597. If three quantities are proportional, the first is to the 
tta^dj as the square of the firsts to Ae square of the second; or 
as the square of the second, to the square of the third. In 
otiier words, the first has to the third, a duplukUe ratio of the 
first to the second. And conversely, if the first of the three 
quantities is to the third, as the square of the first to the 
square of the second, the three qusmtities are proportional; 

If a :&::(: c, then a:c::c^ :bK Universally, 

598. If several quantities are in continued proportion, the 
ratio of the first to the last is equal to one of the mtervening 
ratios raised to a power whose index is one less than the num« 
ber of quantities. 

If there are four proportionals a, (, «, d^ then a:d::af:b* 
If there are fioe a, fr, c, (2, € ; « : e : : a^ : b\ Slc. 

399. If several quantities are in continued proportion, they 
will be proportional when the order Of the whole is ineerted. 
This has already been proved with respect to four proportional 
quantities. (Art. 380. cor.) It may be extended to any num- 
ber of quantities. 



Between the numbers. 


64, 38, 16, 8, 4, 


The ratios are 


2, 2, 2, 2, 


Between the same inverted 


4,8,16,32,64, 


The ratios are 


1111 

^> 5> li T 



So if the order of any proportional quantities be inverted, 
the ratios in one series will be the reciprocals of those in the 
other. For by the inversion, each antiecedeni becomes a con- 
sequent, and V, V. and the ratio of a consequent to its antec^e* 
dent is* the recipA)cal oi the -ratio of theantecedeoi to thi 
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eomequent. (Art 851.) That the reciurocals of equal quaa- 
titicB are themselves equal, ia evident nrom Ax. 4. 

m 

400. Haemonical or Musical Proportion may be con* 
flidered as a species of geometrical proportion. It consists in 
an equality of geometrical ratios ; but one or more of the 
leims is the iiffennc^ between two quantities. 

Three or four quantities are said to be in harmonical propoT" 
ttorif when the first is to the Iqw(, as the difference between 
the two frstf to the difference between the two kuL 

If the three quantities a, b, and c, are in harmonical pro^ 
portion, then a: e: : a-( : 6-c. 

If the /our quantities thb^Cf and d^ are in harmonical pro^ 
portion^ then a:d: la^b : c-*d* 

Thus the three numbers IS, 8, 6, are in harmonical pro>- 
portion. 

And the four numbers S0« 16, U, 10, are in harmonical 
proportion* 

401. If, of four quantities in harmcMiical proportion, any 
three be given, the other may be found. For from the pro- 
portion» 

a: (f ::a-b : e^ 

by taking the («oduct of the extremes and the means^ we 
have iic-ad=:iu(-6(2. 

And ttiis equation may be reduced, so as to give the value 
of either of the four letters. 

Thus by transposing - adj and dividing by a^ 

c= , — . 

a 

ExcmjiUtf m which the jmndpks of proportion are appUeito the 

eohuUm of problems. 

1. Divide the number 49 into two such parts, that the 
. greater increased by 6, may be to the less diminished by 1 1 ; 
as 9 to 2. 

Let ar= the greater, and 49 -xr= the less. 
By the conditions proposed, x-f-6 : 38- « : : 9 : 2 

Adding terms, (Art 389, 2.) x+6 : 44 : : 9 : tt 

Dividing the consequents, (Art. 382, 8.) «-|-6 : 4 : : 9 : 1 
Multiplying the extremes and means, s-4-6=36. And x=SO 



FftQPOETlON. 2!03 

S. What number is that, to which if 1, 5^ and 13^ be seve- 
rally added, the first sum shall be to the second, as the sec- 
ond to the third ^ 



Let x= the number required. 

By the conditions, «-|-l : a?-f"* • • ^4"^ • *+M 

Subtracting terms, (Art 389, 6.) X'\-l : 4 : : x-|-5 : 8 
Therefore &v4'8=4ar4-S0. And «=S. 

3. Find two numbers, the greater of which shall be te tim 
less, as their sum to 42 ; and as their diBerence to 6 

Let X and y=: the numbers. 

By the conditions^ ^ : j( • * ^4-y • ^ 

And a? : y : r a: - jf : • 

By equality of ratios, x^y : 48 : : x-y : 6 

Inverting the means, x-f-y : a?-y : : 42 : 6 

Adding and subtracting terms, (Art. 389, 7,) 2x : 2y : : 48 : 36 
Dividing terms, (Art. 382,) « : y : : 4 : 3 

Therefore Sar=4y. Andar=S 

From the second proportion, 6x=ryx (^ - y) 

Substituting Jf forx, y-=24. ADddP=:3S. 

4. Divide the number 18 into two such part&f, ttiat the 
squares of those parts may be in the ratio of 25 to 16. 

Let x:=s the greater part, and 18 - «= the less. 

By the conditions, a^ : (18- ar)' : : 25 : t6 

Extracting, (Art. 391,) « : 18-a7: : 5 : 4 

Adding terms, a; : 18 : : 5 : 9 

Dividing term% ar : 2 :^ 5 : 1 

Therefore, ar=10. 

5. Divide the number 14 into two such parts, that the quo- 
tient of the greater divided by the less, shall be to tl^ quotient 
of tlie less divided by the greater, as 16 to 9. 

Let x=z the greater part, and 14-«=i the lessL 
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By lire condilioiM» -J? i — ""^ : : I« : 9 

14- » s 

Multiplying Uxwa, ji* : (14 - *)* : : 16 : 9 

Extracting, « : 14 - » : : 4 : 8 

Adding terms, « : 14 : : 4 : 7 

Dividing termsi x : 2 : : 4 : 1 

Therefore, ar=:8. 

6. If the number 80 be divided into two paitB^ which 
are to each other in the dupUeaU ratioof S to 1, what num- 
ber is a mean proportional between those parts 1 

Let 07= the greater part, and SO- a:= the less. 

By the conditions, ar : SO- or: : 3* : 1* : : 9 : 6 

Adding terms, o? : 20 : : 9 : 10 

Therefore, «=18. And20-y =2 

A mean propon between 18 and 2 (ArU 376.) = ^Sx 18=6. 

7.' There are two numbers whose product is 24, and the 
difference of their cubes, is to the cube of their diilerence, as 
19 to 1. What are the numbers 1 

Let X and y be equal to the two numbers. 

1. By supposition, a:y=24 > 

2. And «*-»•:(«-»)»:: 19: 1 J 

3. Or, (Art. 217,) a'-y* : af^S^i+Sx/^ji^:: 19 : I 

4. Therefore, (Art. 389, 6,) 3a^- 3a;^ r («-y)' : : 18 . 1 
6. Dividing by a? - y (Art. 382, 5,) 8«y : («- y)' : : 18 : 1 

6. Or, as 32y=:3x24=72, 72 : («-y)* : : 18 : 1 

7. Multipljrinig extremes and means, («-y)^=4 

8. Extracting, x - y = 2 > 

9. By the first condition, we have sy=:24 ) 

Reducing these two equations, we have x=6y and y=4: 

8. It is required to prove that a: x:: ^2a-y : ^y 
on supposition that (<•+*)* • (a*-jr)*: :a?4^y : «-y:* 
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1. Expanding, cf-\-2ax-\-a^ : a* - Stoop+a;* : : ar+y : « -y 

2. Adding and subtracting terras, Za^-^Zs^ : 4ax ::2x:2ff 
S. Dividing temis, a'+«* : 2ax : : rr : y 

4. Transf. the factor a:, (Art. 374. cor.) a*4.«* : 2a : : :r* : y 

5. Inverting the means, a*+«* : a:" : : 2a : y 

6. Subtracting terms, a* : a^ : : 2a - y : y 

7. Extracting, a:x:: ^2a-y : ^y 

9. It is required to prove that ixz=:ey, if y is to y in the 

'triplicate ratio of a : 6, and a : 6 : : %/c-^x : : V^+V* 

1. Involving terms, «*:6*: :c-fa:: rf-fy 

2. By the first supposition, a* : 6' : : x ; y 

3. By equality of ratios, c+x : rf+y : : a: : y 

4. Inverting the means, e-j-or : op : : i(-j-y : y 

5. Subtracting terms^ c : x : : df : y 

6. Therefore, dx^zcy. 

-A-- 10. There are two numbers whose poduct is 135, and tha 
difference of their squares, is to the square of their difference, 
as 4 to 1. What are the numbers 1 Ans. 15 and 9. 

11. What two numbers are those, whose difference, sum^ 
and product, are as the numbers 2, 3, and 5, respectively] 

Ans. 10 and 2. 

) 

12. Divide the number 24 into two such parts, that then 
product shall be to the sum of their squares, as 3 to 10. 

Ans. 18 and 6. 

13. In a mixture of rum and orandy, the difference be- 
tween the quantities of each, is to the quantity of brandy, as 
100 is to the number of gallons of rum ; and the same dif 
ference is to the quantity of rum, as 4 to the nmnber of 
gallons of brandy. How many gallons are there of each % 

Ans. 25 of rum, and 5 of brandy. 

14. There are two numbers which are to each other as S 
to 2. If 6 be added to the greater and subtracted from the 
less, the sum and remainder will be to each other, as 3 to t. 
What are the numbers 1 Ans. 24 and 16. 

15. There are two numbers whose product is 320 ; and the 
difference of their cubes, is to the cube of their difference, aa 
61 to 1. What are the numbejn^l Ans. 20 and ICL 
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16. There are two numbers, which are to each other, in 
the duplicate ratio of 4 to S ; and S4 is a iHean proportional 
between them. What are the numbers 1 Ans. S3 and 18. 

402. A list of the articles in tliis section which contain the 
propositions in the 5th book of Euclid.* 

prop. I. Art. S6S. XIII. S84» cor. 

II. 388. XIV. 395, cor. 1 

in. 382. XV. 360. 

IV. 388, cor. 1. XVI. 380. 

V. 362. XVII. 389, car. 

VI. 362. XVIII. .89,2. 

VII. 349, cor. 1. XIX. 389, 4. 
Vni. 357, cor. 358, cor. XX. 395, cor. 2. 

IX. 349, cor. 2. XXI. 395, cor. S 

X. 357, cor. 358, cor. XXII. 38& 

XI. 384. XXIII. 387. 

XII 363. XXIV. 388. cor. 2. 



SECTION XIIL 



rARIATION OR GENERAL PROPORTION.t 

vnt. 40Sb THE quantities wliich constitute the teims of 
K ^40|ioBti(xi are, frequently, so related to each other, that, if 
oi^e of them be either increased or diminished, another de>^ 
peiKfang on it will also be increased or diminished, in such a 
manner, thai the proportion will still be preserved. If the 
value of 50 yards of cloth is 100 dollars, and the quantity 
be reduced to 40 yards ; the value will, of course, be reduced 
to 80 dollars ; if the quantity be reduced to 30 yards* the 
value will be reduced to 60 dollars, &c. 



. tN6wtoB's Priaei^ Book L See. L LenttMt IQL schol. Bmermi on fVo» 
mrtaoB, WoodVi Alg;ebn^ Ludlam^ MaU . S«»denon*e Aleebra, ArU 9M 
Porkinaon** Mechnniat, p. %^ 
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ya. yd. dol, dot 
That is, 50 : 40 : : 100 : 80 
60: 30:: 100: 60 
60:20:: 100: 40, &c. 

As the consequent of the firat couplet is varied, the conse- 
quent of the second is varied, in such a manner, that the pro* 
portion is constantly preserved. 

If the two antecedents are A and B ; and if a represents a 
quantity of the same kind with •Ay but either gi'eater or less ; 
and b, a quantity of the same kind with By but as many times 
greater or less, as a is greater or less than A ; then 

Jl:a:: B lb; 

that is, if ,5 by vaiying becomes a, then B becomes i. This 
is expressed more concisely, by sajring that Ji varies as By or 
•;4 is as B. Tlius the wages of a laboring man vary as the 
time of his service. We say that the interest of money which 
is Loaned for a given time, is proportioned to the principaL 
lUit. a proportion contains four terms. Here are only two, 
the interest and the prmcipcd. This then is an abridged 
statement, in which two terms are mentioned instead of four 
The proportion m form would be : 

As any given principal, is to any other principal ; 

So is the interest of the former, to the interest of the latter. 

404. In many mathematical and philosophical investiga- 
tions, we have occasion to determine the general relations 
of certain classes of quantities to each other, without limiting 
the inquiry to any particular values of those quantities. In 
such cases, it is frequently sufficient to mention only two of 
the terms of a proportion. It must be kept in mind, how- 
ever, that four are always implied. When it it said, for in- 
stance, that the weight of water is proporticmed to its bulk, 
we are to understand. 

That 0916 gallon, is to any number of gallons ; 

As the weight of one gallon, is to the weight of tlie given 
number of gsolons. 

405. The character cr is used to express the proportion of 
variable quantities. 

Thus A cj> B signifies that A varies as By that is, that 

Aia:\ B:b, 

Tl expression A (xB may be called a general proportimi. 
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406. One quantity is said to vary directly as another, when 
the one inci;eases as the other increases, or is diminished as 
the other is diminished, so that 

AcfiB^ that is, td : a : : B\h. 

The interest on a loan is increased or diminished, in pro- 
portion to tiie principal. If the principal is doubled, the in- 
terest is doubled ; if the principal is trebled, the interest is 
treUed, &c. 

407. One Quantity is said to vary moersely or reciprocally 
as another, when the one is proportioned to the reciprocal 
of the other ; that is, when the one is diminished, as the otbei 
is increased, so that 

wJ CD _ that is, .tf : a • : _ : 1, or .* : a : : 6 : jB. 
B B b 

In this case, if Jt is greater than a^ Bis less than 6. (Art. 
395.) The time required for a man to raise a given sum, by 
his labor, is inversely as his wages. The higher his wages, 
the less the time. 

408. One quantity is said to vary as two others pintly^ when 
the one is increased or diminished, as. the product of the ochei 
twO) so that 

Jl OD JBC, that 19 ^: a: :BC:bc. 

The interest of money varies as the product of the princi- 
pal and time. If the time be doubled, and the prmcipal 
doubled, the interest will be four times as great. 

409. One quantity is said to vaiy directly eua a secondy and 
inversely as a tnirdy who^ the first is always proportioned to 
the second divided by the third, so that 

Acn^^y that istd : a : : — : — 
C C c 

410. To understand the methods by which the statements 
of the relations of variable quantities are changed from one 
form to another, little more is necessary, than to make an 
application of the principles of common proportion ; bearing 
constantly in mitid, that a general proportion is only an 
abridged expression, in which two terms are mentioned in- 
stead of four. When the deficient tenns are supplied, the 
reason of the several operations will, in most cases, be appa» 
«ent 
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411. It is evi<}ent, in the first place, that the order of thi 
terms in a general proportion may be inoerted, (Art 369.) 

If Ji:a::B:b, that is, if Ji uiB; 
Then BihwAiOy that is, B(j>A. 

412. If one or both of the terms m a general proportion^ 
oe multiplied or divided by a constant quantity, the proportion 
will be preserved. 

For multiplying or dividing one or both of the terms is the 
same, as multiplying^ or dividing analogous terms in the pro*> 
portion expressed at length. (Art. 382^ and cor. 1.) 

If *S : a::B :hf that is, if A<j)By 

Then mA :ma::B ib^ that is, nuA cjn B, 
And mA :ma:: mB : tn5, that is, mJt en mBy &c. 

413. If both the terms be multiplied or divided even by 
a variable quantity, the proportion will be preserved. For 
this is equivalent to multipljring the two antecedents hy oi» 
quantity, arid the two consequents by another. (Art. 382.) 

If Jl: a:: S : by that is, if .^ c/) JS; 

Then JIfwJ :ma:: MB : mbyihuiisMAcrMB^ &c. 

Cor. 1. If one quantity varies as another, the qtiotient of 
the one divided by the other is constant. In other words, if 
the numerator of a fraction vBxies as the denominator^ the 
value remains the same. 

If A: a:: B : by that is, if «d od By 

Then ^:fl::5:*::l: 1. (Art. 128.) 
B b B o 

Here the third and fourth terms are (»}ual, because each iM 
equal to 1. Of course the two first terms are equal ; f Art 
395.) so that if A be increased or diminished as many trniai 
as By the quotient will be invariably the seme. 

Cor. 2. If the product of two quantities is constanty one 
varies redprocally as the other. 

IfABiabrAxlyihen:^)^::! :^orwJ:a; 1 |, 

B b B V B b 

Cor. 3. Am factor in one term of a general proportion, 
may be transjerredy so as to become a divisor in the other , 
«ndcF> V. , 

If •auDJ5C,lhendividingby5; ^c/jC. (Art 118) 

B 
19 



i 
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iA c/» 'L then mult, by C, .if C o) -L. (Art. 159.) 

414. If two quantities vary respectively aa a third, then 
oue of the two varies as the other. (Art. 384.) 

And CieiiBibr^''^'^*'^ Icc^B; 
Then A: a: : C : c^ that is Atji C* 

415. If two quantities vary respectively as a third, their 
sum or difference will vary in the same manner. (Art. 388.) 

And C:e::B:br^''^'^'^\c<f^B; 

, Then A+C : a-|-€ : : B : 6, that is, wJ+C ^ B, 

And .iJ-C: a-c: :£: 6, thati8,«^*C(/)jB. 

Cor. The addition here may be extended to ang number of 
quantities all varying alike. (Art. 388. cor. 1.) 

If •AgpJ3, and Cij\By and 1> en J7, and £ co J?, then 

(^+C+D4.JS)c^jB. 

415. 6. If the tfiiore of the eum of two quantities, vanes 
as the eqxwre of their difference; then the sum of their squaree 
varies as their product. 

If {A+By cfi{Jl - By; then J'+^ o) AB. 
For by the suppc^ition, 

(A+By : {A --By: : (a+i)« : (a-5)». 

Expcmding, adding, and subtracting terms. (Arts. 217, 
and 389, 7.) 

8*a»+2JB' : 4JlBi 1 2(f+U^ : 4a6 
Or, (Art 382.) 
•ff+JB" : AB : nf+V : at, t6at is, A'+B" c^AB. 

416. The terms of one general proportion may be multi* 
plied or divided by the conespondmg terms of another.— 
(Art 390.) 

If A:a::B:b> ,., . .. <Ac/iB 

AndC:<;::l>:dr ^ (Cu>D; 

Then ACiac: : BD : bd that is, AC co BD. 

Cor. If two quantities vary respectively as a tbitd, the f¥0 
duet of the two will vary as the square of the other. 
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417. If any quantity vary as another, any jwwcr or roof of 
the former will vary, ad a like po^er or root of Che latter* 
(Art. 391.) 

If A:a::B:b, that is, if .5 co J5, 

Then wS*: cr::jB":fr' thatis^ J3r(J>£^s 

Andia":cr: :B*: 0", that is, jf'coJB*. 

418. In compounding general proportions, equal /ocloiv or 
({tmort, in the two terms, may be rejected. (Art. 393.) 

If d:a::B:b) (jJoofi 

And JB:6: : C:c> that is, if ^JBooC 
And C:c::D:d) (C(J>D 



Then .A : a : : D : (2, that is, •)} ooD. 

Cor. If one quantity varies as a second^ the seoMidi at a 
third, the third, as a fourth, &c. then the first varies as thft 
lasU 

tt ^cgiB(»fl<s>D,ihtnAaiD. 
If ,5 GO J5 CO - , then •A Co J.; that is, if the ikst tariou iK. 

f ecfZtf as the second, and the second varies redproetMy as tht 
third ; the first varies reciprocally as the think 

419. If any quantity vary as the product of two othera^ 
and if one of the latter be considered cwistOfUf the ttai will 
vary as the other. 

If Wcfi LB, and if i? be constant, then Wa>L. 

Here it must be observed that there are two conditUma; 
First, that FT varies as the product of the two other quantittet^ 
Secondly, that one of these quantities B is c^nstmU* 

Then, by the conditions, W:i9: : LB :IB; B being the 
same in both terms. 

Divid. by the constant quantity JB, IT: w : : Z : /, that is FTco 1^ 
And if L be considered constant, WcuB. 

llius the weight of a board, of uniform thickness and dei^ 
0ity, varies as its length and breadth. If the toigiA is giwik 
the weight varies as the breadth. And if the bNMh is giveiu 
the weight varies as the length. 
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Cor. The same principle may be extefided !» any niimbef 
of quantities. The weight of a stick of timber, of gives 
density, depends on the length, breadth, and thickness. If 
the length is giveti, the weight varies as the breadth and 
thickness. If the length and breadth are given« the weight 
varies as th^thickness, &c. 

If W<ji hBT,. 

Then making h constant, W^ BT; 

And making L and B constant, IFcc T; 

420. On the other hand, if one quantity depends on two> 
others ; so that when the second is given, the first varies asr 
the third, and when the third is given, the first varies as the 
second ; then the first varies as the product of the other two. 

If the weight of a board varies as the length, when the 
breadth is given, and as the breadth when the length is giv-^ 
en : then if the length and breadth both vary, the weight va« 
ries as their product 

? A ^^^ w5««?!«<^^«Ja«J» I then Wc^BL. 
And FTo) JB, when L is constLnt, J " " " ^ -" 

In demonstrating this, we have to consider, two variable vo- 
he$ of W; one, when L only varies, and the other, when L 
and B both vary. 

Let v/sz the first of these variable values, 

And to = the other ; 

So that W will be changed to w\ by the varying of L, 

And 10^ will be farther changed to w, by the varying of J9. 

Then by the supposition^ JV:v/::L:ly when B is constant. 
And w' :w:: B: (,'when B varies. 



Mult, correspond, terms, Wv/ : wuf : : BL : bl. (Art. 890.) 
Divid. by iiK (Art. 882.) WiwiiBLx bl, i. e. Wts^BL. 

The proof may be extended to any number of quantities.. 

The weight of a piece of timber, depends on its lengthy 
breadth, thickness and density. If any three of the^e are 
given, the weight varies as the other. 

This case must not be confounded with that in Art. 41 6» 
ebr. In that, B is supposed to vary as A and as C, ol t^ 
Mme time. In this, B varies as •/}, only when C is constant^ 
atnd as C, only when A is constant. It cannot therefoxe vani 
as A and as C sepiarately^ at the same timo^ 
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An. 420. b. If one quantity yaries as another, the former is 
equed to the product of the latter into some eonstwiU quantity. 

If ^S ::a:b; then, whatever be the value of a^ its ratio 
to b must be constant, viz. 'that of .•d : B. Let this ratio be 
that of nt: 1. 

Then ^:S::a:b::m:l. Therefore.d=:fiiB; And a^mb 

Hence, if the ratio between the two quantities be found 
for any given value, it will be known for any other period of 
their increase or decrease. If the interest of 100 dollars be 
to the principal as 1 : 20 ; the interest of 1000 or 10,000 wffl 
have the same ratio to the principal* 

421. Many Avriters, in expressing a general proportion, do 
not use the term vary^ or the character which has here been 
put for it. Instead of j2 cr> J9, they say simply that JtUoiB. 
Bee Enfield's Philosophy. It may be proper to observe, al- 
so, that the word gwen is frequently used to distinguish con* 
statu quantities, from those which are variable ; as well as 
to distinguish known quantities from those wtdch are un* 
known. (Art. 17.) 
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SECTION XIV, 

ARITHMETICAL AND GEOMETRICAL PROGRESSICN. 

Art. 422. QUANTITIES which decrease by a coimxiou 
difference, as the numbers 10, 8, 6, 4, 9, are in contmued 
arithmetical proportion. ^Art 872.) Such a series is also 
called a progresnon, which is only another name for eontinued 
proportion. 

It is evident that the proportkm will not be destroyed, if 
the order of the quantities bo vwetUd* Thus the numben 
t, 4, 6, 8, 10, are in arithmetical proportion^ 
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QjtumtUUSy then, are m arithmetkal pr9greuknf when lAqi 
hereon or decrease by a common difference 

When they mcreaaej they form what is called an atemding 
•eriea, as 3, 5, 7, 9, 1 1, &,c. 

When they decrease^ they form a descending series, as 11, 
9, 7, 6, &c. 

The natural numbers, 1, 2, S, 4, & 6, Jcc» are«in arithmet- 
ical progression ascending. 

42S. From the definition it is evident that, in an iucendmg 
series, each succeeding term is found, by adding Aecomnun^ 
d^erenee to the preceding term. 

If the first term is 3^ and the common difiference 2 ; 

The series is 3, 5, 7, 9, 11, 13, &c. 

If the first term is a, and the conamon difference d ; 

Then a-^d is the second term, a-f 2d-|-(i=a-f 3 J, the fourtli^ 
a+d+d=za+2d the 3d, a+Sd+d^a+4d the 5Ch, kc. 

t » t 4 8 

And the series is a, a-|-i, 0+24, a+3({, a+id, &c. 

If the first term and the common difierence are the samej 
the series becomes more simple. Thus if a is the first term> 
and the common difference, and n the number of terms. 

Then a-|-ar=2ais the second term, 
2a+a=Sa the third, &c. 

And the series is a, 2ar So, 4a, na. 

424. In a d^en£ng series, each succeeding term is found, 
by subtracHng the common difference from the preceding term. 

If a is the first term, and d the common difference, the 

series is a, a- J, a-2(f, a-Sd^ a-4(f, &c. 

Or the common difference in this case may be considered 
as - (i, a negative quantity, by the addition of which to any 
preceding term, we obtain the following term. 

In this manner, we may obtain any term, by continued 
addition or subtraction. But in a long series, this process 
would become tedious. There is a method much more ex- 
peditious. By attending to the series 

I* » « 4 • 

0, a+d, a+2dy a+Sd, a+4d, &c. 
it will be seen, that the number of times d is added to a is one 
less than the number of the term. 



w^ 



ARITHMETICAL PBOGRESSIOK %U 

The $eemd term is a+i, i. e. a added to mc$ d; 
The third is o+H a added to toice df; 

The fourth .is o-f d^» a added to tlirke d, ke. 

So if the series be continued, 

The 50th term will be a-f 49il 

The 100th term a+99d 

If the series be descending^ the 100th term will be a — ^^99dL 

In the Uut term, the number of times d is added to a, .*s 
one le$$ than the number of all the terms. If then 

a=the first term, sr^the last, n=the number of terms, wa 
shall haye, in all cases, z=a-]'{n'-l)xd; that is, 

425. In an arithmetical progression, the last term is equal 
to theJirstf-\' the product of the common difference into the number 
of terms hss one.- 

Any other term may be found in the same way. For the 
series may be made to stq) at any term, and that may l)e 
considered, for the time, as the last. 

Thus the mth tenassa+{m -1} xd. 

If the first term and the common difference are the same^ 

7=a-4-(n-l)<'=a-4-fMi-a, that is, z=zna. 

In an ascending seriesyihe first term is, evidently, the least, 
and the last, the greatest. But in a descending series^ the 
first term is. the greatest, and the last, the least. 

426. The equation z = o-f- (n - 1 )df not only riiows the value 
of the last term, but, by a few simple reductions, will epable 
us to find other parts of the series. It contains four difierent 
quantities, 

0, ihd first term, n, the number of terms, and 

z, the last term, d, the common difference. 

If any three of these |}e given, the other may be found. 

1. By the equation already found, 

z=a-f (n-l)J=tAe ktstterm. 

2. Transposing (»-l)<i, (Art. 173.) 

z ''{n-l)dz=:a=i the first temL 

8. Transposing a in the 1st, and dividing by n-1, 

« - a , .A. 

Z~^^dz=iihe common difference^ 
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4. Transp. a in the Ist^ iMvidiiig by d^ and tramp. - 1, 



--^-|-ltsfiz=|fti number oftenm. 

By the third equation, may be found any number of airUh^ 
fMHcal meanSf between two given numbers. For the vfhoie 
number of terms consists of the two ettremHf and all the 
mUrmedkUe terms. If then m= the number of means, m-}- 
2=fi, the whole number of terms. Substituting m-j-S for ft, 
in the third equation, we have 

I I z^df the common difference. 

4 - Prob. 1. If the first term of an increasing progression is 7, 
jthe common difference S, and the number ^ terms 9, what is 
the last termi Ans. r=a+(n-l)i<s::7+(9-l)xS-Sl. 

And the series is 7, 10, 13, 16, 19, 22, 25, 28, 31. 

Prob. 2. If the last term of an increasing progression is 60, 
the number of terms 12, and the coihmon difference 5, what 
is the first term 1 Ans. as:2-(n--l)ils=60-(12-l)x6-5. 

Prob. S. Find 6 arithmetical means, between 1 and 43. 

Ans. The conunon difference is 6. 

And the series, 1, 7, 13, 19, 25, 31, 37, 43. 

427. There is one other inquiry to be made concerning a 
series in arithmetical progression. It is oHen necessary to 
find the mwi ofaUthe terms. This is called the iummntion ol 
the series. The most obvious mode of obtaining the amount 
of the terms, is to add them together. But the nature of 
progression will furnish us with a method more expeditious. 

It is manifest that the sum of the terms will be the same, 
in whatever order they are written. The sum of the ascend- 
ing series, 3, 5, 7, 9, 11, is the same, as that of the descend- 
Jig series, 11, 9, 7, 5, 3. The sum of both the series is, 
therefore, twice as great, as the sum of the terms in one of 
them. There is an easy method of finding this double suniy 
and of course, the sum itself which is the object of inquiry. 
Let a given series be written, both in the direct, and in the in- 
verted order, and then add the corresponding terms togethei. 
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Take, for instance, the series S, 5,7^ 9, 11 

And the same inverted 11, 9, 7| 5, S. 



The sums of the terms will be 14, 14, 14, 14, 14. 

Take also the series a, a-h^9 a-4-^<^> o-fSd, a-f4^» 
And the same inver. a-|-4i2, a-j-Sd, o-f Si2, o-f ct, a. 

The smns will be 2a+4dfia+4dy2a+4d^%a+4d,2a^4d 
Here we discover the important {nroperty, that, 

428. In an arithmetical progression, the sum of the ex- 
tremes IS EQUAL TO THE SUM OF ANT OTHER TWO TERMS 

EQUALLY DISTANT FROM THE EXTREMES. 

In the series of numbers above, the sum of the first and 
the last term, of the first but one and the last but one, &c. ia 
14. And in the other series, the sum of each pair of corres* 
ponding terms is 2a+4d, 

To find the sum of all the terms in the double series, we 
have only to observe, that it is equal to the sum of the ex- 
tremes repeated as many times as there are terms. 

The sum of 14, 14, 14, 14, 14=14x6. 

And the sum of the terms in the other double series is 
(2a+4d)x5. 

But this is twice the sum of the tenps in the single series, 
[f then we put 

a=the first term, n=the number of terms, 

z=:the last, «=:the sum of the terms, 

we shall have this equation, 

0-4-7 
#=— g— X». That is, 

429. In an arithmetical progression, the sum of all thk 

TERMS IS EQUAL TO HALF THE SUM OF THE EXTREMES MUL- 
TIPLIED INTO THE NUMBER OF TERMS. 

Prob. What is the sum of the natural series of numben 
1, 2, S, 4, 5, &c. up to 10001 

Ans. »=-^ X»= -J — X 1000=500600. 

If in the preceding equation, we substitute for z^ its valut 
48 given in A rt. 426, we have 

2a+(n-lW 
1. *= — '-^ — ^Xa. 
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In this, there are four diflbrent quantkiesy Ihe fanit term of 
the aeries, the cmumon difference^ tlie fwrnfrcr of temis^ and 
the mm of the terms; any three of which being given, the 
fourth may be found. For, by reducing the equation, we 

haye, 

2. a= g- ' \M firet term. 

2«-2an 
*• <^== ,,8_n ' the comuum difference. 



2d 

Ex. 1. If the first term of an increasing arithmetical series 
is 3, the common difference 2, and the number of terms 20 ; 
what is the sum of the series 1 . Ans. 440. 

jL 2. If 100 stones be placed in a straight line, at the dis^ 
Uance of a yard from each other; how far must a person tra- 
vel, to bring them one by one to a box [daced at the distance 
of a yard fi^m the first stone 1 Ans. 5 miles and 1 300 yards. 

3. What is the sum of 150 terms of the series 

1 2 . 4 6 « "^ ^ « 

3* 3- ' T 3* • S' •^'^* ^'^'^^' 

4. If the sum of an arithmetical series is 1455^ the least 
term 5, and the number oi terms 30 ; what is the common 
difference! Ans. 3. 

5. If the sum of an arithmetical series is 567, the first 
term 7, and the common difference 2; what is the number 
oftermsl Ans. 21. 

6. YHiat is the sum of 32 terms of the series 

li Ih 2» ^i> 3, &C.1 Ans. 280. 

7. A gentleman bought 47 books, and mve 10 cents for 
the first, 30 cents for the second, 50 cents tor the third, &c. 
What did he give for the whole! Ans. 220 dollars, 90 cents 

8. A person put into a charity box, a cent the first day of 
the year, two cents the second day, three cents the third day» 
&c. to the end of the year. What was the whole sum for 
365 days 1 Ans. 667 dollais, 95 cents. 
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4S0. In the series of odd numbers 1, 3, 5^ 7, 9, &c. con- 
tinned to any given extent, the last tenn is always one less 

than twice the number of terms. 

« 

For r=ra+(fi- l)dL (Axt 4S5,) But in the pioposed 
series.azsly and is:2. , 

The equation, then, becomes j:sssl4-(n-l} x2=2ii ^ 1. 

431. In the series of odd numbers, 1, 3^ 6, 7, 9, &c. the 
ium of the terms U dlways equal to the sqtuare of the numbtr* qf 
terms. 

For «=1 (a+z)n. (Art 429,) 

But here a=rl, and by the last article, 2:=2n-l. 
The equation, then, becomes «=:i (l-f-2n-l)n=fiP. 

Thus 1+3=4 ) 

1 -|-3-f5= 9 > the square of the number of terms. 
l+34.5+7=:16) 

432. If there be two ranks of quantities in arithmetical 
progression, the sums or differences will also be in arithmetical 
progression. 

For by the addition or subtraction of the correspondinA 
terms, the ratios are added or subtracted. (Art 345.) And 
by the nature of progression, all the ratios in the series are 
equal. Therefore equal ratios being added to, or subtracted 
from, equal ratios, the new ratios thence arising will also be 
equal. 

To and from 3, 6, 9, 12, 15, 18, 21 
Add and sub. 2, 4, 6, 8, 10, 12, 14 

Sums 5, 10, 15, 20, 25, 30, 35 

Diff. 1, 2, 3, 4, 5, 6, 7 

433. If all the terms of an arithmetical progression be mtfl 
lylied or divided by the same quantity, the products or quo 
tients will b^ in arithmetical progression.' 

For by the multiplication or division of the terms, the ratios 
are multiplied or divided; (Art. 344,) that is, equal quantities 
are multiplied or divided by the given quantity. They will 
therefore remain equal. 

If the series 3, 5, 7, 9, 1 1 , &c. be multiplied by 4 ; 

The prods, mil be 12, 20, 28, 36, 44, &c. and if this be div. by 2« 
The quots. will be «, IQ, 14, 18, 22, &c. 
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Problems of various kinds, in arithmetical jH'ogression, may 
be solved, by stating the conditions algebraically, and then 
reducing the equations. 

Prob. 1. Find four numbers in arithmetical progression, 
^sviiose sum shall be 56, and the sum of their squares 864. 

If :r=the second of the four numbers, 

And y=: their common difference : 

The series will be a? - y, ar, ap+y, x+ty. 

By the conditions, (« - y ) +x+ («4-y ) + (ap+2y ) = 56 ) 
And («"y)*+a*+(x+y)*+(af+2y)«=864 J 

That is 4a:+2y=56 > 

And 4«»+4a^f+6y«=864 J 

Reducing these equations, we have «=12, and y=:4. 
^ The numbers required, therefore, are 8, 12, 16, and 20. 

Prob. 2. The sum of three numbers in arithmetical pro- 
gression is 9, and the. sum of their cubes is 15S. What are 
the numbers 1 . Ans» 1, 3, and 5. 

Prob. S. The sum of three numbers in arithmetical pro- 
gression is 15; and the sum of the squares of the two ex- 
tremes is 58. What are the numbers? 

Prob. 4. There are four numbers in arithmetical progres- 
«Aon : the sum of the squares of the two first is 34 ; and the 
sum of the squares of the two last is ISO. What are the 
numbersi An& 3, 5, 7, and 9. 

Prob. 5. A certain number consists of three digits, which 
are in arithmetical progression ; and the number divided by 
the sum of its digits is equal to 26; but if 198 be added to 
it, the digits will be inverted. What is the number? 

Let the digits be equal to x-y, x^ and x-fy, respectively^ 
Then the nmnber =100(a;-y)4-10a?+(x+y)=:lll3:-99y. 

lllar-99y 
By the conditions, g- =26 

And lll3:-99y4.198=100(a?^-y)+103:4-(ar-y) 

Therefore x=3, y = 1, and the nmnber is 234. 

Prob. 6. Hhe sum of the squares of the extremes of four 
numbers in aritiimetical progression is 200 ; and the sum of 
the squares ctf the means is 136. What are the numbers t 
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Prob. 7. There are four numbers in arithmetical progree* 
Bion, whose sum is 28, and their continual product 5B& 
What are the numbers 1 
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434. As arithmetical proportion continued is arithmetical 
progression, so geometrical prc^Kurtion continued is geomelri* 
calprogression. 

The numbers 64, 32, 16, 8, 4, are in continued geometri- 
cal proportion. (Art. 372.) 

In this series, if each preceding term be dmded by the 
common mtio, the quotient will be the following term. 

V=32, and V=16, and V=8, and f=4. 

If the order of the series be moerted^ the proportion will 
stiil be preseirved ; (Art. 399,) and the common divisor will 
become a multiplier. In the series 

4,8,16,32,64, &:c.4xiS=^,and8xS=:169andl6x*=SS,ft«. 

435. Quantities then are in obometrical progression, 

WHEN THET INCREASE BT A COMMON MULTIPLIER, OR DE* 
CREASE BT A COMMON DIVISOR. 

The common .multi|dier or divisor is called the roiio. For 
most' purposes, however, it will be more simjpAe to contidflf' 
the ratio as always a miiZttpKer, either integral or Pactional. 

In the series 64, 32, 16, 8, 4, the ratio is either % a diviKxr, 
or 1 a multiplier. 

To investigate the properties of geometrical prosfrcssion, 
we may take nearly the same course, as in arithmetical pro^ 
gression, observing to substitute continual miMpRctMon an/t 
dhnsumy instead of addition and subtmction. It. is evident, 
in the first place, that, 

436. In an ascending geometrical series^ each succi^edinft 
jerm is found, by midtiphpng the roHo into the preceding term« 

If the first term is a, and the ratio r, 



Then aXf*=<V9 the second term, ai^x^^=^^9 the fourth, 
arxr=ar*, the third, oHx^rror*, the fifth. Ice. 

And the series is a, ar^ m^^ at*^ of*, an*^ &c. 

437. If the first term arid the ratio are the same^ the |H^ 

gressioa is simply a series of powvia. 

20 
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If the first term and the ratio are each equal to r, 
Then rx^^f^y the second tenn, r'x*'=r*, the fourth, 
f*Xr=f*9 the third, r^xr^^f^, the fifth. 

And the series is r, r*, r", r*, »*, r*, &c. 

488. In a descending series, each succeeding tenn is found 
by dividing the preceding term by the ratio, or multiplying 
by the fractional ratio. 

If the first term is iu*f and the ratio r. 

Of* 

, the second term is ~, or or'X'J'i 

And the series is ar*f m^f ar^^ ar*f an^y ar^ a, &c. 

If the first term is a, and the ratio r, 

a a a 
The series is Oyy^-i^ &c. or a, ar^j ar^^ &c. 

1 t t 4 C < 

By attending to the series a, wr^ ai^, ar^f ar^, tu^j &c. it will 
be seen that, in each term, the exponent of the power of the 
ratio, is one lew, than the number of .the term. 

If then a=the firdt term, r=the ratio, 

«=sttte last, n=:the number of terms , 

we have the equation z^zor'^f that is, 

439. In geometrical progression, the kut term is equal to the 
product of the first, into that power of the raHo whose index ie one 
less than the number of terms. 

When the least term and the ratio are the scmef the equa- 
tion becomes 2:=rr'^=r^. See Art. 4S7. 

440. Of the four quantities a, z, r, and n, any three being 
given, the other may be found.* 

1. By the last article, 

r=ar^'=the Uist term. 

t. Dividing by r^*, 

^=a=.ih. fnt iem. 

S. Dividing the 1st by a, and extracting the root, 

1 

>=the ratio. 
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By the last equation may be found any number of geaiiM^ 
tricalmeaiiSy between two given numbers. If m= the num- 
ber of means, m-4-2=tiy the whok number of terms, Substi* 
luting m-f 2 for n, in the equation, we have 



(t)-- 



the ratio. 



When the ratio is found, the means are obtained by con 
tinned multiplication. 

V^Prpb. 1. Find two geometrical means between 4 and 256 
i Ans. The ratio is 4, and the series is 4, 16, 64, 256. 

Prob. 2. Find three geometrical means between i and 9 

Ans. ij 1, and S. 

441. The next thing to be attended to, is the rule for find 
ing the sum of aU the terms. 

If any term, in a geometrical series, be multiplied by the 
ratio, the product will be the succeeding term. (Art. 436.) 
Of course, if each of the terms be multiplied by the ratio, a 
new series will be produced, in which all the terms except 
the last will be the same, as all except the first in the other 
series. To make tliis plain, let the new series be written 
under the other, in such a manner, that each tenn shall be 
removed one step to the right of that from which it is pro» 
duced in tlie line above. 

_ ■ 

Take, for instance, the series 2, 4, 8, 16, 32 

Multiplying each term by the ratio, we have 4, 8, 16, 32, 64 

Here it will be seen at once, that the four last terms in the 
upper line are the same, as the four first in the lower line. 
The only terms which are not in both^ are the first of the oiie 
series, and the last of the other. So that when we subtract 
the one series, from the other, all the terms except these two 
will disappear, by balancing each other. 

If the given series is a, ar^ as^^ at*^ .... af"'\ 
Then mult, by r, we have ar^ ar\ air^y .... at^~\ or^. 

Now let «= the sum of the terms. 
Then *=a4-<w+fl»^+«*, . . . .-f-«r""*, 

And mult, by r, rs= ar'\'air*-\'ar\ . . . .4-<»'"'*+^« 

Subt'gthe first equation from the second, r«-«=:ai^- a 
And dividing by (r-l,) (Art. 121.) trr^^lll 
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fa thu equation, or* is the last term in the new senesi and 
iff (faerelbrs the product of the ratio into the last term in the 

Therefore #=!ll?, that is. 

442. The sum of a series in geometrical progression is 
firand, fay multiplying the last term into the ratio, subtract- 
ing the first term, and dividing ths remainder by the ratio 
less one. 

Prob. 1. If in a series of mmibers in geometrical pro- 
ffression, the first term is 6, the last term 1458, and the ratio 
S, what is the sum of all the terms } 

Am. .=1Zf =?><li5|d?=2184. 
r-1 3- 1 

Ptob. 2. If the first term of a decreasing geometrical «e- 

vies is i, the ratio 4, and the number of terms 6 ; what is the 

mmi of the series 1 

• The last term=ar"-*=ix(4)*=iii- 

And the sum of the itnm=il2^JSiZl=lzl^ 

i-1 162 

Prob. S. What is the sum of the series, 1, 3, 9, 27, &c. to 
IS terms? Ans. 265720. 

-^ Prob. 4. What is the sum of ten terms of the series 1, {» 

I, A, &c. Ans. 1!^. 

* 59049 

443. QuantiHet m geometrical progresrion an proportional 
to their differences. 

Let the series be a, or, or*, or", ar^, &c. 

By the nature of geometrical progression, 

a: ar::ar: an^ ::ag^ : ai*: laii^ : of^y &c. 

In each couplet let the antecedent be subtracted from the 
consequent, according to Art. 389, 6. 

Thenii : ariiar^a : a/^-^ariiar^^ar : ai/^'-ar*^ &c. 

That is, the first term is to the second, as the difference 
between the first and second, to the difference between the 
second and third ; and as the difference between the second 
andthicdt tothe difference between the third and fourth, &€ 
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Cor. If quantities are in geometrical progression, their difm 
ferenctB are also in geometrical progression. 

Thus tlie numbers S, 9, 27, 81, 243, &c. 
And their differences 6, 18, 64, 162, &c. are in geo 
metrical progression. 

444. Several quantities are said to be in harmonktU progres* 
siofij when, of any three which are contiguous in the series, 
the first is to the last, as the difference between the two first, 
10 the difference between the two last See Art. 400. 

Thus the numbers 60, SO, 20, 15, 12, 10, are in harmoni- 
cal progression. 

For60:20;:60«30:30-20,And20:12::20-16:I5-l«. 
And 30: 15:: 30-80: 20-15, And 15: 10;: 15-12: 12-^10, 

Problems in geometrical progression, may be solved, as in 
other parts of aljgebra, by the reduction of equations. 

Prob. 1. Find three numbers in geometrical progression, 
such that their sum shall be 14, and the sum of their 
squares 84. 

Let the three numbers be ^ y, and z. 

By the conditions, x :y::y : z^ or xz=}^ 

And a?+«+ar=:14 

And «»+/+«"=84 

Reducing these equations, we find the numbers required 
to be 2, 4 and 8. 

Prob. 2. There are three numbers in geometrical progres- 
sion whose product is 64, and the sum of their cubes is 584 
What are the numbers 1 

If X be the first term, and y the common ratio ; the series 
will be X, ay, ay". 

By the conditions, «X^X«!f*> or «y=64, > 

And ' »'+ap'y^+ary =584. J 

These equations reduced give ar=:2, and i/=2. 
The numbers required, therefore are, 2, 4 and 8 

y; prob. 3. There are tliree numbers in geometrical progres- 
sfon : The sum of the first and last is 52, and the square of 
the mean is 100. What are the numbers 1 Ans. 2, 10,and 50. 
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Prob. 4. Of four numbers in geometrical progression, the 
sum of the two first is 1£, and the suin <^ the two last is 6(K 
What are the numbers 1 « 

Let the series be x, xy^ oej^, xy^ ; and the numbers will be 
found to be 5» 10, 20, and '40. 

Prob. ^. A gentleman divided 210 dollars among three 
servants, in such a manner, that their portions were in geo- 
metrical, progression ; and tlie first had 90 dollars more than 
the last. How much had each 1 

Prob. 6. There are three numbers in geometrical progres- 
siiiu, the greatest of which exceeds the least by 15 ; and the 
difference of the squares of the greatest and the least, is to 
the sum of the squares of all the three numbers as 5 to 7. 
What are the numbers? Ans. 5, 10, and 20. 

Prob. 7. There are four numbers in geometrical progres* 
sion, the second of which is less than the fourth by 24 ; and 
the sum of the extremes is to the sum of the means, as 7 to & 
What are the numbers f Ans. 1, S^ 9, 27. 
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SECTION XV. 



mSTNlTES AND rNFUOTESIMALS.* 

Art. 445. THE word mfydte is used in difl!erent senses. 
The ambiguity of the term has been the occasion of much 
perplexity. It has even led to the absurd supposition that 
piO(X)siti6n3 directly contradictory to each other, may be 
mathematically demonstrated. These apparent contradic- 
tious are owing to the fact, that what is proved of infimty 



^ itocke's Essays, Book 8, Cliiq\ |7 Berkeley^ Analyst Preftice to Mac 
iauiin^s Fluxions. Newton's JPrincipi Saundenon's Algebra, Art. 368^ 
Ma/i&fi^kl's Essays. Emerson's Algebra, Prob. 73. Buffier. 



MATHEMATICAL INFINITY. S«7 

* 

when understood in one particular mannery is often thought 
to be true also, when the term has a very different significa- 
tion. Tlie two meanings are insensibly shifted, the one for 
tlie other, so that the proposition which is really demonstra- 
ted, is exchanged for another which is false and absurd. To 
prevent mistakes of this nature, it is important that the dif- 
ferent meanings be carefully distinguished from each other. 

446. Infinite, in the highest, and perhaps the most proper 
sense of the word, is that which is so great^ that nothing can be 
added to ity or supposed to be added. 

In this sense^ it is frequently used in speaking of moral pud 
metaphysical subjects. Thus, by infinite wisdom is meant 
that which will not admit of the least addition. Infinite power 
is that which canpot possibly be increased, even in supposi- 
tion. This meaning of infinity i? not applicable to the ma- 
thematics. That which is the subject of the mathematics is 
quantity; (Art. 1.) such quantity as may be conceived of by the 
human mind. But no idea can be formed of a quantity so 
great that nothing can be supposed to be added to it. In this 
sense, an infinite number is inconceivable. We may increase 
a number by continual addition, till we obtain one that shall 
exceed any limits which we please tx) assign. By this, how- 
ever, we do not arrive at a number to which nothing can be 
added ; but only at one that is beyond any limits wliich we 
have hitherto set. Farther additions may be made to it with 
the siame ease, as those by which it has already been in- 
creased so far. It is therefore not infinite, in the sense in 
which the term has now been explained. It is absurd to 
speak of the greatest possible^^ number. No number can be 
imagined so great as not to admit of being made greater. 
We must therefore look for another meaning of infinity,, be- 
fore we can apply it, with propriety, to the mathematics. 

447. A MATHEMATICAL QUANTITY IS SAID TO BE INFINITE, 
WHEN IT IS SUPPOSED TO BE INCREASED BEYOND ANf DETER- 
MINATE LIMITS. 

By determinate limits are meant such as can be distinctly 
stated.* In this sense, the natural series of numbers, 1, 2, 3, 4, 
5, &c. may be said to be infinite. For, if any number be men- 
tioned ever so great, another may be supposed still greater. 

The two significations of the word infinite are liable to be 
confounded, because they are in several pointa o^ view the 

* See Note (>U 
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same. The higher meaning inchides the lower. That whivh 
m so great as to adroit of no addition^ must be beyond any 
detenninate limits. But the lower does not necessarily imply 
the higher. Though number is capable of being increased 
beyond any specified limits ; it will not follow, that a number 
can be found to which no farther additions can be made. 
The two infinites agree in this, that according to each, the 
tilings spoken of are great beyond calculation^ But they 
diflfer wiaely in another respect. To the one, nothing can be 
added. To the other, additions can be made at pleaaure. 

448. In the mathematical sense tS the term, there is no 
absurdity in supposing iTM injmte greater than another. 

We may conceive the numbers 2 2 2 2 2 2 2, &c. 

4 4 4 4 4 4 4, &c. 

to be each extended so far as to reach round the globe, or to 
the most distant visible star, or beyond any greater boimdary 
which can be mentioned. But if the two series be equally 
extended, the amount of the one will be ttoice as great as the 
other, though both be infinite. 

So if the series a-f a'-|- (f-\- a*-\- a*, &c. 
and 9a+9(f+9a^+9a*+9ifj &c. 

be extended together beyond any specified limits, one will be 
nine times as great as the other. But it would be absurd to 
suppose one quantity greater than another, if the latter were 
already so great that nothing could be added to it. 

449. An infinite number of tortus must not be mistaken for 
an infinite quantity. The terms may be extended beyond 
any givpn limits, when the amount of the whole is a finite 
quantity, and even a small one. If we take half of a unit ; 
then half of the remainder ; half of the remaining half,^ &c. 
we shall have the series 

in which each succeeding term is half of the preceding one. 
Let the progression be continued ever so far, the sum of all 
the terms can never exceed a unit. For, by the supposition, 
there is still a remainder equal to the last term. And this 
remainder must be added, before the amount of the whole 
can be equal to a unit. 

So i+J+J+ATf fF+iV *<^- caJ^i never exceed 8» 
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450. When a quantitt is ihminished till it becombs 
less than ant determinate qaantitt, it is called an 
INFINITESIMAL. 

Thus, in a series of fractions TiF'»TTT>» iv<n>» vsiisv^ *tc. a 
unit is first divided into ten parts, then into a hundred, a 
thousand, &c. One of these parts in each succeeding term 
IS ten times less than in the preceding. If then the progres- 
sien be continued, a portion of a unit may be obtained less 
than any specified quantity. This is an infinitesimal, and in 
mathematical language, is said to be infinitely small. By this, 
however, we are not to understand that it cannot be. made 
less. The same process that has reduced it below any limit 
which we have yet specified, may be continued, so as to di- 
minish it still more. And however far the progression 4nay 
be carried, we shall never arrive at a point where we must 
necessarily stop. 

451. In the sense now explained, mathematical quantity 
may be said to be infimtely dwisiblt ; that is, it may be sup 
posed to be so divided, that the parts shall be less than any 
determinate quantity, and the iwrnber of parts greater than 
any given number. 

In the series A, t-Jtj* -nnnr* nnnm &c. a unit is di^ded 
into a greater and greater number of parts, till they become 
infinitesimals, and the number of them infinite, that is, such 
a number as exceeds any given number. But this does not 
prove that we can ever arrive at a division in which the parts 
shall be the hast possible or the number of parts the greatest 
possible, 

452. One infinitesimal may be Uss than another. 
The series, Ar> rJr, tAv, rvSvji &c. > 

And » -» _i • gro I 

may be earned on together, till the last term m each becomes 
infinitely small ; and yet one of these terms will be only Aoff 
as great as the other. For the denominators being the same, 
the fractions will be as their numeratois, (Art. 360, cor. 2,) 
that is, as 6 : S» or 2 : 1. 

Two quantities may also be divided, each into an infinite 
number of parts, using the term infinite in the mathematical 
sense, and yet the parts of one be more numerous than th 
of the other. 

The series A, riiri mWi tt¥t» &c. > 
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may both be infinitely extended ; and yet a unit in the Ia«t 
series, is divided into four times as many parts as in the first. 
But if, by an infinite number of parts were meant such a 
number as could not be increr sed, it would be absurd to sup- 
pose the divisions of any quantity to be still more numerous.* 

453. For all practical purposes, an infinitesimal may be 
considered as absolutely nothmg. As it is less than any de- 
terminate quantity, it is lost even in numerical calculations. 
In algebraic processes, a term is often rejected as of no value, 
because it is infinitely small. 

It is frequently expedient to admit into a calculation, a 
small error, or what is suspected to be an error. It may be 
difficult either to avoid the objectionable part, or to ascertain 
its exact value, or even* to determine, without a long and 
tedious process, whether it is really an error or not. But if it 
can be shown to be infinitely small, it is of no account in 
practice, and may be retained or rejected at pleasure. 

It is impossible to find a decimal which shall be exactly 
equal to the vulgar fraction ). Dividing the numerator b^ 
the denominator, we obtain in the first place -j^. This m 
nearly equal to f. But fA is nearer, ^f\^, still nearer, iic. 

The error, in the first instance, is ^. 

For A+A=A+A=H==f. 

In the same manner it may be shown, that 

the difference between \ \ ^J '^X^ &c. 

If the decimal be supposed to be extended beyond any as- 
signable limit, the diflerence still remaining will be infinitely 
small. As this error is less than any given quantity, it is of 
no account, and may be considered iu calculation as nothing. 

454, From the preceding example it will be seen, that a 
quantity may be continually coming nearer to another, and 
yet never reach it. The decimal 0.3333333, &c. by repeated 
additions on the right, may be made to approximate continu- 
ally to i, but can never exactly equal it. A diflerence will 
always remain, though it may become infinitely small. 
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When one quantity is thus made to approach continually 
to another, without ever passing it ; the latter is called a 
Umit of the former. The fraction § is a limit of the decimal 
0.666 &c. indefinitely continued. 

455. Though an infinitesimal is of no account of iUelf^ 
yet its effect on other quantities is not always to be disre- 
garded. 

When it is a factor or divisor, it may have an important 
influence. It is necessary, therefore, to attend to the rela« 
tions which infinites, infinitesimals, and finite quantities have 
to each other. As an infinitesimal is less than any assigna- 
ble quantity, as it is next to nothing, and, in practice, may be 
considered as nothing, it is firequently represented by 0. 

An infinite quantity is expressed by the character QO 

456. As an infinite quantity is incomparably greater than 
a finite one, the alteration of the former, by an addUion or 
subtraction of the latter, may be disregarded in calculation. 
A single grain of sand is greater in comparison with the 
whole earth, than any finite quantity in comparison with one 
which is infinite. If therefore iiidSnite and finite quanti- 
ties are connected by the sign -|- or -, the latter may be re« 
jected as of no comparative value. For the same reason, if 
finite quantities and infinitesimals are connected by -|- or - , 
the latter may be expunged. 

457. But if an infinite quantity be multiplied by one which 
is finite, it will be as many times increased as any other quan- 
tity would, by the same multiplier. 

If the infinite series 2 S 2 2 2 2 &c. be multiplied by 4 ; 

The product will be 8 8 8 8 8 8 d&c. four times as great a» 
the multiplicand. See Art. 448. 

458. And if an infinite quantity be dmded by a finite quan- 
tity, it will be altered in the same manner as any other quan- 
tity. 

If the infinite series 6 6666666 &c. be divided by 2 ; 

The quotient will be S 3 3 S 3 S 8 3 &c. half as great as 
vhe dividend. 

459. If a finite qwuiHty be multiplied by an ifi/!iitteftnia( 
the product will be an infinitesimal ; that is, putting z for a 
finite quantity, and for an infinitesfanal, (Art. 455. 

zxO^O. 
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If the multiplier were a tmU^ the product would be equa 
t« the multiplicand. (Art. 90.) If the multiplier is less than 
a imit, the product is proportionally less. If then the multi- 
plier is injmtely less than a unit, the product must be uifi- 
nitely less than the multiplicand, that is, it must be an infi- 
nitesimal. Or, if an infinitesimal be considered as abso>- 
lutely nothing, then the product of z into nothing is nothing. 
(Art. 112.) 

460. On the other hand, if a jBnite quantity be divided by 
an infinitesimal, the quotient will be infinite. 

z 

-= 00. 



For, the less the divisor, the greater the quotient. If then 
the divisor be infinUelv small, the quotient will be infinitely 
great. In other words, an infinitesimal is contained an infi- 
nite number of times in a finite (juantity. This may, at first, 
appear paradoxical. But it is evident, that the quotient must 
increase as the divisor is diminished. 

Thus 6^3=2, 64-0.03=200, 

64-0.3=20, 6-f.0.003=2000, &c. 

If then the divisor be reduced, so as to become kss than 
any assignable quantity, the quotient must be grecUer than 
liny assignable quantity. 

461. If a finite quantity be divided by an infinite quantity, 
the quotient will be an infinitefldmaL 

OD 

For the greatp*- the divisor, the less the quotient. If then, 
while the dividend is finite, the divisor be infinitely great, the 
quotient will be infinitely small. 

It must not be forgotten, that the expressions ii^iniUly gr^at 
and v^mUdu smaUt are, all along, to be understood m the 
fma&emaficoi sense according to the defijutions in Arts. 447) 
«nd 450i 
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I SECTION XVI 

WVISION BY COMPOUND DIVISORS, GREATEST 

COMMON MEASURE. 

Art. 462. IN the section on division, the case in which 
the divisor is a compound quantity was omitted, because the 
operation in most instances, requires some knowledge of the 
nature of powers; a subject which had not been previously 
explained. 

Division by a compound divisor is performed by the foU 
lowing rule, which is substantially the same, as the rule foi 
division in arithmetic ; 

To obtain the first term of the quotient, divide the first 
term of the dividend, by the first term of the divisor ;* 

Multiply the whole divisor, by the term placed in the quo* 
tient ; subtract the product from a part of the dividend ; and 
to the remainder bring down as many of the following temui^ 
as shall be necessary to continue the operation : 

Divide again by the first term of the divisor, and proceed: 
as before, till all the terms of the dividend are brought down 

Ex. 1. Divide ac-\'bc-^ad-\'H by 04-6. 

a^b)ae+bo^ad^bd{c-\'d 

ae'\'bCf the first subtrahend. 




3<jr 



\ * 



ttd-\-bd 

ad4'bdy the second subtrahend* 



Here ne, the first term of the dividend, is divided by 0^ 
the first term of the divisor, (Art, 116.) which gives c for the 
first term of the quotient Multiplying the whole divisor by 
.this, we have oc-f-bc to be subtracted from the two firsl 
terms of the dividend. The two remaining terms are then 
brought down, and the first of them is divided by the first 
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tenn.of the divisor as before. This gives d for the second 
term of the quotient. T^en muhipiying the divisor by d^ 
we have ad-\-bd to be subtracted, which exliausts the whole 
dividend without leaving any remainder. 

The rote is founded on this principle, that the product of 
the divisor into the several parts of the quotient, is equal to 
the dividend. (Art. 115.) Now by the operation, the pro- 
duct of the divisor into the first term of the quotient is sub- 
tracted from the dividend ; then the product of the diviscnr 
into the seccnd term of the quotient ; and so on, till the pro- 
duct of the divisor into each term of the quotient, that k, 
the product of the divisor into the whole quotient, (Art. 100.) 
is taken from the dividend. If there is no remainder, it is 
evident that this product is eewd to the dividend. If there 
is a remainder, the product of tt>e divisor and quotient is equal 
to the whole of the dividend except the remainder. And this 
remainder is not included in the parts subtracted from the 
dividend, by operating According to the rule. 

46S. Before beginnmg to divide, it will generally be ex- 
pedient to main some pieparation in the arrangement of the 

The letter wfaieli is in the first term of the divisor, should 
be in the first term of the dividend also. And the powers of 
this letter should be arranged in order, both in the divisor 
and in the dividend ; the highest power standing first, the 
next highest next, and so on. 

Ex. 2. Divide 2a»6+6»+2a6»+a?, by ti»-f 6«+a6. 

Here, if we take c? for the first term of the divisor, the 
other terms should be arranged according to the powers of a, 
thus, 

4f+ab+b^)te+2a!'b+2ab^+b\a+h 
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In these operations, particular care will be necessary in the 
management of negaHve quantities. Constant attention must 
be paid to the rules foe the signs in subtraction, multi|)lica« 
tion and division. (Aria. 82, t05 123.) 
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Ex. 3. Divide Sax-Sa'ap^Sii'cy4.6aVf*a«y**jtj^by 8a-«jL 

If the terms be arranged accordlug to the powers of a, 
they will stand thus ; 

2a -y)6a'ar- 3a'a:y - 2a*x+imf-\-iax ^ ay(3fli^ - ax^x. 
Ga^x-'Sa^xy 



- 2a V 



axy 
axy 



* 4-2aa: - xy 
4-2aj?-a!y 



464 In multiplication, some of the terms, by balancing 
each other, may be lost in the product, (Art 110.) These 
may re-appear in division, so as to present term?, in the 
course of the process, different from any which are in tha 
dividend. 

Ex. 4. 

a+«)a'4-a:'(a* - ax+a^ 
c^+a'op 






a«*- 






Ex.5. 



ff'-tax+2jf)(^+4x'(cf+2ax+23^ 

a*-2a»ar+2aV 



♦+2a«a:-2aV+4ar* 
4-2a?a: - 4aV4-4aa:* 



MMM 



M4 



♦ +2aV - 4ar»4.4i^ 
--2aV-4a«"+4««. 



If the learner will take the trouble to -multiply the quo* 
tient into the divisor, in the two lost examples^ he wili fin i 
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in the partial products, the several terms which appear in the 
process of dividing. But most of them, by balancing each 
other, are lost in the general product. 

Ex. 6. Divide rf+a«+a«fr-|-a6+aac+Sc, by a+l. 

Quotient, o^^at-f 3c. 

Ex. 7. Divide o+t •-C'-cix- bx-{-cx^ by a+b - c. 

Quotient. 1 - «. 

Ex a Divide 2(i«- IStfar+llaV-Soa^'+Sx*, by 2a»-a« 
4-«*- Quotient. cP-6aa:-j-2x.* 

465. When there is a remainder after all the terms of the 
dividend have been brought down, this may be placed over 
ihe divisor and added to the quotient, as ia arithmetic 

Ex. 9, 



a-}-&)ac-f6c-f-ac(-|-(el-|-x(c4-c{-|- 



X 



ae-^be 

* ♦ ad+bd 
ad4-bd 



Ex. 10. 

d - h)ad - ah+bd - bh+y{a+b+j3L. 

a — 4 

ad^dk 



* * bd-bh 
bd^bh 



Ii IS evident that a^b is the quotient belonging to the 
Vfhole of the dividend, excepting the remamder y. (Art. 562.) 

And yd^ is the quotient belonging to this remainder. (Art. 
d — a 

184.) 



■v- , — ^— -^ 



DIVISION. tS7 

Ex. 11. Divide 6aa;-f S«y -^ck -fry+'oi^-qf'^/^ by Sa4-y. 

Quotient. e«-6-fc+ ^ 



3a+y* 
Ex. IS. Divide a'i-Sa«+2a&-6a*-4i+28, by &«-3. 

Quotient. a?4*8a -* 4+J^ 
Ex. 13. See Art. 283. 

« 

Ex. 14. Divide o+Vy+^Vv+ryi ''^y N-yisf' 

Quotient, l^r^y, 

15. Divide a? - 3aa:*+3a'« - a*, by « - a. 

16. Divide 2j/»- 1^+2% - 17, by y -8. 

17. Divide «• - 1, by a? - 1. 

18. Divide 4«* - 9a:^4-6a: - 3, by 2ai«+3a?- 1. 

19. Divide fl^+4a^6+3M, by a+26. 

20. Divide a^-<^«*4.2a>«-d*, by oi'-^-oar-f^* 

466. A regular series of quotients is obtained, by dividing 
the diflference of the powers of two quantities, by the differ* 
ence of the quantities. Thus, 

Here it will be seen, that the index of y, in the first term 
of the quotient, is less by 1, than in the dividend ; and that 
it decreases by 1, from the first tcnn to the Last but one : 

While ihe index of a, increases by 1, from the second term 
to the last, where it is less by 1, than in the dividend. 

21* 
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- This maybe expressed in a general formula, thns, 

» 

♦ To demonstrate this, we Jiave only to multiply the quoi- 
tient into the divisor. (Art. 115.) 

All the terms except two, in the partial products, will be 
balanced by each other ; and will leave the general product 
the same as the dividend. 

Mult, y'+ay'+ay+rfj+a* 
Into y -a 

y'+ay^+ay+ay+o^y 
-ay*- a'y®- ay- fl^y-^ 

Producty* * ♦ *' * -a* 

Mult. y"-»-|-ay*-'»+ay-». . . .-|-cr-'y+or- ' 
' Into y-a 

y*+ay*"*4"^y*"'' • •H-tf"~y+a^'"*y 
-ay""*-a^y*~'. ...- a^^y*- tf"""'y-a* 

Prod, y" ♦ ♦ * * -a". 



466. b. In the same manner it may be proved, that the dif- 
ference of the powers of two quantities, if the index is an 
even number, is divisible by the sum of the quantities. That 
is, as the double of every number is even ; 

(j^ « a^)^(y+a) =y«— * - ay*-*. . . .+a*-^ - a*— *• 

And the mm of the powers of two quantities, if the index 
is an odd number, is divisible by the 9vm of the quantitiei^ 
That is, as 2m4-l is an odd number ; 

(y*^^+a*^»)^(y+a>=y^- ay*-^ . . . - a*-»y-|-a^. 

For in each of these cases, the product of the quotient and 
divisor, is equal to the dividend. 

Thus, 
(y'-fl')-4-(y+a)=y-a, 

(y*-«0-^(y+a)=y'-fly"+aV-a', 

(y*-«*)-r(y+a)=y«-ay*+ay-rf»y»+tfV-«'f k** 
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And, 

y»-|_a^)-f.(y-f-a) =1/* - aj/'4-®V "" <»'y+<**> 

J- '-. 
GREATEST COMMON MEASURE. . 
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466. c. The Greatest Common Measure of two quantities, 
' may be found by the following rule ; 

< 

Divide one of the quantities by the other, and thb 
preceding divisor by the last remainder, till nothing 

remains; THE LAST DIVISOR WILL BE THE GREATEST COMMON 
MEASURE. 

The algebraic letters are here supposed to stand for whole 
numbers. In the demonstration of the rule, the following 
principles must be admitted. 

1. Any quantity measures itself^ the quotient being 1. 

3. If two quantities are respectively measured by a third, 
their sum or difference is measured by that third quantity. — 
If 6 and c are each measured by d, it is evident that b-{-€f 
and ( - c are measured by d. Connecting them by the sign-^- 
ir -, does not affect their capacity of being measured by d. 

Hence, if 6 is measured by d^ then by the preceding pro- 
position, b-^-d is measured by d. 

3. If one quantity is measured by another, any mvlHpk 
of the former is measured by the latter. If 6 is measured 
by cl, it is evident that 6-}-6, 36, 46, n6, &c. are measured 
by rf. 

Now let D=the greater, and d=the less of two algebraic 
quantities, whether simple or compound. And let the pro» 
Gees of dividing, according to the rule be as follows : 

dq 



"■^y 



^>W 



r'l 



■f 
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In which cr, ^ q'\ are the quoHenUf from the successiTt 
divisions ; ana r, r^, and o the remmnitrt* And as the divi- 
dend 18 equal to the product of the divisor and quotient added 
to the remainder, 

D=rd^-j-r, and izsr^'+K 

Then, as the last divisor r^ measures r the remainder being o, 

it measures (2, and S,) rq^-^-r'^dy 
and measures dq-^-TzsiD^ 

That is, the last divisor r^ is a eomm(»i measure of the two 
given qu^tities D and d. 

It is also their greatest common measiure. For every com- 
mon measure of D and d, is also (3, and 2) a measure of 
D - dq=:r ; and every common measure of c{ and r, is also a 
measure of cJ - rq'z^'/. But the greatest measure of K is 
itself. This, then, is the greatest common measure of D 
and d. 

Thp demonstration will be substantially the same, what- 
ever be the number of Successive divisions, if the operation 
be continued till the remainder is nothing. 

To find the greatest common measure of three quantitlies ; 
first find the greatest common measure of two of them, and 
then, the greatest common measure of this and the third 
quantity. If the greatest common measure of D and d be 
K, the greatest common measure of / and c, is the greatest 
common measure of the three quantities 2>, d, and c. For 
every measure of /, is a measure of D and d; therefore the 
greatest common measure of r^ and c, is also the gieatest 
common measure of />, dy and c. 

The rule may be extended to any number of quantities. 

46G. d. There is not much occasion for the preceding 
operations, in finding the greatest common measure of mm- 
pie als^ebraic quantities. For tliis piiqwse, a glance of the 
eye will generally be sufiicient. In the application of the 
rule to compound quantities, it will frequently be expedient 
to reduce tlie divisor, or enlarge the dividend, in conformity 
with the following principle ; 

The greatest common measure of two quantities is not alteredy 
by multiplying or dividing either of Uiem by any quantity which 
is not a divisor of the other ^ and widch contains no factor which 
is a divisor of tlie other. 

The common measure of ab and ac is a. If either be 
multiplied by d^ the common measuie c^ a&/2, and oc, or of 
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, ab and aedy is still a. Oq the other hand, if ah and aed are 
the given quantities, the common measure is a; and if aed 
be dmdtd by d^ tlie common measure of ah and ac is a. 

Hence in finding the common measure by division, the 
divisor may often be rendered more simple, by dividing it by 
some quantity, which does not contain a divisor of tlie divi- 
dend. Or the dividend may be multiplied by a factor, which 
does not contliin a measure of the divisor. 

Ex. 1. Find the greatest common measure of 
6a«+llaa;+3a;«, and 6a«+7aa? - S««. 

M^lax - io?)M^\\axJ^Z:^{\ 

6a"+ 7aa:-Sa:' 

Dividing by 2x)4aa;4-6a:* 

2a4-3ar)6o'+7aa: - 3a;»(Sa - x 

• -2(M?-Sa:* 

-2ax-3«» 



After the first division here, the remainder is divided by 
iXy which reduces it to 2a-|-3a;. The division of the pre- 
ceding divisor by this, leaves no remainder. Therefore 2a-4- 
So; is the common measure required. 

^^^ 2. What is the greatest common measure of a* - 6"a?, and 
' a;»+26a?+6«t Ans. x+h. 

3. Wliat is the greatest common measure of cx-^-^f^ and 
ah-^-a^x 1 Ans. c-}-«. 

4. What is the greatest common measure of 3«* - ^Ax - 9, 
and 2a;'- 162;-6? Ans. a?»-8a:-8. 

5. What is the greatest common measure of a* - h\ and 
a"-6V? Ans. tf-6". 

6. Wliat is the greatest common measure of a'-l, and 
«y-(-y1 Ans. «-{-l. 

7. What IS the greatest common measure of o^'-o', and 
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8. What is the greatest cornmcm measure ot i^-^oi-SM, 

and a* - 3afr+26'> 1 

9. What is the greatest common measure of a* - :r\ and 

10. What is the greatest common measure of (^ -aft", and 



BECTION XVII. 

INVOLUTION AND EXPANSION OP BINOMIALS .♦ 

Art. 467. THE manner in which a binomial, as well as 
any other compound quantity, may be involved by repeated 
multiplications, has been siiown in the section on powers. 
(Art. 213.) But when a high power is required, the opera- 
tion becomes long and tedious. 

This has led mathematicians to seek for some general prin- 
ciple, by which the involution may be more easily and expe- 
ditiously performed. We are chiefly indebted to Sir Isaac 
Newton for the method which is now in common use. It is 
founded on what is called the Bmmnial Theorem^ the inven- 
tion of which was deemed of such importance to mathemati- 
cal investigation, that it is engraved on his monument in 
Westminster Abbey 

468b If the binomial root be a-|-(, we may obtain, by mul- 
tiplication, the following powers. (Art. 213.) 



* Simpton'i Algebra, Sec 15. Simpson's Fluxions, Art 99. Euler's Algs- 
ora. Sec. 2. Chap. 10. Manning*8 Algebra. Saunderson's Algebra, Art. 
ISO. Vince^ Fluxions, Art. 33. Warmg's Med. Anal. p. 415. Lafiroix'a 
Algebra, Aru 135. Do. Comp. Art. 70. Lond. PhiL Trans. 1795, 1816, and 
1817. Woodhouse's Analytical Calculation. 
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h)*rza*+4a'b+6cfb*+4ah*+b^ 



.6)»=a»+5a^6+10a^6«+10a't»+6ai*+6», &c. 

By attending to this series of powers, we shall find, that 
the exponents preserve an invariable order through ihe whole. 
Tliis will be Ay obvious, if we take the exponents by them* 
selves, uncomrocted with the letters to which they belong. 

In the square, the exponents j ^J J JJJ J| J| J 

In the cube, the exponents { of 6 we 0,* f ,' 2,' 8 

In the 4th power, the exponents j^f^i^: J' f J; J) J 

Here it will be seen at once, that the exponents of a in the 
first term, and of 6 in the last^ are each equal to the index of 
the power ; and that the mm of the exponents of the two let* 
ters is h\ every term the same. Thus in the fourth power, 

C in the first term, is 4-f 0=4 
The sum of the exponents < in the second, 3+1 =4 

( in the tliird, e4-2s4^&c. 

It is farther to be observed, that the exponents of a regu- 
larly decrease to 0, and that the exponents of b increase from 
0. That this will universally be the case, to whatever ex- 
tent the involution may be carried, will be evident, if we con- 
sider, that in raising from any power to the next, each t&m 
is multiplied both by a and by 6. 

Thus (a4-6)«=«?+2a6+6« 
Mult, by a+b 

— — — [of a in each term. 

a^-\-Zcfb+aV. Here 1 is added to the exp. 

d'b+Zab^+bK Here i is added to the 

[exp. of 6 in each term. 

If the exponents, before the multiplication, increase and 
decrease by 1, and if the multiplication adds 1 to each, it is 
evident they must still increase and decrease in the same 
manner as before. 
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469. If then a^b be raised to a power whoee'exponent is ik 

The exp's of a will be n, n- 1, n- 2, 2, 1, ; 

And the exp's of 6 will be 0, 1, 2, . • . . n - 2, n - 1, n. 

The terms in which a power is expressed, consist of the 
letters with their exponents^ and the co^fficietUs. Setting aside 
the co-efficients for the present, we can determine, from the 
preceding observations, the letters and exjAents of any 
power whatever. ' 

Thus the eighth power of a-|-b, when written without the 
co^efl&cients* is 

rf + a'6 + a*6* + a"6' + a*6* + aV+o'6«+ai^ + 6». 

And the nth power of a -|- 6 is, 

470. The number of terms is greater by 1, than the index 
of the power. For if the index of the power is n, a has, in 
different terms, every index from n down to 1 ; and there is 
«ie additional term which contains only b. Thus, 

The square has 3 terms, The 4th power, 5, 
The cube 4, The 5th power, 6, &c. 

471. The next step is to find the cO'^ffidents. This part 
<^ the subject is more complicated. 

In the series of powers at the beginning of Art. 468, the 
coefficients, taken separate from the letters are as follows ; 
In the sc]uare, 1» 2, 1, whose sum is 4=2* 

In the cube, . 1, 3, 3, 1, 8=2' 

In the 4ih power, 1, 4, 6, 4, 1, 16=2* 

In the 5lh power, 1, 5, 10, 10, 5, 1, 32=2*. 

The order which these co-efficients observe is not obvious, 
like that of the exponents, upon a bare inspection. But they 
will be found on examination to be all subject to the follow- 
ing law ; 

472. The co-efficient of the first term is 1 ; that of the 
second is equal to the index of the power ; and universally, 
if the co-efficient of any term, be nniltiplied by the index of 
the leading quantity in that term, and divided by the index of 
the following quantity increased by 1, it will give the co- 
efficient of the succeeding term.* 



* See Note T. 
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' Of the two letters in a term, the first is called the leading ' 
quantity, and the other the foUowmg quantity. In the ex 
amples which have been g^ven in this section, a is the 
leading quantity, and h the following quantity. 

It may frequently be convenient to represent the co-effi« 
cients in the several terms, by the capital letters, w9, B^ C, &c. 

The nth power of a-f-69 without the co-efiicients, is 
a--f 0— *6+a— V+o— «6'+a— *6*, &c. (Art. 469.) 

And the co-efficients are, 
•i9 r=fi, the co-efficient of the second term ; 

B ==n X^^, of the third term ; 

% 

'C=nx!!^ X^!^ of the fovarlh term : 
2 3 

JD=ttX?^X^X^4 of the jE/iA term; &c. 
2 3 4 

The regular manner in which these co-efficients are de 
rived one from another, will be readily perceived. 

473. By recurring to the numbers in Art 471, it will be 
seen, that the co-efficients first mcrease^ and then decrecae^ at 
the same rate ; so tliat they are equal, in the first term and 
the last, in the second and last but one, in the third and last 
but two ; and universally, in any two terms equally distant 
from the extremes. The reason of this is, that (a-{-6)" is the 
same as (6-|-a)" ; and if the order of the terms in the bino* 
mial root bo changed, the whole series of terms in the oower 
will be inverted. 

It is sufficient, then, to find the co-efficients of half the 
terms. These repealed will serve for the whole. 

474. In any power of (o-f***) ^^e sum of the co-efficients 
is equal to the number 2 raised to that power. See the list 
of co-efficients in Art. 471. The reason of this is, that, ac- 
t^ording to the rules of multiplication, when any quantity is 
invplved, the UtUrs are multiplied into each other, and the 
oo^effiderUs into each other. Now the co-efficients of a-^h 
being 1-^1=2, if these be involved, a series of the powersr 
of 2 will be produced. 

475. The principles which have now been explained may . 
uosUy be comjirised in the following general theorem, caJMI 
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THE BINOMIAL THEOREM. ' 

The index op the leading quantity op the power 
op a binomial, begins in the first term with the in*' 
dex op the power, and decreases regularly by 1. 

The INDEX OP the following quantity begins WITH 1 
IN THE SECOND TERM AND INCREASES REGULARLY BY 1, 

(Art. 468.) 
The CO-EFFICIENT op the first term is 1 ; that 

OF the second is equal to the INDEX OF THE POWER ; 
AND UNIVERSALLY, IF THE CO-EFFICIENT OF ANY TERM BE 
MULTIPLIED BY THE INDEX OF THE LEADING QUANTITY IN 
THAT TERM, AND DIVIDED BY THE INDEX OF THB FOLLOW- 
ING QUANTITY INCREASED BY 1, IT WILL GIVE THE C0-EF« • 
FICIENT OF THE SUCCEEDING TERM. (Art. 472.) 

In algebraic characters, the theorem is 

(a+6)"=o"+nxa"-'6+nX— a""'*", &c. 

It is here supposed, that the terms of the binomial have no 
other co-eflicients or exponents than 1. Other binomials may 
be reduced to this form by substitution. 

Ex. 1. What is the 6th power of ar+y ' 

The terms without the co-efficients, are 

«•, /y, icy, ^\ ai^yS ary', y*. 

And the co-efficients, are 

, ^ 6x5 15x4 20x3 ^ , 

' ' "T"' "3^ ~I^ * 
aiatis 1, 6, 15, 20, 15, 6, 1. 

Prefixing these to the several terms, we have the power 
required ; 

a:«-|.6x^+ 1 5«y4.20«y + 1 5a?y*+6ay+ j/«. 

2. (rf+fc)»==rf*-f5d^A+10(ftf+10(Ptf-f5rftf-ffc*. 

8. What is the nth power of i+y ^ 

Ans. 6"+j36"-'y+B6"-y-f C6— y+JD6-y, &c. 

Tliat is, supplying the co-efficients which are here repre* 
tented by A, B, C, &c. (Art. 472.) 

i^+ttX6"-'y+nX^-Xfr"-y, &c. 
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4. iVhat is the 5th power of a;*-|-3y' 1 
Substituting a for x\ and 6 for S/, we have 

And restoring the vahics of a and 6, 
(a;«+Sy«)''==x^»+15a:y+90jV+?70j^''+405a?y"+24Sy» 

5. Wliat is the sixth power of (Sx+^y) ? 

Ans. 

729a:' +29 1 6x^+ 4860a;^j/'+4320a:>j^'+2 1 60s;^*+S76a!/ 
+64y«. 

476. A rc5irfMal quantity may be involved in the sam9 
, manner, without any variation, except in the ngns. By ro 
peated multiplications, as in Art. 213, we obtain the foUow 
ing powers of (a -6.) 



i 



a-6)'=a«-2a6+6«. 
a-6)»=a'-3a'6. 



(a - 6)^ = a^ - 4a^6+6a'6* - 4'a6»4.6*, &c. 

By comparing these with the like powers of (a+6) in Art. 
468, it will be seen, that there is no difference except in the 
signs. There, all the terms are positive. Here, the terms 
which contain the odd powers of 6 are negative. See Art. 
218. 

The sixth power of (x-y) is 

a;« - Qs?y+ 1 5xY - 20x^y^+l BxH/* - Qxf+f. 

The nth power of (a - 6) is 

o"- j3a»-*6+JSa"-«6'- Ca— «6», &c. 

477. When one of the terms of a binomial is a nniU it i» 
generally omitted in the power, except in the first or last 
term ; because every power of 1 is 1, (Art. 209.) and this 
when it is a factor, has no effect upon ^he quantity with 
which it is connected. (Art. 90. )• 

Thus the cube of (x+l) is a?+Sa^x'^+^xx^^+l\ 
Which is the same as a;'-f-3a;'+3x+l. 

The insertion of the powers of 1 is of no use, unless it 
be to preserve the exponents of both the leading and the fol- 
lowing quantity in-each term, for the purpose of finding the 
co-efficients. But this will be unnecessary, if we bear Id 
inindy that the sum of the two exponents, in each term, » 
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equal to the index of the power. (Art. 468.) So that, ff we 
have the exponent of ttie le^iding quantity, we may know 
that of ihefolloinng quantity, and v. v. ±^ 

Ex. 1. Tlie sixth power of (1 -y) is ' 

2. ( 1 +a:)"= 1 +Jx+Ba!'+ Ciif-\-Dx\ &c. 

478. From tlie comparatively simple manner in which the 
power is expressed, when the first term of the root is a unit, 
is suggested the expediency of reducing other binomials to 
this form. 

The quotient of (o+x) divided by a is ( l-f^ ) - This mul 
tiplied into the divisor, is equal to the dividend ; that 1% 
(c^x):=:ax (l+-) therefore (a4.a:)-=a"x (l+-)" 

By expanding the .factor (1+-) > we have 

479. When the index of the power to which any l»inomiaI 
is to be raised is a positive whole number^ tlie series aviII iermU 
note. The number of terms will be limited, as in all the 
preceding examples. 

For, as the index of the leading quantity continually de- 
creases by one, it must, in the end, become 0, and then the 
series will break off. 

Thus the 5th term of the fourth power of a-^x is x\ or 
(fx\ cf being commonly omitted, because it is equal to 1. 
(Art. 207.) If we attempt to continue the series farther, the 
co-efficient of the next term, according to the rule, will be 

i2L_=0. (Art. 112.) And as the co-cfficients of all suc- 
ceeding terms must depend on this, they will also be 0. 

480. If the index of the proposed power is negative, this 
can never become 0, by the successive subtractions of a unit. 
The series will, therefore, never terminate; but like many de^ 
cimal fractions, may be continued to any extent that is de* 
dred. 
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Ex. Expand into a series =(a-|-j/)"*. 

The terms without the co-efficients, are 

The co-efficient of the 2d term is - 2, of the 4th"^^" =-4 

3 

Of the third,— >lZ^=+3,of the 5lh "^^"^=+5. 

2 ^ 4 ^ 

The serial then is 

a-«-2a-^+3a-y- 4a-y+5a-y, &c. 

Here the law of the progression is apparent ; the co-efS- 
cients increase regularly by 1, and their signs are alternately 
positive and negative. 

481. The Binomial Theorem is of great utility, not only 
in raising powers, but particularly in finding the roots of bino- 
mials. A root may be expressed in the same manner as a 
power, except that the exponent is, in the one case an m(e- 
ger^ in the other a fraction. (Art. 245.) Thus (o-)-^)" nfiay 
be eitlier a power or a root. It is a power if n=2, but a root 
if n=|. 

483. If a root be expanded by the binomial theorem, the 
aeries mil never terminate, A series produced in this way 
terminates, only when the index of the leading qui^itity be- 
comes equal to 0, so as to destroy the co-efficients of the suc- 
ceeding terms. (Art 479.) But according to the theorem, 
the diflerence in the mdex, between one term and the next, 
is always a unit ; and a fraction^ though it may change from, 
positive to negative, cannot become exactly equal to 0, by 
successive subtractions of units. Thus, if the index in tha 
first term be |, it will be. 

In the 2d, i-l = -.j^, In the4th -f-l=:-|, 
IntheSd,,-|-l=-i, IntheSth -t-l=~|,fc6 

Ex. What is the square root of (a-f~^) ^ 
The terms, without the co-efficients, are, 
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The co-efficient of the second term is +| 

of the Sd, i21lll= -i, of the 4th, Z±><ZI = + ^. 
^ o 

And the series is a*+ia ''6-ia"*6'-4-iSa~*6', &c. 

Wien a qnanlity is expanded by the Binomial Theorem, 
the law of the series will frequently be more apparent, if the 
factors^ by which the co-efficients are formed, are kept dU" 
UncL 

■^ ' 1. Expand into a series (a'+a:) • 

Substituting b for a\ we have ^ 

^=1, (Art. 472.) 

« 2 2 2 4 2.4 



2.4 3 2.4 6 2.46 



2.4.6 4 2.4.6 8 2.4.6.8 

Restoring, then, the value of 6, and writing -for <r*, we have 

a 

2. Expand into a series (l-|-x) . 

Ana. l+f -jt+^-l:^^^ &c. 
^2 2.4^2.4.6 2.4.6T 

3. Expand V^, or (1+1)*. 

^2 2.4^2.4.6 2.4.6.9 2.4.6.8.10' 

4. Expand (o+a?)*, or a * X ( 1+-) * See Art. 47a 

\ ^«a 2.4a'^ 2.4.6tt' 2,4.6.8«^* / 



'^— •■^^•^FH" 
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, 6. Expand (o+IP, or o* X ( 1+-) *• 

Ans. a*x f 1+ * -^.+ i:^- J:^-^ &c\ 
\ ^3a 3.6o'^3.6.9a» S.6.9.72a«^ / 

6. Expand into a series {a -by. 

\ 4a 4.8a* 4.8.12a» 4.8.12TI6? / 

7. Expand {a-\-x)~\ 8, Expand (1 -«)! 

9. Expand (l+x)"*. 10. Expand (a'+a;) ~ *. 

483. The binomial tlieorem may also be applied to quan- 
tities consisting of more than two terms. By suDstittition, sev- 
eral terms may be reduced to two, and when the compound 
expressions are restored, such of them as have exponents 
may be separately expanded. 

Ex. What is the cube of a^b-\'C 1 

Substituting h for (ft+^O we have a-}-(6+0=^fc» 
And by the theorem, {a+hyz=:a*+Sa^h+iah*+lf. 

That is, restoring the value of h, 
(c+fc+c)»=a'+Sa« X (fr+O+Sa X (b+e) '-Ki+c)** 

The two last t;erm8 contain powers of (^4^) ; but these 
may be separately involved. 

J Promiscuous Examples. 



1. T^Tiat is the 8th power of (o-fft) 1 

Ajis. (f+Sa'b+2SaV+5Mb^+70a'b*+56ifh i- 
28oV+8a6'+6». 

2. What is the 7th power of (a - 6) 1 

8. Expand mto a series , or (1 - aY^ 

Ans. l+o+fl^+a'+tf'+a', &c. 
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» 

4 Expand-*-, or Ax (a -*)"*. ^ 

\a <r a^ oT J a (r ir t^ 

5. Expand into a series {(^^V)^. 
Ans. cH — - — s+ — :» &c 

6. Expand into a series (o+y)"*- 

<^ TT^ a* a' ^ aP 

7. Expand into a series ((^-|-x') . 

8. ExpMid _j or d(c'+«»)~*, 

c\ 2c*^2.4c* 2.4.6c' ' 8.4.6.8<r / 

9. Find the 5th power of (a'+y**) 

10. Find the 4th power of (o-f i+x.) 

11. Expand (rf-K)* It. Expand (1-y*)*. 
IS. Expand (a- »)^. 14. Expand A(«^ -9*)^ 
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SECTION XVIII. 



EVOLUTION OF COMPOUND QUANTITIES. 

Art. 484. THE roots of compound quantities may be ez« 
tfacted by the following general rule : 

After arranging the tenns according to the powers of one 
of the letters, so that the highest power shall stand furst, the 
next highest next, &c. 

Tokt the root of the first term^for the first term of the require 
ed root : 

Subtract tlie power from the given quantity^ and divide the 
first term of the remainder^ by the first term of the root involved 
to the next inferior power^ and mtdtiplied by the index of the 
* given nower ;t the quotient toiU be the next term of the root. 

Subtract tJie power of the terms already found from the given 
qiumtityy and using the same divisor^ proceed as before. 

This rule verifies itself. For the . root, whenever a new 
term is added to it, is involved, for the purpose of subtract- 
ing itjs power from the gi\ln quantity : and when the power 
is equal to this quantity, it is evident the true root is found. 

Ex. 1. Extract the cube root of 
a', the first subtrahend. 



Saf)* So', &c. the first remainder. 

a^+So'+Sa^+o", the 3d subtrahend. 

,1 

3d*)* * -6a*, &c. the 2d remainder. 
(f+Scf - Sa* - 1 1 a'+6(^+ 1 2a - a 



t By the given power is meant a power of the lame name with the reqjiredl 
root. As powers and roots are correlative, any quaniity is the square of its 
square root, the cube of iu cube root, &c. 
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Here a*, the cube root of a*, is taken for the first term of 
tlie required root. The power o^is subtracted from the given 
quantity. For a divisor, the first term of the root is squared, 
that is, raised to the next inferior power, and multiplied by 
3, the index of the given power. 

By this, the first term of the remainder So", &c. is divided, 
and the quotient a is added to the root. Then a*-\-aj the 
part of tlie root now found, is involved to the cube, for the 
second subtrahend, which is subtracted from the whole of 
the given quantity. The first term of the remainder - 6a\ 
&c. is divided by the divisor used above, and the quotient - 2 
is added to the root. Lastly the wliole root is involved to 
the cube, and the power is found to be exactly eoual to the 
given quantity. 

It is not necessary to write the remainder at length, as, in 
dividing, the first term only is wanted. 

2. Extract the fourth root of 

a*4-8a'4-24a»+32a+ 1 6 (a+2 



4a»)* 8a», &c. 



o^-|-8a»+24a'+S2(H-16. 

S. What is the 5th root of 

aF+5a^b+\0M*+l0aV+5ab'+V 1 Ans. a+b. 

4. What is the cube root of 

a» - 6a«6+ 2a6* - 86* ? Ana. a-2fc. 

& "Wliat is the square root of 

4a'- 12a6+96'+16a&-24i&+16&'(2a-SH-4/i 
4a« 



4a)*-12a6, &c. 

4o)» ♦ •+ 16aA,&c. 



4a*- 12ai+9A'+16a&-S4frA+16&*. 
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In finding the divisor here, the tenn 2a in the root is not 
involved, because the power next below the squaie is the 
first power. 

485. But the square root is more commonly extracted by 
the following rule, which is of the same nature as that which 
is used in Arithmetic. 

After arranging the terms according to the powers of one 
of the letters, take the root of the first term, for the first terip 
of the required root, and subtract the power from the given 
quantity. 

Bring down two other terms for a dividend. Divide by 
double the root already found, and add the quotient, both to 
the root, and to the divisor. Multiply the divisor thus in- 
creased, into the term lasi placed in the root, and subtract 
the product from the dividend. 

Bring down two or three additional terms and proceed ai 
before. 

Ex. 1. What is the square root of 
a\ the first subtrahend. 



2a+6)* %ab-\-V 

Into b=z 2ah-\-Vf the second subtrahend. 

2a4.26+€) * * 2ac+26c4.c*. 

Into c= 2ac-f-26c4-c^, the third subtrahend. 

Here it will be seen, that the several subtrahends are sue* 
cessively taken fi'om the given quantity, till it is exhausted. 
If then, these subtrahends are together equal to the square 
of the terms placed in the root, the root is truly assigned by 
the rule. 

The first subtrahend is the square of the first term of the 
root. 

The second subtrahend is the product of the second term 
of the root, into itself, and into twice the preceding tenn. 

The third subtrahend is the product of the third term 
of the root, into itself, and into twice the sum of the two pre« 
ceding terms, &c. 

That is, the subtrahends are equal to 

o«+(2a+6) X 5+ (20+26+0) xc, &c- 
«nd this expression is equal to the square of the root. 
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For {a+b)*=zif+tab+b's^a*+{ia+b)xb. (Art. 1«0.) 
And putting &=a-|-b, the square A'=:o*4-(2a-}-6) X^- 

And (0+6+0"= (A+c)«=tf+(2/i+c)xc; 
that is, restoring the values of h and k\ 

(rt+i+c)«=a«+(2a+6) x6+(2a+26+c) xc 

In the same manner, it may be proved, that, if another 
term be added to the rootj the power will be increased, by 
the product of that term into itself, and into twice the sum 
of the preceding terms. 

The demonstration will be substantially the same, if some 
of the terms be «e;alt«e. 

i. What is the square root of 

1 - 46+4tf*+2y - 46y+j^(l - 26+y 
1 



t - 26) * - 46+46« 
Into-26=-4fr+4i' 



2-46+y)* * 2y-46y+y« 
Into y= 2y-46y+y«. 

S. What is the square root of 

a» - 2a'+Sd* - 2a'+a« t Ans. cf^ - i^+a. 

4. What is the square root of 

rf«+4a'6+46« - 4a" - 86+4 1 Ans. a"+26 - 2. 

486. It will frequently facilitate the extraction of roots, 
to consider the index as composed of two or more /ae(or«. 

Thuso^=a*>^* (Art. 258.) And a*=a*><*. That is. 

The fourtli root is equal to the square root of the square 
oot; 

The sixtli root is equal to the square root of the cube root ; 

The eighth root is equal to the squaie root of the fourth 
root, &c. 

To find tlie sixth root^ therefore, we may first extract the 
tube root, aud tlien the square root of this. 
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4 

1 Find the square root of a?* - 4«*+6a? - 4x+ 1. 

2 Find the cube root of x' - Gx^+15x* - 20a:'+15a«- 6«+l. 
8 Find the square root of 4i* - 4x*-|-13a:* - 6a;-f 9. 

4. Find the fourth root of 

16a^ - 96a'«+21 6aV - 21 Goar'+Sl Ji^. 

5. Find the 5th root of a;«+6a?«+10it»+10a:*+5«+l. 

6. Find the sixth root of 

a«^6a'6+15o*6«--20aV+16a«6* -QaV+V. 

* 

ROOTS OF BINOMIAL SURDS, 

486. b. It is sometimes expedient to express the square 
root of a quantity of the form a±\/6, called a binomial or re* 
ddual surd, by the sum or difference of two other surds. A 
formula for this purpose may be derived from the following 
propositions; 

1. The square root of a whole number cannot consist of 
1100 parts^ one of which is raliond^ and the other a 9urd. 

If It be possible, let V^-=''4~Vy> ^ which the part x is 
rational. 

Squaring both sides, a3=«*-f ^^Vv+V 

And reducing, ^y = £, a rational quantity ^ 

which is contrary to the supposition. 

S. In every equation of the form ^+Vy=<H-V^> ^^^ ^^ 
lional parts on each side are equals and also the remaining 
parts. 

If x be not equal to a, let x=atz. 

Then (i±y+\/y = «*+ V^' ^^^ V* =*+ VV » 
That is, \/6 consists of two parts, one of which is rational, 

and the other not ; which, according to the preceding propo* 

sition, is impossible. 

In the same manner it may be shewn, that in the equa* 

lion, x-^y=za-/^bi the rational parts on each side an 

equal, and also the remaining parts. 

3. IfV<H-V*=*+Vy> then \A» - V*=* "" Vlf* 

For, by squaring the first equation, we have 

83 



W8 ALGEBRA. 

And by the lart proppaition. 



By subtracUonj a-V6=a^ ^^VV+V 
By evolution, ^oi^^h^x - Vy* 

486. c, Tq find, now, an expresdoo for the square root of 
binomial or residual surd, 

Let ^(i4-V^='+Vy 

Then \/^""V*=*'"V!^ 

glaring both sides of each, we have 

Adding the two last, and dividing, a=z^'\^y 

Multiplying the two first, \/a* - b = :e* - jf 

Adding and subtracting. 



/ 



a-\-s^a*-b 



ii+Va»-6=2a:» Or 

2 

Therefore, as Vo+ yg^rr+ Vy, and ya-y 6=;a? - yj^ 

Or^ substituting d for yo*-i~ 

K y<i4-vfe ^ vi (H-*)+y i (« - rf). 

2. ya - y6=yj (a+d) - y4 (« - <^)- 

Elx, 1. Find the square root of 34-2y2, 
Here a=S, a'=9, y6=2y2, fr=8„a«-5=:a-8=L 
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2. Find the square root of 114^6^^ Ali^ ^\/^ 

8. Find the square root of 6 - 2^5. Am. ^6- 1. 

4. Find the square root of 7-)-4.^S. Ana. i^^i. 

6. Find the square root of 7 - 2^10. Ans^ ^5 - ^ti 

These results ma^ be verified, in each instance, hf tUUlti 
plying the root into itself, and thus re-producing the binomial 
from which it is derived. 



-f 
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Art. 487. IT fe frequently the case, that, in attempting' tt. 
extract the root of a quantity, or to divide one qttafHity By 
anotlier, we find ft impossible to asslg^rr tlie qiiotrent &t tttoi 
with exactness. But, by contmumg the operation, one itfiA 
after another may be adfjed, so as to brfng the result nearer 
and nearer to the value required. When the number 6i 
terms is supposed to be extended beyond any determit^ale 
limits the expression is called an wfitiite eerie$. Tb6 qmititO^y 
however, may be finite, though the number of tentlar bff tui^ 
limited. 

An infinite seriasrmay appear^ at first vfetr,,rtiifch hHi^MIl^ 
pie than the expression from which if k derived. But the 
former is, frequently, more within Che pcfWtt of ailMktSm 
than the tatter. Much of the labor and ingenuity 6t nmtltcIL 
maticians has, accordingly, been empfoyed on the «uMeei 6i 
series. If it were necessary to find each 0t the teamrnhf M^ 
lual calculation,, tha widertaldnf woutd be^ hopeless. But a> 
few of .the leading terms will, |[eneraily, be sufllicient tode^ 
!lermijDi0 the IiMRr of the progression^ 
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488. A Jroetion may often oe expanded into an infinite 
series, iy dimding the numertUor by the denominator. For the 
value of a fraction is equal to the quotient of the numerator 
divided by tlie denominator. (Art. 135.) When this quotient 
c«mot be expressed, in a limited number of terms, it may be 
represented by an infinite series. 

Ex. To reduce the fraction to an, infinite series, 

1-a 

dlT'de 1 by 1 - 0, according to the rule in Art. 462. 

l-a)l (1 4-0+ tf+fl?, &c. 
1-a 



♦ a 



a-a» 



a\ &c. 



By continuing the operation, we obtain the terms 

l+H-^+^'+^^+^'+^S ^<5- which are sufiicient to 
show that the series, after the first term, consists of the 
powers of a, rising regularly one above another. 

That the series may converge^ that is, come nearer and 
nearer to the exact value of the fraction, it is necessary that 
the first term of the divisor be greater than the second. In 
the example just given, 1 must be greater than a. For at 
each step of the division, there is a remainder ; and the quo« 
tient is not complete, till this is placed over the divisor and 
annexed. Now the first remainder is a, the second a\ the 
third a', &q. If a then is greater than 1, the remainder con- 
tinually increases ; which shows, that the farther the division 
is carried, the greater is the quantity, either positive or nega- 
tive, which ought to be added to the quotient. The series 
is^ therefore, diverging instead of converging. 

B\i. if a be less than 1, the remainders, a, a*, a^, &c. will 
contiKually decrease. For powers are raised by multiplica- 
tion ; and if the multiplier be less than a unit, the product 
will be less than the multiplicand. (Art. 90.) If a be taken 
equal to (, then by Art. 223, 

a»=i, rf=i, a*= I**, a^=z^^ &c 
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and we have 

Here the two first terms ^l-f }» which is less than S, by | ; 
the three first =l+t» less than 2, by J ; 

the faw first ^l+iy less than S, by f ; 

So that the farther the series is carried, the nearer it ap- 
proaches to the value of the given fraction, which is equal 
to 2. 

2. If be expanded, the series will be the same as thai 

l+a *^ 

from y except that the terms which consist of the odd 

1 — fl 

powers of a will be negative. 

So that -i— = I - a+a^ - o'+a* - rf+aP, &c. 
l+a 



,J^ $. Reduce ^^ to an infinite series. 



a 

Here h divided by a gives - for the first term of the quo» 

a 

tient. (Art. 1 24.) This is multiplied into a - (, and the product 

is A-~ ; (Arts. 159, 158.) which subtracted from h leaves 
a 

**L This divided by a gives ^ (Art. 163.) for the second 
a a 

term of the quotient. If the operation be continued in the 
same manner, we shall obtain the series, 

in which the ezponenU of b nnd of a increase regulariy by 1. 
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4. Reduce -it? to an infinite eertes. 
l-a 

489. Another method of forming an infinite series &, dy 
extracfing the root of a compound $wrd. 

Ex. 1« Redoee Va'+** to an infinite fleries, by eztraqting 
lae iquare root according to the rule in ArU 485. 

a* 



•^£)* " 



Here a the root of the first term, is taken for the first term 
of the series ; and the power a' is subtraclied from the given 
quantity. The remainder &' is divided by 2a, which gives 

— « for the second term of the root. (Art. 124.) The divi- 
2a 

sor, with this term added to it, is then multiplied into the 

b* 
term, and the product is 6^4" — ^* (Arts. 165, 159;) This 

4a 

' i* . . . 

subtracted from V leaves - — ^ which divided by 2* gives 

• Zjl^ for the third term of the rooL (Art. 163.) &e. 

i. v8=vi+i=i+l-*+T». &«. 

* V -r Tg g-TjQ J28' 



-yr 
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490L A buKmiial whieh has a mgiitive «r ftuiiMEil «xpo« 
nent, may be expanded into an infinite eeries by the hbumial 
theorem. See Arts. 480, 483, and the examples at the end 
of Sec. xvii. 

-f- INDETERMINATE CO-EFFICIENTS. 

490. &• A fourth method of expanding an algebraic ex* 
pression, is by assuming a series, with indeienninate c<heffim 
dents ; and afterwards finding the value of these co-efficients. 

If the series, to which any algebraic expressimi is assumed 
to be equal, be 

Jl+Bx+Cif'+Dai^+Es/^, &c. 

let the equation be reduced to the form in whi(5h one of the 
members is 0. (Art. 178.) Then if such va'ues be assigned 
to«A, By C, Ac that the co-efficients of the several powers 
of Xf as well as the aggregate of the terms into which x does 
not enter, shall be each equal to ; it is evident that the whoh 
will be equal to 0, and that, upon this condition, the equation 
is correctlv stated. 

The values of ^9, J?, C, &c. are determined, by reducing 
the equations in which they are respectively contained. 

Ex. 1. Expand into a series 



C'{-bx 



Assume -iL.=jJ+Ba:+Ca:«+Z>r^4-jEa!», &c. 
C'\-bx 

Then multiplying by the denominator c-f-&ar, and trans- 
posing 0, we have 

0={^'-a)+{Ah+Bc)x+(Bb+a)<t'+{Clb+Dc)3^, &c. 

Here it is evident, that if (^c-a), {M+Bc)y (Bb+Cc), 
&c. be made each 3qual to 0, the sevt^ral parts of the second 
member of the equation will vanish, (Art^ 112,.) and the 
whole will be equal to 0, as it oiiglit to be, accori^g to the 
assumption which has been made. 



14 ALGfiB&A. 




Baducing t)ie foUowing eqaatioo^ 




dflc-asO, we 


have Jisz^ 

e 


M+Bc^O, 




ir6+Ce=0, 


e 


Cb+Dc=zO^ 




kc 


&C. 



That ifl, each of the co-efficieiit8» C, D, and E^ is equal t» 
the preceding one ttiultiplied into - ^ We . have therefine 

a ab , «J* I oft* • I fli*^ fc. 



2. Expand into a series , y .. 

Assume — ±i:^=jJr+Ba:+Ca?+/)x», &c. 

Then multiplying by the denominator of the fraction,, andl 
transposing a^bx^ we have 0=z(M"'a)'{'{Bd-{'Jlh-'byx 
+{Cd+Bh+dcy+{Dd+Ch+Bcy, &c. 

Therefore jJ=?, Crr-^B-idff, 

a a a 

And _?+^=«-(l^-*U-/*5+i^y,&c. 



S. Expand into a series "* *" . 



Ans. l+3x+4a;*+7a:^4.11x^4.18j'+29j:*, &c. 

In which, fhe co-efficient of each of the powers of a:, is equal 
to the nan of the co-efficients of the two preceding terms*. 



^»" 



4. Expand into a series ^ 
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d 



b -oa? 



5. Expand into a series ~ ^ 



Ans. l+x+5x'+\&a?+4\x'+\2lsi?+S652^, &Q. 
6. Expand into a series 



1 - « - a?*-f-^ 
Ans. l+a:4-2«^+2ar»+3a:*+3x'+4a;•+4x^ &c 

7. Expand ^ . 8. Expand 



9. Expand ^+*^, 10. Expand J+fL. 



i 



SUMMATION OF SERIES. 



491. Though an infinite series consists of an unlimited 
number of terms, yet, in many cases, it is not difficult to find 
what is called the sum ofUie terms; that is, a quantity which 
differs less, than by any assignable quantity, from the value 
of the whole. This is also called the ImU of the series.^ 
Thus the decimal 0.33333, &c. may come infinitely near to 
the vulgar* fraction I, but never can exceed it, nor, indeed, 
exactly equal it. See Arts. 453, 4. Therefore i is the limit 
of 0.33333, &c. that is, of the series 

lU I TOO I lUAO I TOOOO I lOUUUO) **C» 

If the number of terms be supposed infinitely great, the 
difference between their sum and i, will be infinitely small. ' 

492. The sum of an infinite series whose terms decrease 
by a common divisor, may be found, by the rule for the sum 
of a series in geometrical progression. (Art. 442.) Accord- 
ing to this, S= ^^ "" ^, that is, the sum of the series is found 

r-1 

by multiplying the greatest term into the ratio, subtracting 
the least term, aiid dividing by the ratio less 1. But, in an 
infinite series decreasing, t^e least term is infinitely small.— 
It may be neglected therefore as of no comparative valua^ 
(Art. 456.) The formida will then become, 

r-l r-1 
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£x. I . What is the siim of the infinite eeriet 

Here the first term is ^, and the ratio is 10 

Then S=zJ^ =^^2lY=f =i, the answer. 

t. What is the sum of the infinite series 

I+i+i+i+A+A+A, &c.t 

Ana, iS=J:2L=!211=«. 
r-1 2-1 

8. What is the sum of the infinite series 

l+i+i+A+ A, &c. ? Am. t^l+h 

498. There are certain classes of iafiiute series^ whoofr 
sums may be found by tubtracHon. 
By the rules for the reduction and subtraction of firoctionfl^ 

1 1_3>2_ 1 

S^'S 2x8 2X8* 

1 1_4^3 1 

S^i Sx4'^Sxr 

4 6 4x5 4x5' > 

, If then the fractions on the right be formed into a aeries^ 
they wiU be ecj^ual U> the dt^crence of two series formed from 
the fractions on the lefi« This difference is easily found ; 
for if the first term be laken away from one of these two 
acariesy it will be equal to the other. 
Suppose we have to find the sum of t}ie infinite series 

L+ JL+JLf -1-, &c. 
2T^ 8-4^ 4-5^ 5-6 

From thk^ let another be derive^ by removing the last 
factor from each of the denominators; and let the sum of 
Uie new series be represented by S, 

That is^ lei i9=l-»4+Ld, fca 



And ay subtraction 1= J. + ' 4-— -4- , <t«. 
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Here the new series is made one side of an eqoation, and 
directly under it, is written the same series, after the first 
term J is taken away. If the upper one is equal to jS, it is 
evident that the lower one must be equal to 5- i. Then 
subtracting the terms of one equation from those of the 
other, (Ax. S,) we have the sum of the proposed series 
equal to i. For iS- (/S-J)=:iSf-S+i=si- 



-i 



2. What is the sum of the infinite series 
J_+J_+ J_+ J_+ J_, &c. 



* 

Here a new series may be formed, as before, by omitting 
ilie last factor in each denominator. 

Let ' 5=1+1+1+1+1, &c. 

Then iS -^=1+1+1+1+1, &c 
2 S^4r5^6^f 



And by subtraction ^=i--+i-+l.+i-+-4:, &c. 

Or ?=-L+J-+_L+i.+_L, &c. 

In repeating the new series, in this case, it is necessary to 
omit the two first terms, which are l+i=f. 

3. What is the sqm of the infinite series 



2-4-6 ' 4-6-8 ■ 6-8-10 ' 8;1012 

Here a new series may be formed by omitting the last fac- 
tor, and retaining the two firsts in each denominator. And 
We shall find 

8 2-4-6"^4-6-8"^6-810"*"8-101? 

Or 2r= — + — +-i— +_!_, &45. 

32 2-4-6^4-6-8^6-810^8*lO-12' 
4. What is the sum of the infinite series 



1-2-3 ' S-3 4 ' 3-4'5 ' 4'5:& 
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493. b. Series whose suras can be determined, may alsa 
be found by the following method. Assume a decreasing 
series, containing the powers of a variable quantity «, whose 
sum = S. Multiply both sides of the equation, by a com* 
pound factor, in wliich x and some constant quantity are con- 
tained ; and give to x such a value, that the compound fac« 
tor shall be equal to 0. If one or mere of the first terms be 
then transposed, these will be equal to the sum of the re- 
maining series. 

Ex. 1. Let S=l-\.'-+^+'^'^+^ &c 
' Multiplying both sides by x - 1, we have 

If we make a;= 1, the first member of the equation becomes 
5X(1 - I)=0. (Art 112.) Then transposing - 1 from the 
other side, we have 

l-2^2-3^3-4^4-5^6-6 

2. Let Sz=:\+^+^+t.+t^ &c. as before. 

^2^ 3 ^4^6^ 

Multiplying by a? - 1, we have, 

5x(«'-l)=-l-?+?^+?^+|^. &c. 
^ ' 2^1 •8^2-4 3-5 

Making x=l, and transposing the two first terms of the 
series, we hare 

i+l=?=^_4.1-+-!_+-?-+-5-, &c. 

^2 2 l-3^2-4^S-5^4-6 S'f 
S. MulUplying 5=1+?+^+^ &c. by 2i»-3«+l 

we have 

And if d? be put equal to 1, 

8^ ^ _i_ ^ _L "^ r. ^ &c» 
2"" r2^"^2^"^ 5T6^ 4-6-6' 
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From the two last examples it will be seen, that dlfferetd 
mrus may have tlie ionxt sum. 

^^ RECURRING SERIES. 

f 

493. c. l^Hien a series is so constituted, that a certain 
number of contiguous terms, taken in any part of the series, 
have a given relation to the terra immediately succeeding, 
it is calied a recurring series ; as any one of the following 
terms may be found, by fectirring to those which precede. 

Thus in the series 1 +3a:+4a:'+7«^+ 1 1 a?*+ 18a^, &c 

the sum of the co-efficients of any two contiguous terms, id 
equal to tiie co-efficient of the following term. If the series 
be expressed by 

^^.B+C+D+JE, &c. 

Then .^=1, the first term. J5=3a', the second, 
C=Bar+^a;«=4a:», the third, 
2>=Ca:+Ba?=7a:', the fourth, &c. 

That is, each of the terms, after the second, is equal to thft 
one immediately preceding multiplied by a^ 4~ ^^^ ^^^ '^^ 
preceding multiplied by x\ 

In the series l+2a:+3a;*4. 4a:'+5i:*+6«', &c., 
each temi, after the second, is equal to 2x multiplied by th^ 
term immediately preceding, -x* multiplied by the term 
next preceding. The co-efficients of x ana a*, that is +2 - 1^ 
constitute what is called the scale of relatii&n. 

In the series 1-f 4«-f 6a:»-^nx»-f 28a;^+63a?«, &c., 
any three contiguous terms nave a constant relation to the 
succeeding term. The sccde of telation is 2 - l-f-3 ; so that 
each terifi, after the third, is equal to 2x into the term unme- 
diately preceding, - s^ into the term next preceding, -f-Sn* 
into the third preceding term 

Let smy recurring series be expressed by 

w3+B+c-f jd+jb+jf; &c. 

If the law of progression depends upoQ two contlguout 
terms and the scale of relation consists of two ports, m 
«ndiK ^ 
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Then CzsBmx^^tu^^ the thiid tenii» 
I):=Cmx+Biu^^ llie fourth, 
E=Dnix+Ctu^, the fifth, 
&c. &c. 

If Uie Inw of progression depends on tliree contiguolii 
Cenns, and ilie seme of relation is m^n-\-r^ 

TImd DrrOnx-f i?nc'4-«Ara;', the fourth term, 
E=Ihrv+Cna*+Brx^» tlie fifth, 
jF=: EMii+lhuf+ Or A the sixth. 

If the law of progression depends on mcMre than three term$f 
Che succeeding terms are derived from them in a similar 
manner. 

493. d. In any recurring series, the scale of relatUnif if it 
consists of two parts, may be founds by reducing the equa- 
tions expressing the values of two of the terms ; if it con- 
nsts of wree parts, it may be found by reducing the equations 
expressing the values of three terms, &c. As the scale of 
relation is the same, whatever be the value of or in the series, 
the reduction may be rendered more simple, by making «= 1 

Taking then ttie fourth and fifth terms, in the first exam 
pie above, and making x=l 1, we have 

These reduced, (Art. 339,) give 
^ DC -BE ^ CE^im 
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CC-BD CC-BD 

B C D E F 

Making z=l, we have 

5«-3x7 6"-3x7 

Tlierefore, the scale of relation is 2 - L 

To know whether the law of progression depends on Iwo, 
db'ee, ornrorc tcrnis ; we may first make trial of two terms ; 
and if theiBcale of relation thus found, does not correspond 



1 
( 
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With the given seriees we may try three or inorv terms. Or 
if we begin with a number of terms greater than ia neces- 
sary, one or more of the values found will be 0, and the 
others will constitute the true scale of relation. 

493. e. l^lien the scale of relation of a decreasing recur- 
ring series is known, the wm of ike ttnM may be fomd. 

J {Jl B C D E F 

^ \ a+bx+c;i^+ds^+ex*+fa/', &c. 

be a recurring series^ of which tlije scale of relation is ni-|-ii» 

Then j9=r the first terra, B-^ the second^ 
C=Bxm«+J?x»a?, the third, 
Z>= C X wix-l-B X w^> the fourtli, 
E=Dxtnx4'Cxna!', the mih, 

&c. &c. 

Here mx is multiplied into every term, except the first and 
the last ; and fix* hiio every tenn exrcpi the tiax) last II 
the series be infinitely extended, the last terms may be neg* 
lected, as of no comparative value, (Art. 4d6,) and if jS>=: 
the ^um of the terms, we have 

S=:.9+B+mxx{B+C+Dy &c.)+na^x{A^B+Cfkc.) 
But S- j3=B+C+A &c. And S=J1+B+C, &c 
Therefore S=^+B+mxx{^'^)+n3^XS. . 
Reducing this equaiioii, we have 

^_ ^+B^ Jhn x 

—^•-^x. 1. Wliat is the sum of the infinite seiieK 
' l+6a:+ 1 2x'+4Sx'+ 1 20a:^ &c. 1 

The scale of relation will be found to be I4-6. 
Thenw3=l, B-6x, m=:l, fi=s6. 



The series therefore 



_ 1+5j? 



l-x^Gx^ 
S. What is the sum of the infinite series 
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il. What is the msm of the infinite series 

« 

Ans. *-* 



4« What is the sum of the infinite series 
l+2x+S3*+4:^+5x\ &c. 1 

Ans. H:!iz!5= _1_ 

5. What is the sura of the infinite seriecr 



Ans. 



l+x 



6. What is the sum of the infinite series 
14.2a?+8a;«+28ar»+100xS &c.1 

1-a: 



Ans. 



l-3a:-2ap« 



If in the senea j a^i^+c:c»+rf^+«E'+/^, &c 
the scale of relation consists of three parts^ m-f-n+»*> 

Then jJ= the first term, -B= the second, C= the thin^ 
D=Cxmx+Bxn3^+^Xrx^9 the fourth, 
JS=Z)xmar4-Cxna:»4.Bx»'a?, the fifth, 
F=Exm^+JOXnx^+Cxrs^9 the sixth, 
&c. &c. 

Therefore 
S=^+B+C+mxx{C+D+E &c.)+twr«x 

( 2?+ C+D kc.)+r3? X {^+B+ C &c.) That is, 

S=:^+B+C+mxx{S"A'n)+nx^X{S-^9)+rJ'x& 
Reducing this equation, we have 
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Ex. I. What is the sum of the infinite seriiMr 

in whica the scale of relation is 2 -* 1-f 3 1 
Ans. ^f^^+x--^; .= 0+^)^-^< 

2. What is the sum of the infinite series 

in which the scale of relation is l+l - H 
Ans. 

^ METHOD OF DIFFERENCEa 

493. e. In the Summation of Series, the object of inquirj: 
IS not, always, to determine the value of the whole when in- 
finitely extended ; but frequently, to find the sum of a cer* 
tain number of terms. If the series is an increasing one, the 
sum of all the terms is infinite. But the value of a limited 
number of terms may be accurately determined. And it is 
frequently the case, that a part of a decreasing seriesi may 
be more easily summed than the whole. A moderate num- 
ber of terms at the commencement of the series, if it conver- 
ges rapidly, may be et near approximation to the amount of 
the whole, when indefinitely extended. 

One of the mel hods of determining the value of a limited 
number of terms, depends on finding the several orders ofdif^ 
ferences belonging to the series. The difl^erences between 
llie terms thentselves, are called the first order of difiTerences; 
Che diiferences of these differences, the sccorhd order, &c. lo 
the series, 

1, 8, 27, 64, 125, &c. 

by subtracting each term from the next, we obtain the firsi 
order of diiferences 

7, 19,37,61, &c. 

and taking each of these from tlie next, we have the second 
order, 

12, 18, 24, &c. 

Proceeding in this manner with the series 

a^by c^ d^ e^fy Sic* 

we <U)tain the following ranks of diflerences^ 

24» 
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2d. Dtff. c-26+a, d-2c+6, e-2<I-f^,/-2e+d, fte. 
Sd. Diff. d- Sc+Sb * a, e - SiH-Se - 6, /- Se+Sd - c, &e. 
4th. Diff. e - 4itf 6c • 4b+a, /- 4e+6cf- 4c4^ &c. 
5th. Diff. /- 5e+ lOd - lOc+dfr - a, &c. 

In these expressions, each difference, here pointed off bj 
commas, thougli a compound f|Uantif y, is called a term. Thus 
tlie first term in the first rank is 6 - a ; in the second, c - ib'\-a ; 
in the third, d-Sc-fS6*a; &c. The first (emw, in the 
several orders, are those which are principally employed, in 
investigating and applying the method o( oifferences. It will 
be seen, that in the preceding scheme of the successive dif- 
ferences, the eo-effidents of the first term, 

In the second rank, are 1, 2, 1 ; 
In the third, 1, S, S, 1 ; 

In the fourth, 1, 4, 6, 4, 1 ; 

In the fifth, 1, 5, 10, 10, 5, 1; 

Which are the same, as the co-eflScients in the powen ofb^ 
iiofniab. (Art ^1.) Therefore, the co-eflScients of the first 
term in the nth order of differences, (Art. 472,) are 



493. /. For the purpose of obtaining a general expression 
for any term of the series a, ft, c, d, &c. let D', iy% D"', iy"\ 
&.C. represent the first terms^ in the first, second, third, fourth, 
&c. orders of differences. 

Then iy=6-a, 

D'^e - 26+0, 

D'^'=e-4rf4-6c-4i+(i, 
&c. &c. 

Transposing and reducing these, we obtain the following 
expiessioiis for the terms of the original series, 0,6, c, d, &a 

The second term 6=o-4"/y, 

The third, c=o+2/r+7y', 

Tlie fourth. dzzrO+Si^+S/y'+iy", 

The fifth, e=za+4iy+6iy'+4D"'+iy^^\ 



i 
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Here the co-efBcients observe the «ame law, as in the jwv^ 
ers of a binomial; with this difference^ that the co-efficients 
of the nth term of the series, ore the co-efficients of tlie 
(n- l)th power of a binomial. . 

Thus the co-efficients of the fifth term are 1, 4, 6, 4, 1 ; 
which are the same as the co-efficients of the fourth power 
of a binomial. Substituting, then, n - 1 for fi, in the formula 
for the co-efficients of an involved binomial, (Art. 472,) and 
applying the co-efficients thus obtained to I^, iy\ D''\ L^"\ 
&c. as in the preceding equations, we have the following gen- 
eral expression, for the nth term of the series, a, 6, c, ^, &c. 

The nth term 

==a-|.(n.i)iy+(n-i)!ir^iy'+n-i?L^xtL:^^^ &c. 

When tlie differences, after a few of the first orders, beconr/e 
0, any term of the series is easily found. 

....I^x. 1. What is the nth term of the series 1, S, 6, 10, 15, 21 ? 
' Proposed series 1, S, 6, 10, 15, 21, &c. 
First order of diff. 2, S, 4, 5, 6, &c. 
Second do 1, 1, 1, 1, &c. 

Third do. 0, 0, 0, 

Herea=l, iy=2, 2>''=1, ly'^rrO. 

Therefore the nth term =l4.(n-l)24-n-l?Il?. 

2 

The 20th term =1+38-1-171=210. The 50th = 1275. 

S. Wliat is the 20th t«rm of the series P, 2', 3% 4*, 5», &c 1 
Proposed series 1, 8, 27, 64, 125, &c. 
' First order of diff. 7, 19, 37, 61, &c. 
Second do. 12, 18, 24, &c. 

Third do. 6, 6, &c. 

IIere/y=7, iy'=12, 2y''=6. 
Therefore the 20th term =8000. 

3. What is the 12th term of the series 2, 6, 12, 20, 30, ftc.1 

Alls. 156. 

4 What is the 15th term of the series 1% 2*, 3\ 4*, 5% 6 -, &c.1 

Ans. 225. 
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493. g To obtain an expresdion for the turn of any nnmbei 
of terms of a series a, b^ c, ri, &c. let one, two, three, &c. term^ 
be successively added together, so as to form Enewserietf 

Of Of o-fi, a-(-£-)-c, ar{-b'{'C-\-dj &c. 

Taking the differences in this, we have 

Ist Diff. 0, by Cy dj tf ff &c. 
2d Diff. fc-a,c-6, rf-c, c-rf,/-c, &c. 
Sd Diff. c - 26+0, d - 2c-|-6, e - 2d+c, /- ie+d^ &c. 
4th Diff. d-3c-f36-a, c-3(i+3c-ft,/-Se+3d-c, &c, 

&c. &c. 

Here it will be observed that the second rank of differences 
in (lie new series, is the same as theyir^l rank in the Grigmat 
series a, 6, c, d, e, &c. and generally, that the (ii-|-lUh rank 
in the new series is the same as the nth rank in the original 
series. If, as before, D^= the first term of the first differen- 
ces in the original series, and d^= the first terra of the first 
differences in the new series ; 

Then df^Oy d''=iy, d'^^W^ d'"'^m,tLz. 

Taking now the formula (Art. 493./.) 

•+(n-l)iy+(n-l)!^Z«D"+(»-l)lz!x!^"+&J. 

which is a general expression for the nth term of a series ii^ 
which the first tenn is a ; applying it to the new series, ii> 
which the first term is 0, and substituting n-|-l for 9t, we have 

Or mH-n*--liy+»^ x^-?D^+«J^ X^^X^"-^ 

[&c. 

IV Inch is a general expression for the (n-|^l)th term of the 
seriea 

0, a, a-rf-fc, a+fc4-^> (»-i-6+c+d, tc. 
or the nth term of the series 

a, a-f-6, a+ft+^, a-|-6+«+rf> tc. 
But the nth term of the latter series, is evidently the ncMH 
of A terms of the serie8». a», (, c» dy &c. Therefore thm 
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general expression for the svm of n terms of a series of which a 
is the first term^ is 

Ex. 1. What is tlie sum of n terms of the series of odd 
tmnbersy 1, 3^ 5^ 7, 9» &c.1 

Series proposed I, 3, 5, 7, 9, &c. 

First order of diff 2, 2, 2, 2, &c. 
Second do. 0, 0, 0, 

Herea=l, I>^=2, jD^'=0. 

rherefore the sum of n terms z=n+n " x^=n\ 

That is, the sum of the terms is equal to the square of the 
number of terms. See Art. 431. 

^ J -2. What is the sum of n terms of the series 

IS 2\ 3«, 4\ 5\ &c. 1 
Herea=l, I>'=3, 2)''=2, D'''=zO. 

Therefore n terms =4(2n»--t-3n'»4.n) = in(n+l) x(2»+l). 
Thus the sum of 20 terms =2870. 

3. What is the sum of n terms of the series 

*' 2' 3^ 4^ &C.1 
Herea=i, V=7, i)^'=12, I>^'^=6, JD'^''=:0. 



Therefore n terms =J(n'4-2n'4.n«) = (Jnxn+i)'. 
Thus the sum of 50 terms =1625625. 

4. What is the sum of n terms of the series 

2, 6, 1%, 2d, 30, &c. ? 

Ans. Jn(n+l)x(n+2.> 

5. What is the sum of 20 terms of the series 

1, 3, 6, 10, 15, &c. ? 

6 What is the sum of 12 terms of the series 

l\ 2\ 3*, 4\ 5\ &cA ♦ 

* See Note U. 
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SECTION XX. 



V 



COMPOSITION AND RESOLUTION OF THE HIGHER 

EQUATIONS. 



Art. 494. EQUATIONS of any degree may be produced 
from simple equations, by Tnultiplicalion^ TI»e manner in 
wliicli I hey are coni{x>unded will be best understood, by 
taking tl^m in thiU state in which theymre all brought on 
one side by transposition. (Art. 178.) It will also be neces- 
sary to assign, to the sanrie letter, different Yalaes, in the 
ditierent simple equations. 

Suppiise, tliat in one equation, x=:2 > 
And, that in another, jp=iS y 

By fransposition, a? -2=0 

And «-3=0 



Multiplying them together, «* - 5a:-|-6=:r0 
Next, sup|)osc X - 4=^0 

And multiplying, 3? - 9x«+26ap - 24=0 

Again suppose, «— 5=0 

And mult as before, a?*- Ha'+Tl^r'- 154ar4.I20=0, &e 

Cotlecting together the products^ we have 
(ar-2)(a?-3) =a*-5a>f6=0 

(«-2>(x-S)(»-4) =«'-9ar*+26ar-.24=0 
(x-2)(x"3)(ar-4)(r-6)=:a:*-14a^+71x«-154«4-120=0&e 
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That IS, the product 

ol* two simple equations, is a quadroHe equation ; 
of three simple equations, is a cubic equation ; 
of four simple equations, is a bUjuadraUc^ or an equa 
<ion of the fourth degree, &c. (Art. 300.) 

Or a cubic equation may be considered as the product of in 
quadratic and a simple equation ; a biquadratic, as the 
product of two quadratic ; or of a cubic and a simple equa- 
tion, &c 

495. In each case, the exponent of the tinknown quantity, 
in tlie first term, is equal to the degree of the equation ; and, 
in the succeeding terms, it decreases regularly by 1, like the 
exponent of the leading quantity in the poiwer of a binomial 
(Art. 468.) 

In a quadratic equation, the exponents are 2, 1. 

In a cubic equation, 3, 2, h 

In a biquadratic, 4, 3, 2, 1, &c 

496. The number of terms, is greater by 1, than the degree 
of the equation, or the number of simple equatious from 
which it is produced. For besides the terms which contain 
the different powers of the unknown quantity, there is one 
which consists of known quantities only. The equation is 
here supposed to be <:ofnpUte. But if there are in the partial 
products, terms which balance each other, these may dUap^ 
pear in the result. (Art. 110^) 

497. Each of the values of the unknown quantity is cal- 
led a root of the equation. 

Thus, in the example above, ' 

The roots of the quadratic equation are 8, 2, 

<jf the cubic e(iuation 4, 3, 2, 

o( the biquadratic 5, 4, 3, 2. 

The term root is not to be understood in the same sense 
here, as in the preceding sections. The root of an equation 
is not a quantity which multiplied into i/se{/* will produce the 
equation. It is one of the values of the unknown quantit}?^; 
and when its sign is changed by tranf!iX)sition, it is a term in 
one of the binomial factors which enter iiito the composition 
cif the equation of which it is a root. 
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The value of the unknown letter «, in the equation, is a 
quantity which may be substituted for x, without affecting 
the equality of tlie members. In the equations which we 
are now conmdering, each member is equal to 0; and the 
first is tlie product of several factors. This product will con- 
tinue 10 be equal to 0, as long as any one of its factors is 0. 
(Art. 112.) If then in the equation 

(ar-2)x(x-S)x(ar-4)-(a;-6)=0, 
we substitute 2 for x^ in the first factor, we have 
0x(x-3)x(«-4)-(x-.6)=0. 

So, if we substitute 3 for ar, in the second factor, or 4 in 
the third, or 5 in the fourth, the whole product will still be 0. 
This will also be the case, when the product is formed by an 
actual multipUcation of the several factors into each other. 

Thus, as ar» - 9a*+26ar- 24=0 ; (Art. 494. 
So 2'-9x2*+26x2-24=0, 
And 3' -.9x3^+26x3-24=0, &c. 

Either of these values of a:, therefore, will satisfy the con- 
ditions of the equation. 

498. The number of r'K)ts, then, w^hich belong to an equa* 
lion, is equal to the degree of the equation. 

Thus, a quadratic equation has two roots ; 
a cubic equation, three ; 
a biquadratic, four^ &c. 

Some of these roots, however, may be tmaginary. For an 
imaginary expression may be one of Xhe factors from wliich 
the equation is derived. 



cr 

o 



499. The resolution of equations, which consists in findin 
their roots^ cannot be well understood, without bringing into 
view a number of principles, derived from the manner in 
which the equations are compounded. The laws by which 
the co-efficients are governed, may be seen, from the following 
view of the multiplication of the factors 

x^a^ x-by x — CfX-^df 

each of which is supposed equal to 0. 

The several co^efficients of the same power of x, are pla* 
'Ced under each other. 
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Thus, -ax - bx is written " ? ? ar ; and the other co-effi 

cients in the same manner. 

The product, then 

Of (ar-a)=0 
Into (op- ft) =0 

Is «^ ~ w x+ab^zOy a quadratic equation. 
This into :r-c=:0 



Is ar* - 6 > x^-^-ac 

Tliis into jr-d=0. 
•4-ab 



X'-abcszOj a cubic equation. 



lex' 






od 

fee 

bd 

4-cd 



^*. 




jr-|-a6cd=0, a biquadratie. 



&c. 



v_ 500. By attending to these equations, it will be seen thal| 
*« In the^r«i term of each, the co-efficient of a; is 1 : 

In the second term, the co-efficient is the sum of all the 
roots of tlie equation, with contrary signs. Thus the rooto 
of the quadrat!'*, equation are a and 6, and the co-efficients^ 
in the second term, are - a and - b. 

In the third term, the co-efficient of a?, is the sum of all 
the products wliich can be made, by multiplying together 
any two of the roots. Tiius, in the cubic equation, as tlie 
roots are a, 6, and c, the co-efficients, in the third term, are 
ai, ac, be. 

In the fourth term the co-efficient of x is the sum of all 
the products which can be made, by multiplying together 
any three of the roots after their signs are changed. Thu9 
the roots uf the biquadratic equation are a, 6, c, and d, -and 
the* co-efficients in the fourth term s^re - a6c, - a«b(i, -^ ocd, 
--bed. 

The last term is the product formed from all the roots of 
Uie equation after the signs are changed. 
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In the cubic equatiou, it is -ox ~&X -^^=c - ^' 
In the biquadratic, -aX-^X-^X -d^i+abcdf &c. 

501. In the preceding examples, the roots are all posUwt. 
The signs are changed by transposition, and when the seve* 
fal factors are multiplied tofi^ether, the terms in the product^ 
as in the power of a residual quantity, (Art. 476,) are alter- 
nately positive and negative. But if the roots are all nega* 
tive, they become positive by transposition, and all the terms 
in the product must be positive. Thus if the several Values 
of or are - 0, - 6, - c, - (i, then 

«+a=0, x+6=0, «+c=0, «+i=:0; 

and by multiplying these together, we shall obtain the same 
eqtiations as l)efore, eitcept that the signs of all the terms 
Will be positive. In other cases, some of the roots may be 
positive, and some of them negative. 

50S. As equations are raised, from a lower degree to a 
higher, by multiplication, so they may be depressed^ from a 
higher degree to a lower, by dimion* The product of {x - a) 
into (x - 6) is a quadratic equation ; this into (x - c) is a 
cubic equation ; and this into (x - J) is a biquadratic. (Art 
494.) If we reverse this process, and divide the biquadratic 
by {x " d)y the quotient, it is evident, w^ill be a cubic equa« 
tion ; and if we divide this by (x - e) the quotient will be 
quadratic, &c. The divisor is one of the factors from which 
the equation is produced; that is, it is a binomial consisting 
of x and one of the roots with its sign changed. When, 
therefore, we have found either of the roots, we may divide 
by this, connected with the unknown quantity, which will 
reduce the equation to the next inferior degree. 

J JIESOLUTION OF EQUATIONS. 

503. Various methods have been devised for the resolution 
of the higher equations ; but many of them are intricate and 
tedious, and others are applicable to particular cases only. 
The roots of numerical equations may be found, however, 
with sufficient exactness by successive approximations. From 
the laws of the co-efficients, as stated in Art. 500, a gemeral 
estimate may be formed of the values of the roots. They 
must be such, that, when their signs are changed, theLr 
froduct shall be equal to the last term of the equation^ and 
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their sum equal to the co-efficient of the second term. A trial 
may then be made, by substituting, in the place of the un- 
known letter, its supposed value. If this proves to be too 
small or too great, it may be increased or diminished, and 
the trials repeated, till one is found which will nearly satisfy 
the conditions of the equations. After we have discovered or 
assumed two approximate values, and calculated the errors 
which result from them, w^e may obtain a more exact cor- 
rection of the root, by the following proportion. 

Jls the difference of the errors^ to the difference of the assumed 
numbers ; 

So is the least error^ to the correction required^ in the correS" 
vondlng assumed number. 

This is founded on the supposition, that the errors in the 
esuUs are proportioned to the errors in the assumed numbers. 

Let JV* and n be tli.e assumed numbers ; 

S and J, the errors of these numbers y 

R and r, the errors in the results. 

Then by the supposition R:r:: S :s 

And subt. the consequents (Art. 3S9.) R-r: S-siiriiS^ 

But the dilTerence of the assumed numbers is the same^ 
as the diflerence o^ their errors. If for instance, tlie true 
nuniber is 10, and the assumed numbers 12 and 15, the er- 
rors are 2 and 5 ; and the difference between 2 and 6 is the 
same as between 12 and 15. Substituting, then, .AT- n for 
iS - », we have R-r: JV- n: :r:sy which is the proportion 
stated above. 

The term difference is to be understood here, as it is com- 
monly used in algebra, to express the result of subtraction 
according to the general rule. (Art. 82.) In this sense, the 
difference of two numbers, one of which is positive and the 
other negative, is the same as their sum would be, if theii 
fiigns were alike. (Art. 85.) 

The supposition which is made the foundation of the rule 
for finding the true value of the root of an equation, is npt 
strictly correct. The errors in the results are not exactfy 
proportioned to the errors in the assumed numbers. But 
as a greater error in the assunied number, will generally lead 
to a greater error in the result, than a less one, the rule will 
answer the piu^pose of approximation. If the value which U 
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first found, is not sufficiently correct, this maybe taken as one 
of the numbers for a second trial ; and the process may be 
repeated till the error is diminished as much as is required^ 
There will generally be an advantage in assuming two num- 
bers whose difference is .1, or .01, or .001, &c. 

Ex. 1. Find the value of x, in the cubic equation, 

a:3-8ar*+173r-10=0. 

Here as the signs of the terms are alternately positive and 
negative, the roots must be all positive ; (Art. 501.) their 
product must be 10 and their sum 8. 

Let it be supposed that one of them is 5*1 or 5*2. Then,. 
substituting these numbers for Xy in the given equation, we 
have, 

Bythe 1st 8uppo8'n,(5-l)'»-8x(5-l)'4-17X(51)-10= 1-271. 
By the second (5-2)'-8x (5-2)«4- 17 x (5-2)- 10=2-688. 
That is, By the first supposition. By the second supposition^ 

The 1st term, a^=z 132651 140 608 

The 2d - 8ar«= - 208-08 - 21 6-32 
TheSd 17x= 86.7 88-4 

The 4th -10=- 10. - 10- 



Sums or errors, +1-271 +2-688 

Subtracting one from the other, 1*271 



Their difference is 1-417 

Then stating the proportion 
1*4 : 0-1 : : 1*27 : 0-09, the correction to be sub- 
tracted from the first assumed number 5*1 : The remainder 
iiB 5*01, which is a near value of x. 

To correct this farther, assume a:=5'01, or 5*02. 

By the first supposition. By the second supposition 

The 1st term x'^ 125-751 126-506 

The 2d - 80^= - 200*8 - 201 -6 

The 3d 17x = 85-17 8534 

The 4th -10 = - 10- -10. 



Errora + 0121 + 0246 

0-121 



Difference 0'1S5 
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Tlien 01 26 : 001 : : 0121 : 001, the correction. Thit 
subtracted from 5'Oly leaves 5 for the value of x; which wiU 
be found, on trials to satisfy the conditions of the equation. 

For 6»-8x5«+17x5-10=0. 

1 We have thus obtained one of the three roots. To find 
""jlhe other two, let the equation be divided by a: -5, according 
to Art 462, and it will be depressed to the next inferior de* 
gree. (Art. 602.) 

a: - 6)a:" - Sar'+n^r - 10(a? - 3it+2=0. 

Here, the equation becomes quadratic. 
By transposition, «* - Sx= - 2. 

Completing the square, (Art. 305.) a;'-8rt4--f=f-2=|. 
Extract, and transp. (Art. 303,) «=3iVi=fiJ. 
The first of these values of or, is 2, and the ottier 1. 

We have now found the three roots of the proposed equa« 
tion. When their signs are changed, their sum 18-8, the 
co-eflicient of the second term, and their p^duci -- 10, the 
last term. 

2. What are the roots of the equation 

a.»-8x«+4a?+48=0l Ans. -2,+4,+6. 

3. What are the roots of the equation 

2^ - 16«*+66ar - 60=0 1 Ans. 1, 6, 1ft. 

4. VHiat are the roots of the equation 

a!»+2a;»- 33jp=90 1 Ans. 6,-6,-3 

6. What is a near value of one of the roots of the equation 
a?»+9a;^4.4a:=80l 

6. What is a near value of one of the roots of the equatioD 

603. h. Another method of approximating to the roots of 
numerical equations, is that of Newton^, by succesdve^ 8ub$^ 
tutions. 

Let r be put for a number found by trial to be neofty, equal 
to the root required, and let z denote the difTerence between f 
and the true root x. Then in the given equation, substitute 
rijs for x^ and reject the terms which contain the powers of jl 
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This will reduce the equation to a simple one. And if g 
be less than a unit, its powers will be still less» and therefore 
the error occasioned by the rejection of the terms in which 
they are contained, will be comparatively small. If the 
value of z, as found by the reduction of the new equation^ 
be added to or subtracted from r, according as the fatter is 
found by trial be too great or too small^ the assumed root will 
be once corrected. 

By repeating the process, and substituting the corrected 
value of r, for its assumed value, we may come nearer and 
nearer to the root required. 

Ex. 1. Find one of the values of x, in the equation 

Letr-2:=ap. 

Then? ~ 16a?=- 16(r-z)*=:-. 16r»+32rr-16r* 5=60. 
i 65a? = 65(r-z) = 65r -65z ) 

Rejecting the terms which contain 2^ and a^^ we have 
r» - 1 6r»+65r - Sr^z+S2rz - 65z= 5a 

This reduced gives 
^_ 50-r'4-16r^-65r 
-3i^ +32r-66 

If r be assumed =11, then z=— =0'8 nearly. 

' 76 ^ 

and at=r-.z newly =11 -0*8= 10-8. 

To obtain a nearer approximation to the root, let the cor- 
rected value of 10*2 be now substituted for r, in the preceding^ 
equation, uistead of the assumed value 11, and we shall have 

z=-188 «=r-z=10*012. 

Fof a lUrcI approximation, let r =10*012, and we have 
2= -012 itzsr^zsf^lO. 

2. What is a near value of one of the roots of the equation 
aj»4. 1 0a?*+5ar= 2600 1 Ans. 1 10067. 

S. What are the roots of the equation 

^•+2i»-lUa=12» 



''^^ 
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— ) -. 4 Wlidt are the roots of the equation 
^ af*+4a;»-7a:"-34a?=24? 

603.C. An equation of the mth degree consists of o^, the 

several inferioi powers of x with their co-efficients, and one 

term in which x is not contained. If .4, £, C, . • • • T, be 

put for the several co-efficients, and U for the last terra, 

then ar-+j3a;--*+5af-*+Ci*-« . . . • +Tx+U=0, 

will be a general expression for an equation of any degree. 

If a, b, c, &c. be roots of any equation, that is, such quan- 
tities as may be substituted for x\ (Art. 497.) it may be 
shown, without reference to th^ method of producing the 
equation by multiplication^ that th$ first mender is exactly 
divisible by x-a, ap-fc, ar~c, &c. 

For by substituting a for x, we have 

Ana transposing terms, 

U= - 0* - jJa"-' - Ba"-» - Car-'' ....-Ta. 

Substituting this value for 17, in the original equation, 
«-+^af»-»+5^-»+Cx«-» \-Tx \ _^ 

Or, uniting the corresponding terms, 
jT - (r)+(wl^-* -•5a— ')+(5x— ' - Bar-*)+ 
Car-'- Ca"-») . . . . +T(a:-o)=0. 

In this expression, each of the quantities (aT-a*), 
(j!3!^~* -*4a"'"*), &c, id divisible by ap-a; (Art. 466.) there- 
fore the vfhole is divisible by op - a. 

In the same manner it may be shown, that the equation is 
divisible by a: - 6, « - Cf &c. 

SOS.d. The quotient produced by dividing the original 
equation by a? - a, is evidently equal to the aggregate of the 
particular quotients arising from the division of the several 
quan»itie8 (aT-o"), (a:"-»-a*-»)> ^^' 

The quotient of («"- o'")-^(«- o), (Art. 466) is. 
»"-»-+-aa— »+a'ar-'+a»ar-'» |-a— *. 

The quotient of Ji (af-* -•*"')-r(*-«) » 

wJ«— *+^aar- '+d«a*ar^^ . . . +^0*-* 
&c. &c. 



s 
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Collecting these particular quotients together, and placing 
under each other the coefficients of the same power of Xf we 
have the following expression for the quotient of 

divided by «- a. 
+B ) +Ba l*^ +B(f-* 



+T. 



II. 



Tlie quotient of the same equation divided by x - 6, is 

+B ) +Bb (*^ Ml«f-» 



—BIT 
— C4— • 



+T. 



The quotient from dividing by « - e, is 
ar-»+c X ^-rf** 

III. 




+r. 



In the same manner may be foimd the quotients produced 
by introducing successively into tife divisor the several roots 
of the equation ; which are cqnai in number to m. 

503.e. From the known relations between the roots and 
the co-eflicients of equations, as stated in Art. 500, Newton 
has derived a method of determining the co-eflicicnts, from 
the wm of the roois, the sum of their sqruins^ the sum of 
the ? rxkh^H^ 4lc., though ihe roots themselves arc unknown; 
and >n tlie other hand of deiermining from the co-efUcients^ 
the sum f the roots, the sum of their squares, the sum of 
theli cul)es, &c. For this purpose, the following plan of no- 
tation is adopled. Sx is put for the sum of the roots, S^. for 
the sum of their squares^ S3 for the sum of tlieii cubuy 4rc^ 
Lf the roots are a, 6, c, d,, • . I, then 
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S^=ar+b'*+c^'\-dr . . . -f^ 
&c. &c. 

By means of this notation, we obtain the following exprcs 
sion for the sum of all the qnotieiits marked I, li, 111, &c 
(Art. 503.d.) and cmitinued till llie^r number is equal to m. 



Y 4-mC 



• • •-T* ^«— I 

+ CS.-4 



4-n;T. 



In the original eqbation^ 

the co-efficients, .4, B, C, &c. have detenninate relations to 
the sum and products of tlie roots, «, 6, c, &c. (Art. 500.) 
But tlie quotient marked I, (Art. 603. d.) produced by divid- 
ing by x-Oj is the first member of an equation of the next 
inferior degree^ (Art. 502.) from which the root a is excluded. 
So 6 is excluded from the quotient II, c from the quotient ill, 
&c. In tlie expression above marked 'K, which is the sum 
of m quotients, tlie co-eflicient of x in the second term is 
Si -{'mJl, But «4, which is the co-efficieiil of x in the second 
term of the origijial e(( nation, is etpial to the sum of the 
roots 0, 6, c, &c. with contrary signs ; (Art. 500.) that is 
iSi = - •«. Therefore, 

Si+mJi=:{m-\)A. 

In the third term of the original equation, B the co-effi- 
cient of X, is equal to the sum of all the products which can 
be made by multiplying together any two of the roots. (Art. 
500.) But each of tiiese products will be excluded from 
two of the quotients, I, f I, III, &c. For histance, ah will not 
be fotind in the first, from which a is excluded, nor in the 
second, from which b is excluded. Therefore in the exprcs* 
gion ¥y the co-efficieut of x in the third term is equal to 
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«i2? - Soft - toe - tod, &c. But - toft, -to^-Soi^ftG. s«- 
tB. Bo thai 

Sri'JlSi+mBzzz (m -* 9)B. 

In the /ottr(& term of the orifsfinal equation, C the co-effi- 
cient of Xy is equal to the Bum of all the products which can 
be nmde by multiplying together any three of the roots, after 
their signs are changed. But each of these products will be 
excliid^ from three of the quotients, I, II, III, &c. So that, 
in the expression F, the co-eflicient of x in the fourth term, 
is equal to mC- Sabc - Sabd^ &c. That is^ 

fifj+jJiSrf -BSi+m C= (m - 8) C. 

In the same manner, the values of the co-efficients of x in 
succeeding terms may be found ; the number of the co-effi- 
cients being one less than the number of roots in the equation. 

Collecting these results, we have 

iSf,+nu9 = (m-1)j9, 

fifs+j}iSf,+m2?= (m - 2)B, 

S8+jJS«+J^*i+mC= (m - 8) C, 

Si+AS^BSr^CSi+mD=zlm'-4)D, 

&c. &c. 

Transposing and uniting terms, 

L iSf,+^=0, 



BS,4-SC=0, 



BS. 



CiS»+4D=0, 



&c. &c. 

Substituting for iS„ S^^ Sz, &c. tbeir values, and reducing^ 

II. «,= -•«, 

S,= A'-2B, 

S, = d*- 4^B+4J1C+2B* - 4 A 
&c. &c. 

We have here obtained symmetrical expressions for th» 
fum of the roots of an equation, the sum of their 8C|uare8^ 
the sum of their cuDes, &c. in terms of the co-efficientau 
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By transposing the terms m the exp^essioiiB marked I, wb 
have the foUowuig values of d9, B^ C, &c. 

III. w}=-fif, 

By which the co^fficUrUs of an equation may be foundf 
from the simi of its roots, the sum of their squares^ the sum 
of their cubes, &c. 

,^ Ex. 1. Required the sum of the roots, the sum of theii 
/ squares, and the sum of tlieir cubes, in the equation 

X* - 10«»+36«»- 60x - 24=0. 

Here w9= - 10. £=35. C= ^50. 

Therefore S,=10 

S,= 10«-(2x85)=80. 

S3=10»+(3x - 10x36) - (3x -50)=sl00. 

S. Required the terms of the biquadratic equation in which 
fif,rrl, ;9tr=:39, S^s -89, and the product of all the rooU 
after their signs are changed is - 30. 

Ans. **-«»- 19«»+49«-80=0.» 

oSaeNoioy. 
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APPLICATION OP ALGEBRA TO GEOMETRY.* 

Art. 504. It is often expedient to make use of the alge- 
Draic notation, for expressing the relations of geometrical 
quantities, and to throw the several steps in a demonstration 
into the form of equations. By tliis, the nature of the reason-^ 
ing is not altered. It is only translated uito a dilTerent lan^ 
guage. Signs are substituted for words, but they are intend- 
ed to convey the same meaning. A great part of the de- 
monstrations in Euclid, really consist of a series of equiu 
dons, though they may not be presented to us under the aU 
gebraic forms. Thus the pro|X}sition, that the stmi of the 
three angles of a triangle is equal to two right anglesy (Euc^ 32. 
1.) may be demonstrated, either in common language, or by 
means of the signs used in Algebra. 

Let the side •fljff, of the triangle ABCy (Fig. 1.) be con- 
tinued toD; let the line BE be parallel ioAC; and let 
GHI be a right angle. 

The demonstration, in words, is as follows : 

1. The angle EBD is equal to the angle B.SC, (Euc. S3. 1 .) 

2. The angle CBE is equal to the angle ^CB. 

S. Therefore, the angle EBD added to CBE, that is, the 
angle VBDy is equal to BAC added to ACB. 

4. If to these equals, we add the angle ABC, the angle CBD 
added to ABC, is equal to BAC added to ACB and 
ABC. 



* This and -the following section are to be read q/ler the Elements ol 
Creometry. 
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5. But CBJ) added to ^BC, is equal to twice GHI, that is, 

to two riglit angles. (Euc. 13. 1.) 

6. Therefore, the angles BJIC^ and ACB, and ABCy are to- 

gether equal to' twice GHIy or two right angles. 

Now by substituting the sign -f, for the word added^ or 
anrf, and the character =, for the word equals we shall have 
the same demonstration in the following: form. 

1. By Euclid 29. 1. EBD=S^C 

2. And CBE=^CB 

3. Add the two equations EBD-^CBE^iBAC+ACB 

4. Add j35C to both sides CBD+JiBC=BAC+ACB+ 

•9.HC 

5. But by Euclid 13. 1. CBD+ABC=z2GHI 

6. Make the 4th & 5th equal BAC+ACB+ABC=2GHL 

By comparing, one by one, the steps of these two demon* 
Birations, it will be seen, that they are precisely the same, ex- 
cept that they are differently expressed. The algebraic mode 
has often the advantage, not only in being more concise than 
tiie other, but in exhibiting the order of the quantities more 
distinctly to the eye. Thus, in the fourth and fifth steps of 
the preceding example, as the parts to be compared are 
placed one under the other, it is seen, at once, what must be 
the new equation derived from these two. This regular ai- 
rangement is very important, when the demonstration of a 
theorem, or the resolution of a problem, is unusually compli- 
cated. In ordinary language, the numerous relations of the 
quantities, require a series of explanations to make rhem un- 
derstood ; while by the algebraic notation, the whole may ho 
placed distinctly before us, at a single view. The disnos}- 
tion of the men on a chess-board, or the situation of the ob- 
jects in a landscape, may be better comprehended, by a 
glance of the eye, than by the ihost laboured description in 

WorHo 

505. It will be observed^ that the notation m the example 
just given, differs, in one respect, from that which is general 
ly used in algebra. Each quantity is represented, not by a 
single letter^ but by severed. In common algebra when one 
letter stands immediately before another, as 06, without any 
character between them, they are to be considered as mtiAi* 
plieJ together. 
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Bui in. geometiy^ AB is an expreraion for a six^h line, and 
not for tlie pioduct of .id into Bi MullipUcation is denoted, 
either by a point or by the character X. Tlie product of 
•fl^ into CD, is JIB CD, or ABxCD. 

r506. Tliere is no impropriety, however, in representing a 
^ometrical quantity by a single letter. We may make b 
stand for a line or an angle, as well as for a number. 

If, in the example above, we put the angle 

EBD=a, JlCB^d, ^BC=:h, 

RBC^h, CBDi^g, Gill^l; 

CBJ^^^Cf,. 

ihe demonstration will staled .thus ; 

1., By EucUd, SO'. L ai=6 

5. And c=:zd 

8. Adding the two equation^ a-|-c=g'=6+^ 

4 Adding &. to both side^bt, g+h^zb+d+h 

5> By EucUd 13. 1. g+h=2l 

6. Malung the 4th and 5th equal, b^d-{'h=:2L 

This notation is, apparently, more simple thap the other ; 
but itdeprivesuaof wnc^ttftof great importance in geometri- 
cal: demonstrations, a* continual and easy reference to the 
figuie^ To distingiuishthe two methods, capitals are gener- 
ally used, for that which js peculiar to geometry ; and small 
kltersy for that wlueh . is* properly algebraic. The latter has 
the advantage in. long and. complicated processes, but the 
othefjis often to be >preferred, on account of the factlity with 
which the figures are consulted. 

507. If a line, whose length is measured from a given 
point or line, be considered />p«<we; a line proceeding in the 
opposite direction it to be considered negative. If ^B (Fig. 
2.) reckoned from DE on the right, is positive ; AC on the 
lejt is negative. 

A line may be conceived to be produced by the motten of 
a point* Suppose a point to move in the direction of •AB, 
and to de8criii)e a line varying in length with the distance of 
the point from A. While the point is moving towards B, its 
distXLiice from .4 will tncrecue.^ But if it move from B ten 
wards C, its distance from A will diminish, till it is reducvodv 
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to iM>thing, and then will increase on the ^ptmite Hie. An 
that which increases the distance on the tight, diminishes it 
on tlie left, the one is considered positive, and the other nega* 
tive. See Arts. 59, 60. 

Hence, if in the course. of a calculation, the algebraic 
value of a line is found to be negative; it must be measured 
in a direction opposite to that which, in the same process, 
has been considered positive. (Art. 197.) 

508. In algebraic calculations, there is frequent oceasibo 
for multiplkaHon^ divisioriy involution, &c. But 'ho)|7, it mw 
be asked, can geometrical quantities be multiplied into each 
other? One of the factors, in multiplication, is always to bi» 
considered as a. number, (Art. 91.) The operation consists in 
repeating the multiplicand as many times as there are uhU$ 
in the multiplier. How then can a Wuj a tMtface^ or a eoM^ 
become a multiplier 1 

To explain this it will be necessary to observe, that when- 
ever one geometrical quantity is multiplied into another, 
some partkuUxr extent is to be considered f^ wdt. It is iimna-^ 
terial what this extent is, provided it remains the 'saivve, io 
different parts of the same cdlculanon. It may be an hich, 
a foot, a rod, or a mile. If an inch is taken for the unit, 
each of the lines to be muhrplied, is to be 'considered ns made 
up of so many parts, as it contains inches. The multiplicand 
will then be repented, as many times, as there etre units in 
the multiplier. If, for instance, one of the 'lines 'be a foot 
long, and the other half a foot ; the factors will be, one 12 
inches, and the other 6, and the product will be 72 inches. 
Though, it would be absurd to say that one line is to be re- 
peated 05 often as another is long ; yet there is no impropriety' 
in saying, that one is to be repeated as many times, as there 
are feet or rods in the other. This, the nature of a calcula- 
tion often requires. 

509. If the line which is to be the multiplier, is only a 
part of the length taken fot the unit ; the product is a like 
part of the multiplicand. (Art. 90.) Thus, if one of the 
factors is 6 inches, and the other half an inch, the product ia 
3 inches. 

510. Instead of referring to the measures in common use, 
as inches, feet, &c. it is often convenient to fix u|)on oHc oi 
the hues in a figure, as tne unit wit h which to compare all the 
others. When there are a number of hues drawn wiihiii 
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and about a ctrcfe, the radius is commonly taken for the unit. 
This is parliciiiarly the case in trigonometrical calculationa. 

511. The observations which have been made concerning 
lines, may be applied to surfaces and solids. There may be 
occasion to multiply the area of a figure, by the number of 
inches in some given line. 

But here another difficulty presenti? itself. The product 
of two lines is often spoken of, as being equal to a surface ; 
and the product of a line and a surface, as equal to a solid. 
Thus the^area of a parallelogram is said to be equal to the 
product of its base and height ; and the solid contents of a 
cylinder, are said to be equal to the product of its length into 
the area of one of its ends. But if a line has no breadth, 
how can the multiplication, that is the repetiliony of a line 
produce a surface 1 And if a surface has no thickmsSy how 
can a repetition of it produce a solid 1 

If a parallelogram, represented on a reduced scale by 
ABCD, (Fig. 3.) be five inches long, and three inches wide ; 
the area or surface is said to he equal to the product of 5 into 
3, that is, to the number of inches in AB^ niultiplied by the 
number in BC. But the inches in the lines AB and BC are 
linear inches, that is, inches in length only; while those 
which compose the surface AC are superficial or square 
inches, a diflerent species of magnitude. How can one of 
these be converted mto the other by multiplication, a process 
which consists in repeating quantities, without changing 
their nature ? 

512. In answering these inquiries, it must be admitted, 
that measures of length do not belong to the same class of 
magnitudes with superficial or solid measures ; and that none 
of* the steps of a calculation can, properly speaking, trans- 
form the one into the other. But, though a line cannot be- 
come a surface or a solid, yet the several measuring units in 
common use are so adapted to each other, that s([uares, 
cubes, &c. are bounded by lines of the same name. Thus 
the side of a square inch, is a linear inch ; that of a square 
rod, a linear rod, &c. The length of a linear inch is, there- 
lore, the same as the length or breadth of a square inch. 

If then several square inches are placed together, as from 

Q to fi, (Fig. 3.) the number of them in the parallelogram 

OR is the same as the number of linear inches in the side 

vQ/? ; and if we know the length of this, we have of course 
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the area of the parallelogram, which is here supposed to be 
one inch wide. 

But, if the breadth is several inches, the larger parallelo* 
gram contains as many smaller ones, each an inch wide, as 
there are inches in the whole breadtji. Thus, if the paral- 
lelogram JIC (Fig. 3.) is 5 inches long, and 3 inches broad, 
it may be divided into three such parallelograms as OR. To 
obtain, tiien, the number of squares in the large parallelo- 
gram, we have only to multiply the number of squares in 
one of tiie small parallelograms, into the number of such 
parallelograms contained in the whole figure. But the num- 
ber of square inches in one of the small parallelograms is 
equal to the number of linear inches in the length AB, And 
the number of small parallelograms, is equal to the number 
of linear inches in the breadth BC, It is therefore said con- 
cisely, that the area of the parallelogram is equal to the length 
multiplied into the breadth, 

513. We hence obtain a convenient algebraic expression, 
for the area of a right-angled parallelogram. If two of the 
sides perpendicular to eacii other are AB and BC, the expres- 
sion for the area is ABx^C ; that is, putting a for the area, 

a=JlBxBC. 

It must be imderstood, however, that when AB stands for 
a liney it contains only linear measuring units ; but when it 
enters into the expression for the area^ it is supposed to con- 
tain superficial units of the same name. Yet as, in a given 
length, the number of one is equal to that of the other, tliey 
may be represented by the same letters, without leading to 
error in calculation. 

514. The expression for the area may be derived, by a 
method more simple, but less satisfactory perhaps to some, 
from the principles which have been stated concerning varu 
able quantiiits^ in the 13th section. Let a (Fig. 4.) represent 
a s(|uare incli, foot, rod, or other measuring unit ; and let b 
and / be two of its sides. Also, let A be the area of any 
right-angled parallelogram, B its breadth, and L its length. 
Then it is evident, that, if the breadth of each were the 
same, the areas would be as the lengths; and, if the length 
oi each were the same, the areas would be as the breadtlis» 

That is, A: a:: Lily when the breadth is given ; 
Aiul A: a::B :L when the length is givea; 

26* 
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Therefore^ (Art. 420.) A: aiiBxI^' btywhm both'Tary 
That isy the area is as the product of the length aud hreadlk 

515. Hence, in quoting the Elements of Euclid, the term 
product is frequently substituted for rectangk. And what- 
ever is there proved concerning the equality of certaift rect- 
angles, may be applied to the product of the lines which 
contain the rectangles.* 

516. The area of an oblique parallelogram is also obtained,. 
by multiplying the base into the perpendicular height. Thus 
the expression for the area of the parallelogram .^JSJWIf (Fig. 
5.) is J\mxAI> or ABxBC. For by Art. 513, ABxBC 
is the area of the right-angled parallelogram AJBCD ; and 
by Euclid 36, 1,t parallelograms upon equal bases, and be- 
tween the same parallels, are equal ; that is, ABCD is equal 
loABJfM. 

517. The area of a square is obtained, by multiplying one 

of the sides into itself. Thus the expression for the area of 

s 

Ihe square JIC^ (Fig. 6,) is AB^ that i% 

a=zAB. 

For the area is eoual to JlBxBC (Art. 513.) 



But AB=z:BCy ihevefoTe, ABxBC=ABxAB=iAB . 

518. The area of a triangle is equal to half the product of 
the base and height. Thus the area of the triangle ABG, 
(Fig. 70 is equal to half AB into GH or its equal BCy that is, 

a=z\ABxBC. 

For the area oi the parallelogram ABCD is ABxBCf 
(Art. 515.) And by Euc. 41, 1,^ if a parallelogram andatrii- 
angle are upon the same base, and between the same paral^ 
iels^ the triai)gle is half the parallelogram. 

1 59. Hence, an algebraic expression may be obtained for tbe 
area of any figure whatever, whicii is bounded by right lines^. 
For every such figure may be divided* iulo^^ triangles. 



♦ See Note W. 

t Legendre'8 Geometry, Americm Edition, ArL IC6.. 

t Lc^eiidre, ISSL 



^i^l^^«^^™^i^^^"^~^^^^"p"^^^"»-^^l^^^*i"«^i^ 



•J'-^W 



APPLICATION TO GEOMETRY. 299 

Thus the right-lined figure 

JIBCDE (Fig. 8,) is composed of the triangles 
JIBC, ACEy and ECD. 

The area of the triangle ABC^l^CxBL, 

That of the triangle ACE^l^CxEH, 

That of the triangle £CjD=i ECxDG. 

The area of the whole figure is, therefore, equal to 
{\ACxBL)J^{iACxEH)+{\ECx^G). 

The explanations in the preceding articles contain the 
first principles of the mensuration of superficies. The object of 
introducing the subject in this place, however, is not to make 
a practical application of it, at present ; but merely to show 
the grounds of the method of representing geometrical quan« 
tities in algebraic language. 

520. The expression for the superficies has here^ been de- 
f rived from that of a line or lines. It is frequently necessary 

to reverse this order ; to find a side of a figure, from knowing 
its area. - 

If the number of square inches in the parallelogram 
ABCD (Fig. 3.) whose breadth EC is 3 inches^ be divided 
by 3 ; the quotient will be a parallelogram ABEFy one inch 
wide, and of the same length with the larger one. But the 
length of the small parallelogram, is the length of its side 
AB, The number of square inches in one is the same, as 
the number of linear inches in the other. (Art. 512.) If 
therefore, the area of the large parallelogram be represented 

by a, the side •^j?=r^— , that is^ the length of a paraUelogram 

is found by dividing the area by the breadtk 

521. If a be put for the area of a »j(tiare whose side isJtB^ 

Then by Art. 517 * a=zAB 

And extracting both sides ^a=zAB. 

That is^ the side of the square is found, by extracting the 
s^piore root of the nunAer of measuring units in Us area. 

522. If AB be the base of a triangU and BC its 
dicular height ; 
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Then by Art. 618, a^^BCx^B 

And dividing by J BC, JL. = j^R 

iBC 

Tliat is, the base tf a triangle U founds by dividing the area 

by half tlie heiglU, 

523. As a surface is expressed, by the product of its length 
and breadth ; the contents of a solid may be expressed, by 
the product of its length, breadth and depth. It is necessary 
to bear in mind, that the measuring unit of solids, is a cube ; 
and that the side of a cubic inch, is a square inch ; the side 
of a cubic foot, a square foot, &c. 

Let ABCD (Fig. 3.) represent the base of a parallelo[»- 
ped, 5 inches long, three inches broad, and one inch deep. 
It is evident there must be as many cubic inches in the solid^ 
as there are square inches in its base. And, as the product of 
the lines ^B and j5C gives the area of this base, it gives, of 
course, the contents of the solid. But suppose that the depth 
of tlie parallelepiped, instead of being one inch, is four inches. 
Its contents must be four times as great. If, then, the 
length be »4J?, the breadth i?C, and the depth CO, the ex- 
pression for the soUd contents will be, 

^BxBCxCO. 

624. By means of the algebraic notation, a geometrical 
demonstration may often be rendered much more simple and 
concise, than in ordinary language. The proposition, (Euc. 
4. 2.) that when a straight line is divided into two parts, the 
square of the whole line is equal to the squares of the two 
parts, together with twice the product of the parts, is demon* 
utrated, by involving a binomial. 

Let the side of a square be represented by s; 
And let it be divided into two parts, a and 6. 

By the supposition, *=a-f6 

And sc|uaring both sides, s'=o*+2a64*^« 

That is, 5* the square of the whole line, is equal to o* and 
b\ the squares of the two parts, together with Soft, twice the 
product of the parts. 

625. The algebraic notation may also be applied, with 
great advantage, to the solution of geometrical problems. In;. 
doing this, it will be aeces^^xy, in the first place, to raise aft 
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algebraic equation, from the geometrical relations of the 
quantities given and required ; and then by the usual reduc- 
tions, to find the value of the unknown quantity in this equa- 
tion. See Art. 192. 

Prob. 1. Given thei base, and the sum of the hypothenuse 
and perpendicular, of the right angled triangle, ABC, (Fig. 
9.) to iind the perpendicular. 

Let the base AB—h 

The perpendicular BC^x 

The sum of hyp. and perp. flp+w?C=:a 
Then transposing x, AC^a-^x 



1. By Euclid 47. 1,* BC +AB =zAC 

2. That is, by the notation, a;«+t«=(a-a?)*=c?-2cM:+«» 

Here we have a common algebraic equation, containing 
only one unknown quantity. The reduction of this equa 
tion in the usual manner, will give 

«= —I — =jBC, the side required* 

The solution, in letters, will be the same for any right 
angled triangle whatever, and may be expressed in a gene 
ral theorem, thus ; Mn a right angled triangle, the perpendl- 
cular is equal to the. square of the sum of the hypothenuse 
and perpendicular, diminished by the square of the base, and 
divided by twice the sum of the hypothenuse and perpendi- 
cular.' 

It is applied to particular cases by substituting numbers, for 
the letters a and 6. Thus if the base is 8 feet, and the sum 
of the hypothenuse and perpendicular 16, the expression 

?LZ1_ becomes — Z__=6, the perpendicular: and thissub- 
2a 2x16. ^^ 

tracted from 16, the sum of the hypothenuse and perpendi- 
cular, leaves 10, the length of the hypothenuse. 

X ProB. 2. Given the base and the difference of the h3Tx>the- 
nuse and perpendicular, of a right angled triangle, to find the 
perpendicular. 



^ Legendre, 186. 



sot 



Let the base Jlfi (Fig. I0.)^b^i0 

The perpendicular, BCscx 

The given diflerence, =<(slO. 

Then will the hypothenuse AC=:X':{-d, 



Then 



. '•• 



K By Euclid 47. 1, ^C z=AB+BC 

2. That is, by the notation, (ar+c()«=t'4-a;* 

S. Expanding {x+d)\ «»+Bcb+iP=rfc«+aP 

4. Therefore «=__-— -=15. 

Set 

Prob. S. If the hypothenuse of a right angled triangle is 
80 feet, and the difference of the other two sides 6 feet, what 
is the length of the base 1 Ans. 24 fee^ 

Prob. 4. If the hypothenuse of a right angled triangle ia 
50 rods, and the base is to the perpendicular as 4 to 3, what 
is the length of the perpendicular 1 Ans. 30. 

Prob 5. Having the perimeter and the diagonal of a par 
allelogram ABCD^ (Fig. 11.) to find the sides. 

Let the diagonal ^Cz=h=: 10 

The side ^B=i 

llalf the perimeter BC+AB=:BC+x=:b=: 
Then by transposing x, BCz=i 



By EucUd 47. 1, AB +BC :=zAC 

That is, a;»+(6-ar)*=:A« 

Therefore x = J 6+ V|6»+p?^lF=== 8. 

Here the side AB is found ; and tjie side BC is equal U) 
t-ar=14-8=6. 

\ Prob. 6. The area of a right angled triangle ABC (Fig. 
^ 12^) being given, and the sides of a paiallelogram inscribed 
in it, to find the side BC. 



Let the given area =0, DE=BFz=zb 

EB=.DF=:d, BC=:X 

Then by the figure, CJP= BC^ BF= x 
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1. By sinular triangles, CF : DP:: BC : JIB 

«. That is ar-6: d::x:AB 

8. Therefore, dx:={x^h)x^iB 

4. By Art. 518, a=zABxhBCz=^Bxlx 

5. Dividing by iff, — =^B 

6. Therefore da?=(a?-6) x— =2a-— 

X X 

1. And ,=«+^fS=^C. 

O— ^ Or d 

Prob. 7. The three sides of a right angled triangle^ ABC, 
^Fig. 13.) being given, to find the segments made by a per- 
pendicular, drawn from the right angle to the hypothenuse. 

The perpendicular will divide the original triangle, into 
two right angled triangles, BCD and ABD. (Euc. 8 6.)* 

1. By ]Euc. 47. 1, BD + CD =5C 

2. By the figure^ CD=.)JC - AD 

8. Squar. both sides, CD=(,;3C-AD)* 

4. Therefore, BB+(.4C- AD)=5C 

6. Expanding, BD+ZC-2.3C.AD4-Ad!=:5C 

6. Transposing, BD=:Bc'-j!C+2^aAD-AD* 

7. By Euc. 47. 1. BD^zJB-^TD 

8. Mak. 6tii & 7th eq. B^--lC+2AC. AD z=,Jb 

9. Therefore AD=-^^z£^ 

MC 

The upknoton lines, to distinguish them from those which 
ere known, are here expressed by Roman letters. 

V Prob. 8. Having the area of a parallelogram DEFG (Fig. 
14,) inscribed in a given triangle, ABC^ to find the sides ol 
Che parallelogram. 



* liCgendre, 213. 
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Draw CI perpendicular to AB. By supposition, DO i» 
parallel to diA Therefore, 

The triangle CHG, is similar to C1B > 
And CDG, ioCAB] 

Let Cl-d DG=x > 

JlBz=b The given area =a J 

h By similar triangles, CB: CO:: AB : DO 

2. And CB: CGiiCI: CH 

8. By equal ratios, (Art. 384.) AB: DG::CI: CH 



4. Therefore 

5. By the figure, 

6. Substituting for CII, 

7. That is, . 

8. ByArt.5lS, 

9. That is, 

10. This reduced gives 



DGxC I__^jf 

A'B 
CI-- CH=zrrT:=zDE 

CI^^£2<J^=DE 
JiB 

d^^=zDE 
az=iDGxDE=zxx{d 
ascdx- — 



dx 
Ik 



) 



2-V(4 d 



The side DE is found, by dividing the area by DG. 

Prob. 9. Tlirough a given point, in a given circle, so to 
draw a right line, that its parts, between the point and the 
periphery, shall have a given difference. 

In the circle AQBR9 (Fig. 15.) let P be a given point, in 
the diameter AB. 



Let^P=a, 
TiP^b, 



The given difference =c{. 
Then wiU P(lz=,x+d 
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!• By EucSS. 8.» PRxPQ,^APxBP 

t. That is, arx(«+rf)=ax6 

8. Or, Q?-\.dx^Qb 

4. Completing the square, «*+^^+l^=i^+^^' 

6. Extract, and transp. ar= - Jrfi\/J«P4-«^=^'R' 

With a little practice, the learner may very much abriilgo 
these solutions, and others of a similar nature, by reducing 
several steps to one. 

) Prob 10. If the sum of two of the sides of a triangle be 

' 1155, the length of a perpendicular drawn from the angle in* 

eluded between these to the third side be 300, and the differ* 

ence of the segments made by the perpendicular, be 496 ; 

what are the lengths of the thxee sides \ 

Ans. 945, 375, and 7S0. 

Prob. 11. If the perimeter of a right angled triangle be 
720, and the perpendicular falling from the. right angle on 
the hypothenuse be 144 ; what are the lengths of the sides 1 

Ans. 300, 240, and 180. 

Prob. 12. The difference between the diagonal of a square 
and one of its sides being given, to find the length ri the 
sides^ 

If x=r the side required, and d= the given difference ; 

Thenff=d+(iV2. 

Prob. 14. The base and perpendicular height of any plane 
triangle being given, to find the side of a square inscribed vct 
the triangle, and Rtaiuling on the base, in the same manner 
as'the parallelogram />JB/''G, on the base «)(!jff, (Fig. 14.) 

If 0?= a side of the square, 6= the base, and A= the 
height of the triangm . « 

Thenars—--. 

Prob. 15. Two sides of a triangle, and a line bisecting the 
included angle being given ; to fiiMl the length of the base > 
't>r tliird sido, upon whkh the bisecting line foils. 



* Legendre S24. 
27 
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If 9= the base, a= one of the given sides, e=s the otheff 
and 6= the bisecting line ; 



Then x={a+c) X . /?i=A*. 



Prob. 16. If the hjrpothenuse of a right angled triang^Ie 
be 35, and the side of a square inscribed in it, in the same 
manner as the parallelogram JBEDF, (Fig. 12.) be 12 ; what 
are the lengths of the other two sides of the triangle 1 

Ans. 28, and 21. 

Prob. 17. The number of feet in the perimeter of a right 
angled triangle, is equal to the number of square feet in the 
area ; and the base is to the perpendicular as 4 to 3. Re- 
quired the length of each of the sides. 

Ans. 6, 8, and 10. 

Prob. 18: A grass plat 12 rods by 18, is surrounded by a 
gravel walk of uniform breadth, whose area is equal to that 
of the grass plat. What is the breadth of the gravel walk 1 

Prob. 19. The sides of a rectangular field are in the ratio 
of 6 to 5 ; and one sixth of the area is 125 square rods. 
What are the lengths of tlie sides J 

Prob. 20. There is a right angled triangle, the area of 
which is to ihe area of a given parallelogram as 5 to 8. The 
shorter side of each is 60 rods, and the other side of the tri- 
Hiigle adjacent to the right angle, is equal to the diagonal of 
the parallelogram. Required the area of each 1 

Ans. 4800 and 3000 square rods. 

Prob. 21. There are two rectangular vats, the greater of 
which contains 20 cubic feet more than the other. Their 
capacities are in the ratio of 4 to 5 ; and their bases are 
squares, a side of each of which is equal to the depth of the 
ether vat. Required the depth of each J 

• Ans. 4 and 5 feet. 

Prob. 22. Given the lengths of three perpendiculars, 
drawn trom a certain point in an equilateral triangle, to the 
three sides, to find the length of the sides. 

If a. b. and c, be the three perpendiculars, and s= hall 
the length of one of the sides ; 

Then x=:^±tkt 
V8 
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Prob. 23. A square public green is surrounded by a street 
of uniform breadth. The side of the square is 3 rods less 
than 9 times the breadth of the street ; and the number oi 
squace rods in the street, exceeds the number of rods in the 
perimeter of the square by 228. Wuat is the area of the 
square ? Ans. 576 rods. 

ii Prob. 24. Given the lengths of two lines drawn from the 

acute angles of a right angled triangle, to the middle of the 
opposite sides : to find the lengths of the sides. 

If x=z half the base, y=r half the perpendicular, and a 
and 6 equal the two given lines ; 



3 



Then x 



ib^-a^ Ma^^b* 



=v^ »=v/^ 



15 
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EQUATIONS OF CURVES. 



Art 526. IN the preceding section, algebra has been 
apphed to geometrical ngures, bounded by right lines. Its aid 
is required also, in investigating the nature and relations of 
curves. The advances which in modem times have beea 
made in this department of geometry, are, in a great measure, 
owing to the method of expressing the distinguishing proper- 
ties of the different kinds of lines, in the form of eqiuitUms. 
To understand the principles on which inquiries of this sort 
are conducted, it is necessary to become familiar with the 
plan of hotation which has been generally agreed upon. 

537. The posUwns of the several points in a curve drawn on 
a planCy are determined^ by taking the distance of each from two 
right lines perpendicular to each other. 

Let the lines JIF and AG (Fig. 16.) be perpendicular to 
each other. Also, let the line§ DB, D'jB', ly'B^ be perpen- 
dicular to AF ; and the lines CDy CDy CD", perpendicu- 
lar to AG. Then the position of the point D is known, by 
the length of the lines BD and CD. In the same manner, ' 
the point IX is known by the lines B!iy and Cn ; and tho 
point iy\ by the hues B'D' and C'l^'. The two lines 
which are thus drawn, from any point in the curve, are, to- 
gether, called ths co-ordinates belonging to that point. 

But, as there is frequent occasion to speak of each of the 
lines separately, one of them for distinction's sake, is called 
an ordinate, and the other, an abscissa. Thus BD is the or- 
dinate of the point D, and CD, or its equal AB, the abscissa 
of the same point. It is, generally, most convenient to take 
the abscissas on the line AF, as AB is equal to CD, AB^ 
to (?iy, and AB'' to C'D^'. Euc. S3. 1 The Unes At 
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mid ^O, to which the co-ordiiiat<es are drawn^ are caUed the 
mxes of the coordinates. 

528. If co-ordinates could be drawn to et^ery point in a 
curve, and, if the relations of the several abscissas to their 
corresponding ordinates could be expressed by an equation ; 
the position of each point, and consequently^ the naiure of 
the curve, would be determined. Many importat^t jM'oper- 
ties of the figure might also be discovered, merely by throw- 
ing the equation into diflerent formS) by transposing, dividing, 
involving, &c« But the number of points in a line is unlim- 
ited. It is impossible, therefore, actually to draw co-ordi« 
nates to every one of them. Still there is a way in which an 
equation may be obtained, that shall be applicable to all the 
parts of a curve. This is effected by making the equation 
depend on some properly, which is CQmnum to every pair rfco^ 
ordinates. In explaining this, it will be proper to begin with 
a straight Ime, instead of a curve. 

Let AH (Fig. 17.) be a line from which co-ordinates are 
dmwn, on the axes JSF and d9G perpendicular to each other. 
And let the angle FAH be such, that the abscissa CD or £JS 
shall be equal to h^ice the ordinate BD. 

The triangles ABD, ABB^^ AB^Bf' &c. are all fcimilar. 
(Euc. 29. !.)♦ Therefore, 

AB :BD:: AB : BBx.AB^: B'B\ 
And if AB^^BB, thenwJjy = %BB, ^xAAB'^tB'B^.hz. 

That is, each abscissa is equal to twice the corresponding 
ordinate. But, instead of a separate equation for each pair 
of co-ordinates, one will be sufficient for the whole. Let or 
represent any one of the abscises, and '^ the ordinate be- 
longing to the same point* Then, 

x=:2y, ory=i:r. 

This is an equation expressing the ratio of the co-ordinates 
of the line AH to each other. It differs from a common 
equation in this, that x and y have no determinate mas^* 
tude. The only condition which limits them is, that they 
shall be the abscissa and ordinate of the 9imt point. 

If x=:AB, then y=BB 

If x=^AB\ y^BB 

U x^AB\ y=^B'B\ &€• 

2>^ * Legendrc^ 66. 
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From this it is evident, that, if one of the co-ordinates he 
tftken of any particular length, the other will be pven by the 
equation. If, for instance, the abscissa x be two inches long» 
the ordinate y, which is half x, must be one inch. 
If «=8, then y=4, If «=30, then y=15. 

If ar=10, y=5, tf ar=100, y=50, &c. 

On the other hand, if yr=2, then a: =4, &c. 

529. If the angle H^SFhe of any different magnitude, as 
m Fig. 18, the general equation will be the same, except the 
co-efficient of x. Let the ratio of y to or be expressed by a, 
that is, let y : x::a: 1. Then by converting this into an 
equation, we have 

ar=y. 

The co-efficient a will be a whole nmnber or a fraction, 
according as y is greater or less than x. 

530. To apply these explanations to ciiurves, let it be re- 
quired to find a general equation of the common parabola. 
(Fig. 19.) It is the distinguishing property of this figure, as 
will be shown under Conic Sections, that the abscissas 
are proportioned to the squares of their ordinates. Let the 
ratio of the square of any one ordinate to its abscissa, be 
expressed by a. As the ratio is the same, between the 
square of any other ordinate of the parabola and its abscissa^ 
we have universally y* : « : : a : 1 ; and by converting this 
into an equation, 

aar=y^. 

This is called the eqwUion of the curve. The important 
advantages gained by thi#generat expression, are owing to 
this, that the equation is equally applicable to every point of 
the curve. Any value whatever may be assigned to the ab- 
scissa rr, provided the ordinate y is considered as belonging 
to the same point. But, while x and y vary together, the 
quantity a is supposed to remain constant. 

By the equation of the parabola, ax=y*, and extracting the 
root of both sides, (Art. 297.) 

y=^a«. If a=2, theny=V2x. And 
If x=: 4.5=^^ (Fig.l9.) then y=V2'x'4l>=V9=3 = l?l> 
If ar= 8. =j3^ y=V2x8=:Vl6=4=g7/ 

If :r=12.o=.4^' y= V2><12 .5=V25=5=ry^/y^ 

If «=18. =.ai?''' y=V2xl8 =V36=-6=JS'''JD'". 
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631. When ordinates are drawn on both sides of the axi9 
to which they are applied ; those on one side will be positive^ 
while those on the other side will be negative. Thus, in Fiff. 
1 9, if the ordinates on the upper side of ^F be considered posi- 
tive, those on the under side will be negative. (Art. 507.) 
The abscissas also are either positive or negative, according 
as they are on one side or the other of the point from which 
they are measured. Thus, in Fig. 20, if the abscissas on the 
right, JIB^ AB^i &c. be considered positive, those on the left, 
•tfC, •5(7, &c. will be negative. And in the solution of a 
problem, if an abscissa or an ordinate is found to be negative, 
It must be set off on the side of the axis opposite to that on 
which the values are positive. 

532. In the preceding instances, the straight line or curve to 
which the ordinates and abscissas are applied, crosses the 
axis, in the point where it is intersected by the other axis. 
Thus the curve (Fig. 19.) and the straight line E^iy(Fig* 
20.) cross the axis •SF^ in the point ,5, where it is cut by the 
axis AG. But this is not always the case. The abscissas on 
the axis QFy (Fig. 21.) may be reckoned from the line GN. 

Let X represent any one of the abscissas, MB, MB', (fee, 
and y the corresponding ordinate. 

Leiz=ABy b=zMA. 

And a= the ratio of BD to JlB^ as before* 

Then aff=y, (Art, 629.) that is, 4r=S? 

But by the figure, AB=.MB - MA^ i. e. zz=ix - h 

Making the two equations equal, x - h=:^ 

a 

Therefore xz=:^+L 

a 

633. In investigating the properties of curves, it is impor- 
tant to be able to distinguish readily the cases in which the 
abscissas or ordinates are positive^ from those in which they 
are negatioe ; and to determine under what circumstances, 
either of the co-ordinates vanishes. Jin abscissa vanishes (U 
the point where the curve meets the axis from tohich the abscissas 
are measured. And an ordinate vanishes, at the point where 
the curve meets the axis from which the ordinates axe 
measured. 
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Thus, in Fig. 19, Ihe ordinates are measured from the line 
AF. The length of each ordinate is the distance of a particu-^ 
lar point in the curve from the line. As the curve approaches 
the axis, the ordinate diminishes, till it becomes nothings, at 
the point of intersection. For, here, there is no distance 
between the curve and the axis. 

The abscissas are measured from the line AG. These 
must diminish also, as the curve approaches this line, and 
become notliing at A. 

534. From this it is evident, that when the two axes meet 
the curve at the same .pointy the two co-ordinates v(tush to* 
gether. In Fig. 19, th^ two axes meet the curve at Ay the 
one cutting, and the other touching it. But in Fig. 21, the 
axis MF crosses tl^e line .YD at A ; while GA* crosses it at 
JV*. The ordinate, being the distance from MF^ vanishes at 
Ay wiiere the distance is nothing. But the abscissa, being 
the distance from 6JV*, vanishes at JV or M. 

.1 535. An abscissa or an ordinate changes from positive to 
' negative^ by passing through the point where it is equal to 0. 
Thus the ordinate y, (Fig. 20.) diminishes as it approaches 
tlie point A ; here it is nothing, and on the other side of A, 
it becomes negative, because it is below the axis CF. (Art. 
507.) In the same manner the absdssa^ on the right of AG, 
diminishes, as it approaches this line, becomes at A, and 
then negative on the left, 

In this case, the two co-ordinates change from positive tO' 
negative, at the same point. But in Fig. 21, the ordinates- 
cliange from positive to negative at A ; while the abscissash 
continue positive to GJV, being still on the right of that line. 
On the right from A^ the co-ordirtates are both positive : be- 
tween A and the line GjYy the abscissas are positive : and 
the ordinates negative: and, on the left of GJV* both are 
negative. 

536 Tlie most important applications of the principles 
statovl in this section, will come under consideration, in suc- 
ceeding branches of the mathematics, particularly in Flux- 
ions. A few exaihples will be here given to illustrate the 
obi3ervations which have now been made. 
Prob. 1. To find the equation of the circle. 
In the circle FGMy {Fig. 22,) let the two diameters GJV 
und FJ\I be perpendicular to each other. From any poiM 
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in the curve, draw the ordinate BB perpendicular to ^SF; 
and JIB will be the correspoading' abscissa. 

Let the radius AD=:r^ JlB=:x, ^D=y. 

Then, by Euc. 47. 1,* BD^l^^AB 

That is, j/«=:r«-.a;* 

And by evolution, y=±>y/r* - a? 

In the same manner, ap=si\^r^ - y*. 

That is, the abscissa is equal to the square root of the di)t 
ference between the square of the radius and the square of 
the ordinate. 

If the radius of the circle be taken for a unft, (Art. 610) its 
square will also be 1, and tbe two last equations will become 

=i\/l - a;*, and a?=j:\/^ "?*• 
These equations will be the same, in whatever part of the 
arc GDF ttie point D is taken. For the co-ordinates will be 
the legs of a right angled triangle, the hypothenuse of which 
will be equal to j9/>, because it is the radius of the circle. 

6S7. To understand the Application to the other quarters 
of the circle, it must be observed, that, in each of the 
equations, the root is aivingvixms. The values of y anc of % 
may be either positive or negative. This results from the 
nature of a quadratic equation. (Art. 297.) It corresponds 
also with tlie situation of the different parts of the circle, with 
respect to the two diameters FM and GK. In the first 
quarter GF, the co-ordinates are supposed to be both positive. 
In the second, QM^ the ordinates are still (positive, but the 
abscissas become negative. (Art. 531 .) In the third, iJIfJV^ 
both are negative, and in the fourth, .ATF, the ordinates are 
negative, but the abscissas positive. Thai is, 

r -FG, X is +, and y-f, 



In the quadrant \ ^^' ^ "' *+' 






* Lesendre, 186. 
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5S8. In geometiy, lines are supposed to be produced by 
the motion of a point. If the point moves uniformly in one 
direction, it produces a straight line. If it continually varieg 
its direction, it produces a curve. The particular nature of 
the curve depends on certain conditions by i\'hich the motioa 
is regulated. If, for instance, one point moves in such a 
manner, as to keen constantly at the same distance from 
another point which is fixed, the figure described is a circle^ 
of which the fixed point is the centre. It is evident from 
the preceding problem, that the equation of this curve de- 
pends on the manner of description. For it is derived from 
the property that different partp of the periphery are equally 
distant from the center. In a similar manner, the equations 
of other curves may be derived from the law by which they 
arc described ; as will be seen in the following examples. 

Prob. 2. To find the equation of the curve called the C&- 
soid of Diocles. (Fig. 23.) 

The description, which may be considered as the definition 
of the figure, is as follows. 

In the diameter AB^ of the semi-eircle AJfB^ let the point 
R be at the same distance from jB, as P is from A. Draw 
jR.Ar perpendicular to AB^ to cut the circle in JV*. From •fl, 
through .AT, draw a straiglit line, extending if necessary be- 
yond the circle. And from P, raise a perpendicular, to cut 
this line in M. The curve passes through the point J\L 

By taking P at different distances from Jly as in Fig. 24^ 
any number of points in the curve may be determined. As 
the line PM moves towards S, it becomes longer and longer; 
80 as to extend the Cissoid beyond the semi-circle. 

To find the equation of the curve, let AH and AB be the 
axes of the co-ordinates. « 

Also, let each of the abscissas AP^ AP AP'^ &c. =«, 
each of the ordinates PM, PM, P' M\ &c. =y, 
and the diameter AB =6, 

Then by the construction, PB=:AB •-AP=z 6 - ar. 

As PM and /UV are each perpendicular to AB, the triau . 

fles APM and ARJf are similar.' (Euc. 27 and 29. 1.) 
'herefore, 



EQUATIONS OF CURVES. 9tf 

1. By similar triangles, AP : PM\ : AR : HJV 

2. Or, by putting PB for ite equal JlR, 

AP:PM:iPB:Rjr 
S. Therefore, P^XPB _j^^ 



4. Squaring both sides, PM x PB ^-^ 



JIP 



5. By Eua 35. 3, and 3. 3,* ARxRB=Rjr 
6, Or, putting PB for its equal w?K, and AP for its equal RB^ 



PBx^P=^RJ^ 

9 



7. Making 4th and 6th equal, PBx^P=^^^^ ^ f ^ 

AP 



8. Therefore, AP =PM xPB 

9. Or, a*z=fx(b-x). 

That is, the cube of the abscissa is equal to the square oi 
the .ordinate, multiplied by the difference between the diame- 
ter of the circle, and the abscissa. The equation is the same 
for every pair of co-ordinates. 

Prob. 3. To find the equation of the ConcJwid of Nico- 
medes. 

To describe the ct rve, let AB^ Fig. 25, be a line given in 
position, and C a poL )t without the Une. About this point, let 
the line Ch revolve. From its intersections with ABy make 
the distances EM, E'M, H^'M', &c. eacli equal to AD. 
The curve will pass through the points D, •/!/, M, M\ &c. 

To find its equation^ let CD and AB be the axes of the co- 
ordinates. Draw FM parallel to APy and PM parallel to CF 
From the construction, AD is equal to ElM. 

Let the abscissa AP = FM=^ op, 

the ordinate PM=zAFz=zy^ 

the given line CAz^a^ 

and AD = EM = by 

Then wiU CF= CA+AF= a+y. 



* Legendre, lOS, 224. 
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As C«/1f cuts the parallels CD and PMy and also the paral- 
lels AP and FMy the triangles CFM and MPR are siuiilar. 
Then 

1. By similar triangles, CF : FM\ : PM : PE 

2. Therefore, PE^?^^ 

CF 

9 ^8 

3. Squaring both sides, PE = zur — 

CF 



• 



4. By Euc. 47. 1 PE =EM - PM 



Jt 



5. Mat 3d and 4th equal, EM^ pjg^^JV^/^ XPM 

CF 

6. Thatis, 6«-j/»=_^ 

7. Or, (a+y)*X(fr'-y">=^. 

j 539. In these examples, the equation is derived from the 
] description of the curve. But this order may be reversed. 
If the equation is given, the curve may be described. For 
the equation expresses the relation of every abscissa to the 
corresponding ordinate. The curve is described, therefore, 
by taking abscissas of different lengths^ and applying ordinates to 
€M:h. The line required, will pass through the extremities of 
ihese ordinates. 

Prob. 4. To des<^be the curve whose equation is 
2x=y*, or j/=\/2ar. 

On the line AF, (Fig. 19.) take abscissas of difTereut 
lengths : 

For instance, •4B=:4.5, then the ordinate BD^Sy (Art. 530.) 
AR =8. JS'iy = 4, 

wifi^'=:i8. Bf^'iy^^ii, 

&c. 
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Apply thede several ordinates to. their abscissas, and c6a» 
nect the extremities by the Ime JlDiyiy'y &c. wliich will be 
the curve retjiiired. The description will be more or less 
accurate, according to the number of points for wliich ordi«> 
nates are found. 

540. If a pomt is conceived to move in such a manner, as 
to pass through the extremities of all the ordinates assigned 
by an equation ; the line which it describes is called theTocti^ 
of the point, that is the path m which it moves, and in which 
it may always be found. The line is also called the locus of 
the equation by which the successive positions of the point ere 
determined. Thus the common parabola (Fig. 19,) is called 
the locus of the points, i>, !>', £y\ 8lc. or of the equation 
ax=y\ (Art. 530.) The arc of a circle is the locus of the 

equation xz=zt\/r^-y^. (Art 536.) To find the locus of 
an equation, therefore, is the same thing, as to find the 
straight line or curve to which the equation belongs. 

Prob. 5. To find the locus of the equation 

«=i, or ax=i/, 

a 

in which x and y are variable co-ordinates, wjiile a is a deter<» 
minate quantity. 

If the abscissa x be taken of different lengths, the ordinate 
y must vary in such a manner as to preserve axz=zy ; or con* 
verting the equation into a proportion, .y : x:: a : \. There* 
fore, as a is a determinate quantity, the ratio of or to y will be' 
invariable ; that is, any one abscissa will be to its ordinate as 
any other abscissa to its ordinate. Let two of the abscissas 
be t^B and AB', (Fig. 17.) and their ordinates, BD and 
B'ly; then, 

* 
A The line AIJU is, therefore, a straighi\\ne.\ (Kuc. 52. 6.) 

'and this is the hcus of the equation. 

If the proposed equation is t^-^-h^ the odditional term h 

makes no difference in the nature of the locus. For the only 
effect of by is to lengthen the abscissas, so that they nmst not 
be measured from A^ but from some other point, as M 

«8 
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{Tig, 21 ) The ratio oiAB,AB^, &c. to BTy.B'U, &c. stUl 
remains the same. See Art. 532. The /ocu^ of theequalion 
18, therefore, a straight iiiie. 

641. From this it will be easy to prove, that the locu8 of 
every equation in which the co-ordinates x and y are in sepa- 
rate lermH, and do not rise above the first powery is a straiglit 
line. For every such equation may be brought to the fonii 

t=y~tb. All the terms may be reduced to three, one con- 
a • 

taining x, another y, and a third, the aggregate of the con- 
stant quantities which are not co-efficients of x and y ; as will 
be seen in the following problem. 

Prob..6. To find the locus of the eauation 

By transposition, cx-^hx = y-{-n - m+d. 

Dividing by c4-h x=— ?---4 — "^ — it- . 

"^ ^ ^ c-f/i c+A 

Here tlie constant quantities, in each term, may be repre« 
sented by a single letter. (Art. 321.) If, then, we make 

c-|-A=a, and ^""^ ' =6; the eqiiationwiU become xz=V^b, 

whose locus, by the last article, is a straight line. 

, 542. But if the ordinates are as the squares, cubes, or 
higher powers of the abscissas, the locus of the equation, in- 
stead of being a straight line, is a curve. For the ordinates 
applied to a straight line, have the same ratio to each other 
which their abscissas have. But quantities have not the 
same ritio to each other, which their squares, cubes, or higher 
Dowers have. (Art. 354.) Thus, if a:'=i/, the ordinates ' 
will increase more rapidly than the abscissas. If the abscis- 
sas De laKen, 1, 2, 3, 4, &c. the ordinates will be equal to 
their squares, 1, 4, 9, 16, &c. 

04i>. AS an unnmited vanety of equations may be produ- 
ced, by different combinations and powers of the co-ordi- 
nates, and as each of these has its appropriate locus ; it Is 
evidej\t ihit the forms of curves must be innumerable. The}' 
may, however, be reduced to classes. The modern mode of 
classing them, is from |lie degree of their equations. Thm 
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different orders of lines are distingidslied^ by the greatest indeXy 
or sum of the indices of the co-ordinateSy in any term of tJi$ 
equation. 

Thus the equation ax=y belongs to a line of the first or- 
der, because the index of each of the co-ordinates is 1. But 
this order inchides no curves. For, by Art. 541, the locus ot 
every such equation is a straight line. 

The equation ax^ - axy =y\ belongs to the second order of 
ines, or the first kind of curves, because the greatest index 
is 2. The equation ay-{-xy:=bx also belongs to the second 
order. For, ahliough there is here no index greater than 
1, yet the sttin of the indices of x and y, in the second teim^ 
is 2. 

The equation y^^Saxy=ha^ belongs to the tldrd order of 
lines, or tlie second kind of curves, because the greatest in- 
dex of y is 3. 

544. In curves of the higher orders, the ordinate belong- 
ing to any given abscissa may have different vulues, and may 
therefore meet the curve in several points. For the length 
of the ordinate is determined by the equation of the curve, 
and if the equation is alwve the first degree, it may have two 
or more roots^ (Art. 498.) and may, therefore, give ditferent 
vahies to the ordinate. 

An equation of the first degree has but one root ; and a 
line of the first order, can be intersected by an ordinate, ia 
one point only. Thus the equation of 'the line jJ// (Fig* 
17.) is aa;=y, in which .it is evident y has but one value,, 
while X remains the same. If the abt^cissa ar be taken eiuiat 
to ^9By the ordinate y will be BD^ which can meet the line 
JlH in D only. 

But the equation of the parabola y"=ax, (Art. 550.) haa 
two roots. For, by extracting both sides, yz=±\^ax. (Art. 
297.)' It is true, that in this case, the two values of y are 
equal. But one is positive^ and the other lugalive. This 
shows that the ordinate may extend both ways from the end 
of the abscissa, and may meet the opposite branches of the 
curve. Tluis the ordinate of the abscissa ^B (Fig. 19.) may 
be either BD above the abscissa, or Bd below it. 

A cubic equation has three roots ; and an ordinate of the 
curve belonging to this equation, may have three diflerent 
values, and may meet the curve in three diiferent p^iMta 
Thus the ordinate of the nhscisssiAB (Fig. 26.> may b€ > C^ 
or BD", or Bd. 
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645. Wlien the curve meets the axis on which the ftbseis- 
aas are measured, the ordinate, after becoming less and less^ 
is reduced to nothing. (Art. 533.) But, in some cases, a 
4kurve may continually approach a line, without ever meeting 
It. Let the distances AB^ BB^ BB"^ &c. on the line AF^ 
(Fig. 27.) be tqufd; and let the curve DI>'iy\ &c. be <rf 
such a nature that of the several ordinates at ihe points B^Bp 
B'^ &c. each succeeding one shall be Iwij the preceding, 
that is, BBy half BD, B'D' half BB, &c. It is evident 
tthat, however for the straight line be carried, the curve will 
become nearer and nearer to it, and yet will n^ver quite reach 
it A Vme which tku$ continutdly approaches a curve toiihtnU ever 
meeting t/, is called an astmptote of the curve. The axis AP 
is here the asymptote of the curve DBB'^ &c. As the ab- 
acissa increases, the ordinate diminishes, so that, when the 
abscissa is mathematically infinite, (Art. 447.) llie ordiruite 
becomes an infinitesimal, and may be expressed by 0. (Art. 
465.)* 

'»8mNoioY. 
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Note A. Page 1. 

As the term fttanli^ is here used to signify whatever it 
the object of mathematical inquiry, it will be obvious I hat 
xmwber is meant to be included ; so far at least, as it can be 
the subject of mathematical investigation. Dugald Stewart 
asserts, indeed, that it might be easily shown, that number 
does not fall under the definition of quantity in an-^ sense of 
that word. Philosophy of the Mind, Vol. II. Note G. For 
proof that it is included in the ammon acceptation of the 
word, k will be sufficient to refer to almost any mathematical 
work in which the terra quantity is explained, and particu- 
larly to the familiar distinction between continued quantity or 
magnitude, and discrete quantity or number. . 

But does number " fall under the definition of quantity 1* 
Mr. Stewart after quoting the observation of Dr. Reid, that 
the object of the math*ematics is commonly said to be quan- 
tity, which ought to be defined, that which may be measured^ 
adds, " The appropriate objects of this science are such 
things alone a& admit not only of being increased and dimin- 
ished, but of being multiplied and divided. In other words, 
the common character which characterizes all of them, is 
their menmrability,^ That number may be multiplied and 
divided, will ^lot probably be questioned. But it may per- 
haps be doubted, whether it is capable of mensuration. If, 
as Mr. Locke observes, " number is that which the mind 
makes use of, in measuring all tiling that are measurable,** 
can it measure itself^ or be measured ? It is evident iliat it can 
not be measured geometrically ^ by applying to it a measure of 
length or capacity. But by measuring a quantity mathe- 
matically, what else is meant, than detcrminirig the ratio 
which it bears to some other quantity of the same kind ; in 
other words finding how often one is contained in the other, 
either exactly or with a certain excess ] And is not this as 
ap}#licabie to number as to magnitude 1 The ratio which a 

28» 
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given number bears to unity cannot,' indeed, be. the subject 
of inamry ; because it is expressed by^the number itself. 
But tne ratio which it bears to other numbers may be as pro- 
per an object of mathematical investigation, as the ratio of a 
mile to a furlong. 

For proof that number is not quantity, Mr. Stewart refers 
to Barrow's Mathematical Lectures. Dr. Barrow has start- 
ed an etymological objection to the application of the term 
quantity to number, which he intimates might, with more 
propriety, be called quotity. He observes, " The general ob^ 
jeci of the mathematics has no proper name, either in Greek 
or Latin." And adds, " It is plain the mathematics is con- 
versant about two things especially, quantity strictly taken^ 
and quotity ; or magnitude and multitude." There is fre- 
quent occasion for a common name, to express number, dura- 
tion, &c. as well as mag^^itude ; and the term quantity will 
probably be used for this purpose, tiU some other word is sub- 
stituted in its stead. 

But tlioiigh Dr. Barrow thus distinguishes betweep mag- 
nitude and number, he afterwards gives it as his opinion, 
(page 20, 49,) that there is really no quantity in nature dif- 
ferent from what is called magnitude or contJBijtied quantity, 
and consequently, that this alone ought to hs accounted the 
object of the mathematics. He accordingly devotes al whole lec- 
ture, to the purpose of proving the identity of arithnetic and 
geometry, {Led. 3.) He is " convinced that number really 
dilfers notliing from what is called continued quantity ; but 
is ouly foniied to express and declare it ;" that as " the con- 
cepiioiis of magnitude and number could scarcely be separa- 
ted," by the ancients, "in the name^ they can hardly be so 
in the mind^^'* and " that number includes in it every conside- 
ration pertaining to geometry." He admits ff metaphysical 
number, which is not the object of geometry, or even of the 
mathematics. But, in his view, magnitude is always inclu- 
ded in mathematical nmnber, as the units of which it is com- 
posed are eaual. On the other hand, magnitudes are iK)t 
to be considered as mathematical qtiantities, except as they 
are measured by immber. In slH>rt, quantity is magnitude 
measured by number. 

" It would seem, then, that according to Dr. Barrow, num- 
ber considered as separate from magnitude, has as fair a 
claim to be called quantity, as nr^agnitude considered as sep- 
arate from number. If arithmetic and geometry are the 
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same; quantity is as much the object of one, as of the other. 
How far this scheme is ap|)licable. to duration, motion, &c. it 
is not necessary^ in this place to inquire. 

Note B. p. 1. 

It is to be regretted, that the science of Fluxions has re- 
ceived its name from the particular manner in which its in- 
ventor, Sir Isaac Newton, explained its principles, rather than 
from the nature of the science itself. This has served to 
countenance the opinion, that the doctrine of fluxions, and 
the differential and integral calculus, in which a different lan- 
guage, and different mode of explanation have been adopted, 
are distinct methods of investigation. Whereas the funda- 
mental laws of calculation are the same in both. These 
nave no necessary dependence on riiotion, or even on geo- 
metrical magnitudes. The method of fluxions has been 
greatly enlarged and modified since Newton's day. But it 
is difficult to change the name, to adapt it to the present 
state of the science, without seeming to derogate from that 
profound regard which is due to the original inventor. 

Note C. p. 32. 



It is common to define multiplication, by saying that •it is 
finding a product which has the same ratio to the multipli- 
cand, that the multiplier has to a unit.' This is strictly and 
universally true. But the objection to it, as a dejmition, is, 
that the idea of ratio, as the tenn is Understood in arithmetic 
and algebra, seems to imply a previous knowledge of multi- 
plication, as well as of division. In this work at leadt, the 
expression of geometrical ratio is made to depend on division, 
and division on multiplication. Ratio, therefore, could not 
be properly introduced into the definition of nuililplication. 

It is thought, by some, to be absurd to speak of a unit as 
.consisting o( parts. But whatever may be true with respect 
to number in the abstract^ there is certainly no absurdity in 
considering an integer, of one denomination, as nuule up of 
parts of a different denomination. One rod may contain 
several feet : one foot several inches, &c. An'd in multipli- 
cation, we may be required to repeat the wliole, or a part of 
the multiplicand, as many times as there ate inches iu a foot, 
or part of a foot 
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Note. D. p. 66. 

It is perhaps more philosophically exact, to consider an 
equation as affirming the equivalence of two different expres- 
sions of the same quantity, than to speak of it as expressing 
an equality between one quantity and another. But it is 
doubted whether the former definition is the best adapted to 
the apprehension of the learner; who in this early part of his 
mathematical course, may be supposed to be very little accus- 
tomed to abstraction. Though he may see clearly, that the 
area of a triangle is equal to the area of a parallelogram of 
the same base and half the height ; yet he may hesitate in 
pronouncing that the two surfaces are precisely the same. 

Note E. p. 86. 

m 

As the direct poweib of an integral quantity have posUwe 
indices, while the reciprocal powers have negative indices ; it 
is common to call the foniier positive powers^ and the latter 
negative powers. But this language is ambiguous, and ntiay 
lead to mistake. For the same terms are applied to powers 
with positive and negative signs prefixed. Thus -|-8a* is 
called a positive power ; while ^Sa* is called a negative one* 
It may occasion perplexity, to speak of the latter as being 
both positive and negative at the same time ; positive, be- 
cause it has a positive index^ and negative because it has a 
negative co-efficient. This ambiguity may be avoided, by 
using the terms direct and reciprocal ; meaning, by the for- 
mer, )x>wers with positive exporients, and by the latter, pow- 
ers with negative exponenu;. 

Note F. p. 109. 

I have been unwilling to admit into the tekt the rules of 
calculation which are commonly applied to imaginary quan- 
tities ; as maihemaiicians have not yet settled the logic of 
the principles upon which these rules must be founded. It 
appears to be taken for granted by Etiler and others, that the 
product of the inuiginary roots of two quantities, is equal to 
the roo of tlie product of the quantities ; for instance, that 

V-axV-^=V-ax-^. If this principle be admitted, 
certain limitations nnist be observed in the application. If 

we make V-axV-a=V-aX -«» and this in confor- 
uuty with the cpnmion rule for possible quantities, s^/^d^ 
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yet we are not at liberty to consider the latter expression as 
equivalent to a. For though \^a\ when taken witliout re- 
ference to its origin, is ambiguous, and may be either -j-a or 
- a ; yet wheu we know that it has been produced by mul- 

tiplyingV "" ^ ^^^^ itself, we are not permitted to ^ive it any 
other value than -a. (Art. 262.) 

On the principle here stated, imaginary expressions may 
De easily prepared for calculation, by resolving t/ie quantity 
under the radical sign into two factors^ one of which is ^l ; 

thereby reducing the imaginary part of the expression to V-1. 
As -a=i-\-ax - 1> the expression \/ -a=\/^X - 1=\/'*X 

V~- So V--a-6=Vi+6xV^. The first of the 
two factors is a real quantity. After the impossible part of 

imaginary expressions is thus reduced to V- 1, they may be 
inultiphed and divided by the rules already given for other 
radicals. 

Thus in Multiplication, 

1. V^xV^=VaxV^XV*xV'n[r=^a6x-l= 

"^ab, 

2. +V-'^x-V^=:-VaiX-l=+V«*- 

3. V^9 X V^= - V36= - 6. 

4. (1-|-V^)x(l-V^r) = 2. 

From these examples it will be seen, that according to the- 
principle assumed, the product of two imaginary expressions 
is a real quantity. 

5. V~axV*=V«xV^xV*=V«*xV^. 

6. V^xVi8=6xV'n'. 

Hence, the product of a real quantity and an imaginary 
expression, is itself imaginary. 

lOi DivisUm, 

V-a 



• 1. V^ - VflXV-i ^ /a g 



= 1. 



Hence, the quotient of one imaginary expression divided 
by another is a real quantity. 



,. ^=v:^=^.^vtT. 
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4. 



/^a _ V^ — L 



V-a v«xV-i V-J 



Hence, the quotient of an imaginary quantity divided by a 
real one, or of a real quantity divided by an imaginary one^ 
is itself imaginary. 

By multiplying V- 1 continually into itself, we obtain the 
following powers. 

Wziy- - ^- ^ (V - 1 )'= - V^ 

(V-iy=+i _ {\r^y=:+i _ 

(VrT)*=+V- 1 (V^)'=+V - 1 

&c. &c. 

The even powers being alternately - 1 and +1 and the 
odd powers, - V-1 and +V- 1. 

On the nature and use of imaginary expressions, see Eu- 
ler's Algebra, Rees* Cyclopedia, the Edinburgh Review, Vol. 
I. and the London Philosophical Transactions for 1801, 1802 
and 1806. 

Note G. p. 146. 

Every affected quadratic equation may be reduced to one 
3f the tliree following forms. 

1. 7^-\-ax= b 
2.a^-ax:= b 
8. «* - ttx= - b 

These, when they a^e resolved, become 



1. a:=-Ja±VKj-6 

2. a?= jatV la^+b 

In (he two first of these forms, the roots are never imagi 
nary. For the terms under the radical sign are both posi 
live. But in the third form, whenever 6 is greater than ^(f^ 
the expression ia* * 6 is negative, and therefore its root is 
inipoiMible. 
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Note H. p. 175. 

For the sake of keeping clear of the multiplied eon trover* 
siesj a great portion of them verbal, respecting the nature oi 
ratio, I have chosen to define geometrical ratio to be that 
which is expressed by the quotient of one quantity divided by 
another, rather than to say that it consists in this quotient. 
Every ratio wliich can be mathematically assigned, may be 
expressed in this way, if we include surd quantities among 
those which are to be admitted into the numerator or denomi- 
nator of the fraction representing the quotient. 

Note I. p. 177. 

This definition of compound ratio is more comprehensive 
than the one which is given in Euclid. That is iiichided in 
this, but is limited to a particular case, which is stated in 
Art. 353. It may answer the purposes of geometi*y, but is 
not sufficiently general for algebra. 

Note K. p. 178. 

It is not denied that very respectable wiiters use these 
terms indiscriminately. But it appears to be without any 
necessity. The ratio of 6 to 2 is 3. There is certainly a 
difference between twice this ratio, and the square of it, that 
is, between twice three, and the square of fhree. All are 
agreed to call the latter a duplhatt ratio. What occasion is 
there, then, to apply to it the term double tdSb 1 Tliis is 
wanted, to distinguish the other ratio. And if it is confined 
to that, it is used according to the common acceptation of the 
word, in familiar language. 

Note L. p. 185. 

The definition here given is meant to be applicable to 
quaatities of every description. The subject of proportion as 
it is treated of in Euclid, is embarrassed by the means wliich 
are taken to provide for the case of inconunensurable q;<anti- 
ties. But this difficulty is avoided by the algebraic nota- 
tion which may represent the ratio even of incommensur« 
ables. 

Thus the ratio of 1 to \/2 is —, 

V2 
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It is impossible, indeed, to express in rational numbers^ 
the square root of 2, or the ratio which it bears to I. But 
this is not necessary, for tiie purpose of siiovvitig its equality 
with another ratio. 

The product 4x2=8. 

And, as equal quantities have equal roots, 

2XV2=V8> therefore, 2 : V8 : : 1 : V2. 

Here the ratio of 2 to V^' ^^ proved to be the same, as 
that of 1 to \/2 ; although we are unable to find the exact 
value either of \^8 or \/2. 

It is impossible to determine, with perfect accuracy, the 
ratio which the side of a square has to its diagonal. Yet it 
is easy to prove, that the side of one square has the same ra- 
tio to its diagonal, which the side of any other square has to 
its diagonal. When incommensurable quantities are once 
reduced to a proportion, they are subject to the same laws as 
■other pro|)ortiona1s. Througliout the section on proportion, 
the demonstrations do not imply that we know the value of 
the terms, or their ratios ; but only that one of the ratios is 
tqual to the other. 

Note M. p. 190. 

The inversion of the means can be made with strict pro* 
priety in those cases only in which all the terms are quanti* 
lies of the snme kind. For, if the f wo last be diflerent from 
the two first, the antecedent of each couplet, after the inver- 
sion will be different from the consequent, and therefore, 
there can be no ratio between them. (Art. 355.) 

This distinction, however, is of little importance in prac- 
tice. For, when the several quantities are expressed in nttm- 
ierSy there will always be a ratio between the numbers. And 
when two of them are to be rnultiplied together, it is imma- 
terial which is the multiplier, and which the multiplicand. 
Thus in the Rule of Three in arithmetic, a change in "the 
order of the two middle terms will make no difi*erence in the 
result. 

Note N. p. 197. 

The terms 'compontion and division are derived fi"om ge- 
X)metry, and are introduced here, because they are generally 
ivsed by writers m proportion. But they are calculated rathel 
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to perplex, thaa to assist the learner. The objection to the 
word composition is, that its meaning is Uable to be mistake^ 
for the composition or compounding of ratios, (Art. 390.) 
The two cases are entirely different, and ought to be carefully 
disting^iished. In one, the terms are addedy in the other, 
they are multiplied together. The word compound has a simi»- 
lar ambiguity in other parts of the mathematics. The ex- 
pression a-\-b, in w^hich a is added to 6, is called a compound 
quantity. The fraction ^ of f , or ^xh^^ which i is multp- 
plied into f , is called a compound fraction. 

Tlie term division, as it is used here, is also exceptionable* 
The alteration to which it is applied, is effected by subtraction^ 
and has nothing of the nature of what is called division in 
arithmetic and algebra. But there is another case, (Art. 
592.) totally distinct from this, in which the change in the 
terms of the proportion is actually produced by division. 

Note O. p; 206. 

The priticiples stated in this section, are not only expressed 
in different language, from the corresponding propositions in 
Euclid, but are in several instances more general. Thus the 
' first proposition in the fifth book of the Elements, is confined 
to equimultipks. But the article referred to, as containing thi« 
proposition, is applicable to all cases of equal ratios^ whethei" 
ihe antecedents are multiples of the consequents or not. 

Note P. p. 232. 

The solution of one of the cases is omitted in the text, he* 

^^ause it is performed by logarithms, with which the learner 

is supposed not to be acquainted, in this part of the cours^ew 

When the first term^ the last term, and the ratio are giveni; 

the number of terms may be found by the formula 

rz 
log.~ 

a 

'^'^log.r 

Note Q. p. 227. 

Wlien it is said that a mathematical quantity may bt 8Vip»> 
posed to be increased beyond any determinate limits, it ig not 
mtended that a quantity can be specified so great, that nt 
limits greater than this can be assigned. The quantity and 

29 * ^ 
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the limits may be alternaiely extended one beyond the other. 
If a line be conceived to reacli to the most distant point in 
tfie visible heavens, a limit may be mentioned beyond tiiis. 
The hne may then be supposed to be extended farther than 
this hmit. Another point may be specified still farther on, 
and yet Uie line may be conceived to be earned beyond it. 

Note R. p. 230. 

The apparent contradictions respecting infinity, are owing 
to the ambiguity of the term. It is often thought that the 
proposition, that quantity is infinitely divisible, involves an 
absurdity. If it can be proved that a Hne an inch long can 
be divided into an infinite number of parts, it can, by the 
same mode of reasoning, be proved, that a line tico inches 
long may be first divided in the middle, and then each of the 
sections be divided into an infinite number of parts. In this 
way, we shall obtain one infinite ticice as great as another. 

If by infinity, here is meant that which is beyond any as- 
signable hmits, one of these infinites may be supposed greater 
than the other, witiiout any absurdity. But if it be meant 
that the number of divisions is so great that it cannot be in- 
creased, we do not prove this, concerning eiiJier of the lines. 
We make out, therefore no contradiction. The apparent 
absurdity arises from shifting the meaning of the terms. We 
demonstrate that a quantity is, in one sense infinite ; and 
then infer that it is infinite, in a sense widely difierent. 

Note S. p. 233. 

ptrictly speaking, the inquiry to be made is, how often the 
whole divisor is contained in as many terms of the dividend. 
But it is easier to divide by a part only of the divisor ; and 
this will lead to no error in the result, as the whole divisor is 
multiplied, in obtaining the several subtrahends. 

Note T. p. 244. ^1 ^- 

The demonstration of this proposition, particularly in its 
application to fractional indices, could not be introduced, with 
advantage, in this part of the course. It does not appear 
that Newton himself demonstrated his theorem, except by 
induction. And though various demonstrations have since 
been given ; yet they are generally founded upon principles 
and methods of investigation not contained in this introduc- 
tion, such as the ?aws of combination, fluxions, and figurate 
numbers. 
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Those who wish to examine the inquiries on this subject, 
may consult Simpson's Algebra, Section 15, Euler's Algebra, 
Section 2, Chap. 11, Vince's Fluxions, Art. 99, Lacroix'a 
Algebra, Art. 138, &c. Do. Ccmp. Art. 71, Rees' Cyclopedia, 
Manning's Algebra, the London Phil. Trans. Vol. xxxv, p. 
298, Woodhouse's Analytical Calculations, Bonnycastle'g 
Algebra, and Lagrange's Theory of Analytical Functions. 

Note U. p. 277. 

The very limited extent of this yrork would admit of no- 
thing more, than a few specimens of the Summation of Se- 
ries. For information on this subject, the learner is referred 
to Emerson's Method ^f Increments, Sterling's Summation 
of Series, Waring's Fluxions, Maclaurin's Fluxions, Art. S28, 
&c. Wood's Algebra, Art. 410, Lacroix's Comp. Alg. Art. 
81, &c. Euler's Anal. In fin. C. xiii, Simpson's Essays and 
Dissertations, De Moivre's Miss. Analyt. p. 72, and the Lon- 
don Philosophical Transactions. 

Note V. p. 291. 

To those who have made atiy considerable progress in the 
mathematics, this section will doubtless appear very defec- 
tive. But it was impossible to do justice to the subject, 
without occupying more room than could be allotted to it 
here. In going through an elementary course of mathema- 
tics and natural philosophy, the student will rarely have oc- 
casion to solve an equation above the second degree. 

Those who wish to examine particularly the different meth- 
ods of solution, will find tliem in Newton's Universal Arith- 
metic, Maclaurin's Alg. Part. 2, Euler's Alg. Part 1. Sec. 4, 
Waring's Algebra, Do. Medit. Algeb., Wallis' Algebra, Simp- 
son's Alg. Sec. 12, Fenn's Alg. Ch. 3 and 4., Saunderson's 
Alg. Book X, Simpson's Essays and Dissertations, Journal 
De Physique, Mar. 1807, and the Philosophical Transactions. 

Note W. p. 298. 

It will be thought, perhaps, that it was (mnecessary to b© 
so particular, in obtaining the expression for tlie area of \ 
parallelogiam, for the use of those who read Play fair's edi* 
tion of Euclid, in which '^AD.DC is put for the rectangle 
contained by AD and DC^^ It is to be observed, however, 
that he intrcfdiices this, merely as an article of notalifm, 
(Book II. Def. !.) And though a point interposed betweeo 
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the letters, is, in Algebra, a sign of multiplication; yet h« 
does no^ here undertake to show how the sides of a«paraUeIo* 
gram may be multiplied together. In the first book of the 
Supplement, he has indeed demonstrated, that " equiang-ular 
parallelograms are to one another, as the products of th^i 
numbers proportional to their sides," But he has not given 
to the e3:pressions the forms most convenient for the suc- 
ceeding parts of this work,. In making :the, transition from 
pure geometry to algebraic solutipns a^pd demonstrations, it is 
important to have it clearly seen that the geometrical princi* 

t)lcs are not altered ; but are only expressed in a different 
ang^age. 

Note X. p. 307. 

# 

This section compiises very little of what is commonly 
understood by the application of algebra to geometry. The 
principal object has been, to prepare the way for the other 
parts of the- course, by stating the grounds of the alge'braic 
notatiori of geometrical quantities, and rendering ^ fanuliar 
by a few examples. '* 

On the construction and solfition of problenSfe, Sfee Newi- 
ton's Arithmetic, Simpson's Alg. Sec. 18 and appendix. La* 
croix's App. Alg. Geom., Saunderson's Alg, Book xiii. Ana* 
lyt Inst, of Maria Agnesi, Book i. Sec. 2, and Emefsou'a 
Alg Book II, Sec. 6. 

Note Y. p. 320. ; 

On the equations of curves, the geometrical construction 
of equations, the finding of lod, &c. see Maclaurin's Alg. 
Part III, and appendix, , Newtonls Arith., Emerson's Alg. 
Book II, Sec, 9, Do. Prob. of Curves, Euler's Anal. Infin,, 
Waring's Prob. Alg. and Mansfield's Essays. 

Among the subjects which, for want of room, are entirely 
omitted in this introduction, one of the roost interesting is the 
indeterminate analysis. • No part of Algebra, perhaps, is bet 
ter calculated to exercise the powers of invention. But other 
branches of the mathematics are so Uttle dependent on this, 
that it is not absolutely necessary to give it a place in an ele- 
mentary course. 

See, on (his subject, Euler's Alg. Vol. ii, with Lagrange'a 
additions, Saunderson's Alg. Book vi, Bonnycasjtle's Algebrai 
«nd the Edinburgh Phil, Transaction^, Vol, ii. 
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